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Particle production in hadron-hadron collisions

e.g. production of Higgs particle

PA

PB

q

typical TMD region: s ∼ q2 = m2
X ≫ q2

⊥ ∼ 1Gev

Sudakov region: s ∼ q2 = m2
X ≫ q2

⊥ ≫ 1Gev

small-x region : s≫ q2 ∼ q2
⊥ ≫ m2

N
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TMD factorization

dσ

dηd2q⊥
=

∑

f

∫

d2b⊥ei(q,b)⊥Df/A(xA, b⊥,η)Df/B(xB, b⊥, η)σ(ff → H)

+ power corrections + Y−terms

rapidity: η

Df/A: TMD density of parton f in hadron A.

σ(ff → H): cross section of production of particle H of invariant

mass m2
H = Q2 from two partons scattering.

Power corrections:
q2
⊥

Q2 .

Y-terms: for q2
⊥ ∼ q2 allow transition to collinear factorization

formula.
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Motivation

TMD evolution equation are analyzed by different methods at

moderate xB, CSS and SCET, and at small-xB resulting in different

evolution equations.

At the future Electron Ion Collider, TMD will be probed from low to

high xB. It is then necessary to develop a formalism which is valid

in both limits.

In the region of moderate xB TMD analysis is performed with a

combination of UV and rapidity cutoff which results in two

evolution equations, in µ2 and ζ (related to rapidity).
◮ The CSS formalism is not exstendable at small-x.

◮ Such evolution equations are known at two and three-loop, but their

relation to the conformal properties of TMD is not known.
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Motivation

I. Balitsky and A. Tarasov (2016): Evolution equation for gluon TMD valid

for all xB = βB and all k⊥(≥ 1GeV).

d

d lnσ
F̃a

i (βB, x⊥)Fa
j (βB, y⊥) = −αsTr

{

∫

d−2k⊥(x⊥|
{

U†
1

σβBs + p2
⊥
(Ukk + pkU)

σβBsgµi − 2k⊥µ ki

σβBs + k2
⊥

− 2k⊥µ gikU†
1

σβBs + p2
⊥

U − 2gµkU†
pi

σβBs + p2
⊥

U +
2k⊥µ
k2
⊥

gik

}

F̃k
(

βB +
k2
⊥
σs

)

|k⊥)

× (k⊥|F l
(

βB +
k2
⊥
σs

)

{σβBsδµj − 2k
µ
⊥kj

σβBs + k2
⊥

(klU
† + U†pl)

1

σβBs + p2
⊥

U

−2k
µ
⊥gjlU

† 1

σβBs + p2
⊥

U − 2δµl U†
pj

σβBs + p2
⊥

U + 2gjl

k
µ
⊥

k2
⊥

}

|y⊥)

+ 2F̃i(βB, x⊥)(y⊥|
pm

p2
⊥
Fk(βB)(i

←
∂ l +Ul)(2δ

k
mδ

l
j − gjmgkl)U†

1

σβBs− p2
⊥ + iǫ

U

+Fj(βB)
σβBs

p2
⊥(σβBs− p2

⊥ + iǫ)
|y⊥)

+ 2(x⊥| − U†
1

σβBs− p2
⊥ − iǫ

U(2δk
i δ

l
m − gimgkl)(i∂k − Uk)F̃l(βB)

pm

p2
⊥

+ F̃i(βB)
σβBs

p2
⊥(σβBs− p2

⊥ − iǫ)
|x⊥)Fj(βB, y⊥)

}

+ O(α2
s )
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Limits of the Equation I. Balitsky and A. Tarasov (2016)

Light-cone limit ⇒ DGLAP

d

dη
αsD(xB, 0⊥, η) =

αs

π
Nc

∫ 1

xB

dz′

z′

[

(

1

1− z′

)

+

+
1

z′
− 2 + z′(1− z′)

]

αsD(
xB

z′
, 0⊥, η)
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Limits of the Equation I. Balitsky and A. Tarasov (2016)

Light-cone limit ⇒ DGLAP

d

dη
αsD(xB, 0⊥, η) =

αs

π
Nc

∫ 1

xB

dz′

z′

[

(

1

1− z′

)

+

+
1

z′
− 2 + z′(1− z′)

]

αsD(
xB

z′
, 0⊥, η)

Low-x limit: p⊥ ∼ (x− y)−2
⊥ ≪ s non-linear evolution equation

d

dη
Ũa

i (x)U
a
j (y)

= − α

2π2
Tr{(−i∂x

i + Ũx
i )
[

∫

d2z(ŨxŨ†z − 1)
(x − y)2

(x − z)2(y− z)2
(UzU

†
y − 1)

]

(i
←−
U

y
j + U

y
j )}

with Ui = ∂iU and
(x−y)2

(x−z)2(y−z)2 Balitsky-Kovchegov kernel
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Limits of the Equation I. Balitsky and A. Tarasov (2016)

Light-cone limit ⇒ DGLAP

d

dη
αsD(xB, 0⊥, η) =

αs

π
Nc

∫ 1

xB

dz′

z′

[

(

1

1− z′

)

+

+
1

z′
− 2 + z′(1− z′)

]

αsD(
xB

z′
, 0⊥, η)

Low-x limit: p⊥ ∼ (x− y)−2
⊥ ≪ s non-linear evolution equation

d

dη
Ũa

i (x)U
a
j (y)

= − α

2π2
Tr{(−i∂x

i + Ũx
i )
[

∫

d2z(ŨxŨ†z − 1)
(x − y)2

(x − z)2(y− z)2
(UzU

†
y − 1)

]

(i
←−
U

y
j + U

y
j )}

with Ui = ∂iU and
(x−y)2

(x−z)2(y−z)2 Balitsky-Kovchegov kernel

Double-Log: 1≫ σ ≫ (x−y)−2
⊥

s
and σxBs≫ p2

⊥(x− y)−2
⊥ η = lnσ

d

dη
D(xB, z⊥, lnσ) =

αsNc

π
D(xB, z⊥, ln σ)

∫

d2p⊥
p2
⊥

[ei(p,z)⊥ − 1]
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Motivation

Result is complicated and not unique. Conformal Invariance may help.

d

d lnσ
F̃a

i (βB, x⊥)Fa
j (βB, y⊥) = −αsTr

{

∫

d−2k⊥(x⊥|
{

U†
1

σβBs + p2
⊥
(Ukk + pkU)

σβBsgµi − 2k⊥µ ki

σβBs + k2
⊥

− 2k⊥µ gikU†
1

σβBs + p2
⊥

U − 2gµkU†
pi

σβBs + p2
⊥

U +
2k⊥µ
k2
⊥

gik

}

F̃k
(

βB +
k2
⊥
σs

)

|k⊥)

× (k⊥|F l
(

βB +
k2
⊥
σs

)

{σβBsδµj − 2k
µ
⊥kj

σβBs + k2
⊥

(klU
† + U†pl)

1

σβBs + p2
⊥

U

−2k
µ
⊥gjlU

† 1

σβBs + p2
⊥

U − 2δµl U†
pj

σβBs + p2
⊥

U + 2gjl

k
µ
⊥

k2
⊥

}

|y⊥)

+ 2F̃i(βB, x⊥)(y⊥|
pm

p2
⊥
Fk(βB)(i

←
∂ l +Ul)(2δ

k
mδ

l
j − gjmgkl)U†

1

σβBs− p2
⊥ + iǫ

U

+Fj(βB)
σβBs

p2
⊥(σβBs− p2

⊥ + iǫ)
|y⊥)

+ 2(x⊥| − U†
1

σβBs− p2
⊥ − iǫ

U(2δk
i δ

l
m − gimgkl)(i∂k − Uk)F̃l(βB)

pm

p2
⊥

+ F̃i(βB)
σβBs

p2
⊥(σβBs− p2

⊥ − iǫ)
|x⊥)Fj(βB, y⊥)

}

+ O(α2
s )
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Quark and Gluon TMD Operators

[x, y] ≡ Peig
∫

du (x−y)µAµ(ux+(1−u)y)

Quark TMDs

ψ̄(x+, x⊥)[x, x ±∞n] [±∞n + x⊥,±∞n + y⊥]Γ[±∞n + y, y]ψ(y+, y⊥)

Gluon TMDs

F−i(x+, x⊥)[x, x ±∞n][±∞n + x⊥,±∞n + y⊥][±∞n + y, y]F−j(y+, y⊥)

single out “good” projections in the light-cone language

Γ → γ− , γ−γ5 , γ−γ⊥ γ± = γ0±γ3
√

2
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Quark and Gluon TMD Operators

x

y

x

y

SIDIS Drell-Yan
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Conformal invariance of TMD operator

Gluon TMD operator

Oij(z
+
1 , z1⊥ ; z+2 , z2⊥) = Fa

i (z1)[z1 −∞n, z2 −∞n]abFb
j (z2)

∣

∣

∣

z
−
1 =z

−
2 =0

,

Õij(z
−
1 , z1⊥ ; z−2 , z2⊥) = Fa

i (z1)[z1 −∞n′, z2 −∞n′]abFb
j (z2)

∣

∣

∣

z
+
1
=z

+
2
=0
,

TMDs are invariant under the inversion

Fm
i (z⊥, z

+) = F−i ,n(z+, z⊥)[z
+, z+ −∞n]nm

→ F−i ,n

(

z+

z2
⊥
,

z⊥
z2
⊥

)

[z+

z⊥
,

z+

z2
⊥
−∞n

]nm
= Fm

i (z′⊥, z
′+)

We need the full conformal group of TMD operators.
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Conformal SO(2,4) group

Conformal group has 15 generators: Poincare + Dilatation + Special

conformal trasformation (inversion + shift + inversion)

i[Mµν ,Mαβ ] = gµαMνβ + gνβMµα − gµβMνα − gναMµβ

i[Mαβ ,Pµ] = gαµPβ − gβµPα

i[Mαβ ,Kµ] = gαµKβ − gβµKα

i[D,Pµ] = Pµ, i[D,Kµ] = −Kµ, i[Kµ,Pν ] = 2(gµνD + Mµν)

Action on scalar field of canonical dimension ∆;

i[D,Φ(x)] = (xα∂α +∆)Φ(x)

i[Kµ,Φ(x)] = (2xµxα∂α − x2∂µ + 2∆xµ)Φ(x)

quantum correction: ∆→ ∆+ anomalous
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Conformal invariance of TMD operator

I. Balitsky and G.A.C. (2022)

Conformal SO(2, 4) group has 15 generators

TMD operator transform covariantly under 11 generators:

TMD Conformal group

Pi, P−, M12, M−i, D, Ki, K−, M−+

Generators P+,K+,M+i do not preserve the form of F−j.

Embedding formalism

⇒ TMD Conformal group ⇔ Poincare group in 6-dim space
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Particle production in hadron-hadron collisions

Rapidity Factorization I. Balitsky and G.A.C. (2008),

I. Balitsky and A. Tarasov (2015)

PA

PB

q

Projectile

fields

Central

fields

Target

fields

Projectile fields: |k−| < σa ⇒ Projectile TMD

Central fields: coefficient functions

Target fields: |k+| < σb ⇒ Target TMD

pµ = ̺αnµ + ̺βn′µ + p
µ
⊥ = p+nµ + p−n′µ + p

µ
⊥ n · n′ = 1 , ̺ ≡

√

s
2
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Rapidity-only cut-off

Rapidity divergences due to infinitely long gauge links

Rapidity-only cut-off: restrict the + component of emitted gluons by

Wilson lines

Aσ
µ(x) =

∫

d4k

16π4
θ
(

σ̺− |k+|
)

e−ik·xAµ(k)

̺ ≡
√

s
2

Goal: find evolution of TMDs with respect to σ in the Sudakov region

σxBs≫ k2
⊥ ∼ q2

⊥
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Background field method

To find the evolution kernel:

Integrate over gluons with σ > k+/̺ > σ′

temporarily freeze the fields with k+/̺ < σ′

The result will be some kernel multiplied by TMD operators with rapidity cutoff σ′

Ψ and A are quarks and gluons with small k+ < σ̺

After one loop, the background fields will be at even smaller k+

〈ψ̄(x+, x⊥)[x+,−∞+]x[x⊥ −∞+, y⊥ −∞+][−∞+, y+]yΓψ(y
+, y⊥)〉Ψ,A

off− shell Ψ(k−B = ̺βB, k⊥) Aµ(k−B = ̺βB, k⊥)
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Fourier transform of background field

Ψ(βB, pB⊥) = ̺

∫

dz+dz⊥ Ψ(z+, z⊥)e
i̺βBz+−i(pB,z)⊥

Ψ̄(β′B, p
′
B⊥) = ̺

∫

dz+dz⊥ Ψ̄(z+, z⊥)e
i̺β′

Bz+−i(p′B,z)⊥

Background field not on the mass shell
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Gauge choice

Background field → A− = 0

◮ an extra background gluon line would mean an extra Fµν . This

gives a higher-twist contribution which we neglect

Quantum field → background-Feynman gauge
◮ It reduces to the usual Feynman gauge in diagrams without

background gluons.

◮ in such a gauge the contribution of the gauge link at infinity

[x⊥ −∞n, y⊥ −∞n] does not contribute.
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Diagrams with no time ordering

a)

y

x

b)

d)

g) h)

e)

i)

f )

c)
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Cancellation of IR divergences

IR divergences in diagrams (a), (b) and (c) should cancel

p⊥ → 0 ⇔ x→ y

〈[x+,−∞+]x[−∞+, y+]yΓψ(y
+, y⊥)〉Ψ

x→y
= 〈[x+, y+]yΓψ(y+, y⊥)〉Ψ

The use of naive rigid cut-off

∫ σ

0

dα

α
σ ≡ 1

̺δ−
> 0

The use of naive rigid cut-off does not allow IR cancellation
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Rigid cut-off with point splitting regulator

⇒ Use rigid cut-off with point splitting I. Balitsky and G.A.C. (2022)

∫ σ

0

dα

α
→

∫ ∞

0

dα

α
e−iα

σ

y

x x

y

Rapidity-regularized operators

ψ̄σ(x+, x⊥) ≡ ψ̄
(

x+, x⊥,−
1

ρσ

)

[x+,−∞]x

ψσ(y+, y⊥) ≡ [−∞, y+]yψ
(

y+, y⊥,−
1

ρσ

)
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Evolution equations for quark TMDs in momentum space

I. Balitsky and G.A.C. (2022)

(

σ
d

dσ
+ σ′

d

dσ′

)

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

= −αs

2π
cFψ̄

σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)
[

ln
(

− i

4
(β′B + iǫ)σ′s∆2

⊥eγ
)

+ ln
(

− i

4
(βB + iǫ)σs∆2

⊥eγ
)]

+O
(

m2
⊥

βBσs
,

m2
⊥

β′Bσ
′s

)

m2
⊥ ∼ ∆−2

⊥ ∼ p2
B⊥

The solution of the evolution equation reads

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

= e
−αscF

4π
ln σ

′
σ
′
0

[

lnσ′σ′
0+2 ln

(

− i
4
(β′

B+iǫ)s∆2
⊥eγ

)]

ψ̄σ′
0(β′B, x⊥)

×Γψσ0(βB, y⊥)e
−αscF

4π
ln σ

σ0

[

lnσσ0+2 ln
(

− i
4
(β′

B+iǫ)s∆2
⊥eγ

)]

In the Sudakov approximation each operator evolve independently.

Beyond Sudakov this is no longer true.
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Evolution equations for quark TMDs in coordinate space

I. Balitsky and G.A.C. (2022)

(

σ
d

dσ
+ σ′

d

dσ′

)

ψ̄σ′
(x+, x⊥)Γψ

σ(y+, y⊥)

=
αs

4π2
cF

{

∫

dz+
[

i
ln ̺(−x+ + z+ + iǫ)− ln

σb2
⊥s

4
eγ

−x+ + z+ + iǫ
+ c.c.

]

ψ̄σ′
(z+, x⊥

)

Γψσ(y+, y⊥)

+

∫

dw+
[

i
ln ̺(−y+ + w+ + iǫ)− ln

σ′b2
⊥s

4
eγ

−y+ + w+ + iǫ
+ c.c.

]

ψ̄σ′
(x+, x⊥)Γψ

σ(w+, y⊥)
}

Note “causality”: z+ ≤ x+ and w+ ≤ y+:

The evolved ψ̄, ψ operators lag behind the original ones,
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Evolution equations for quark TMDs in coordinate space

Solution I. Balitsky and G.A.C. (2022)

ψ̄σ′
(x+, x⊥)Γψ

σ(y+, y⊥) = e
−αscF

4π

(

ln σ
′

σ
′
0

lnσ′σ′
0
+ln σ

σ0
lnσσ0

)

×
∫

dz+
[ iΓ

(

1− αscF

2π ln σ′
σ′

0

)

(z+ − x+ + iǫ)
1−αscF

2π
ln σ′

σ
′
0

+ c.c.

]
∫

dw+

[

iΓ
(

1− αscF

2π ln σ
σ0

)

(w+ − y+ + iǫ)
1−αscF

2π
ln σ

σ0

+ c.c.

]

× 1

4π2

(

b2
⊥eγ

√

s/8
)−αscF

2π

(

ln σ
′

σ
′
0

+ln σ

σ0

)

ψ̄σ′
0(z+, x⊥)Γψ

σ0(w+, y⊥)

Conformal invariance: choose σ = σ′ = ς
√

2
̺|∆⊥|

ς is an evolution parameter.

Sudakov evolution: transverse separation between the quark operators ψ and ψ̄
does not change while the longitudinal one increases.
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Running coupling

BLM procedure:

1 Calculate quark loop diagrams

2 Promote − 1
6πnf to full b0 = 11

12πNc − 1
6πnf

1

p2 + iǫ
→ 1

p2 + iǫ

(

1 + b0αs(µ) ln
µ̃2

−p2 − iǫ

)

1

p2 − iǫ
→ 1

p2 − iǫ

(

1 + b0αs(µ) ln
µ̃2

−p2 + iǫ

)

2πδ(p2)θ(p0) → iθ(p0)

p2 + iǫ

(

1 + b0αs(µ) ln
µ̃2

−p2 − iǫ

)

− iθ(p0)

p2 − iǫ

(

1 + b0αs(µ) ln
µ̃2

−p2 + iǫ

)

where µ̃2 ≡ µ̄2
MSe5/3.

Figure: Quark loop correction to cut gluon propagator.
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Evolution with running coupling

I. Balitsky, G. A. C. (2022)

(

σ
d

dσ
+ σ′

d

dσ′

)

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

= − cF

2π
ψ̄σ′

(β′B, x⊥)Γψ
σ(βB, y⊥)

×
[

αs(µσ′) ln
(

− i

4
(β′B + iǫ)σ′sb2

⊥eγ
)

+ αs(µσ) ln
(

− i

4
(βB + iǫ)σsb2

⊥eγ
)]

µ2
σ′ ≡

√

σ′|β′
B|s

∆2
⊥

µ2
σ ≡

√

σ|βB|s
∆2

⊥

b⊥ ≡ ∆⊥ = (x− y)⊥

The effective argument of a coupling constant is halfway in the logarithmic scale

between the transverse momentum and energy of TMD distribution.
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Solving evolution equation with running coupling

b0 = 1
4π

(

11
3

Nc − 2
3
nf

)

σ
d

dσ
= −b0

2
α2(µσ)

d

dα(µσ)

(and similarly for σ′ d
dσ′ )

(

α2(µσ)
d

dα(µσ)
+ α2(µσ′)

d

dα(µσ′ )

)

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

= −2cF

πb2
0

{

αs(µσ′)

αs(b̃
−1
⊥ )

+
αs(µσ)

αs(b̃
−1
⊥ )
− 2

−b0αs(µσ′)

2
ln[−i(τ ′B + iǫ)]− b0αs(µσ)

2
ln[−i(τB + iǫ)]

}

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

b̃2
⊥ =

b2
⊥
2

eγ/2 and τB = βB

|βB| , τ ′B =
β′

B

|β′
B|

G. A. Chirilli (University of Salento) Rapidity-only evolution of TMDs QCD@work2024 - 20 June 2024 25 / 31



Solution with running coupling

ψ̄σ′
(β′B, x⊥)Γψ

σ(βB, y⊥)

= exp

{

−2cF

πb2
0

[( 1

αs(b̃
−1
⊥ )
− b0

2
ln[−i(τ ′B + iǫ)]

)

ln
αs(µσ′)

αs(µσ′
0
)
+

1

αs(µσ′)
− 1

αs(µσ′
0
)

]

}

× exp

{

−2cF

πb2
0

[( 1

αs(b̃
−1
⊥ )
− b0

2
ln[−i(τB + iǫ)]

)

ln
αs(µσ)

αs(µσ0
)
+

1

αs(µσ)
− 1

αs(µσ0
)

]

}

×ψ̄σ′
0(β′B, x⊥)Γψ

σ0(βB, y⊥)

Like in LO, Sudakov evolution looks like two independent exponential factors

which describe two independent evolutions of operators

I. Balitsky, G. A. C. (2022)
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Quark loop contribution from light-cone expansion

Background field on the mass shell

Ψ(z+) =

∫

d−βB e−i̺βBz+Ψ(βB)

the x+ dependence is power-suppressed so we can take x+ = y+ from the start:

σ
d

dσ
〈[y+,−∞]x[−∞, y+]yΓψ(y+, y⊥,−δ−)〉Ψ

= −δ− d

dδ−
〈[y+,−∞]x[−∞, y+]yΓψ(y+, y⊥,−δ−)〉Fig1a−c loop

Ψ

In this case, all relevant distances are space-like so we can replace product of

operators in the matrix element in the l.h.s. by T-product.

1

bα2
s cF

δ−
d

dδ−
〈T{[0+,−∞]x[−∞, 0+]0Γψ(0+, 0⊥,−δ−)}〉Fig1a−c loop

Ψ

= 2δ−
d

dδ−

[

∫ 0

−∞
dz+(z+, x⊥|

ln µ̃2

−p2

p2
ΓΨ

p−

p2
|0+,−δ−, 0⊥) − (x⊥ → 0)

]

I. Balitsky, G. A. C. (2022)
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Time-ordered product diagrams for quark TMD evolution

c) d)

b)a)

0

x
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Time-ordered product diagrams for gluon TMD evolution

a) b) c)

g) h) i)

f )e)d)

j) k) l)

x
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(

σ
d

dσ
+ σ′

d

dσ′

)

F i,a;σ′
(β′B, x⊥)Fa;σ

i (βB, y⊥)

= −Nc

2π
F i,a;σ′

(β′B, x⊥)Fa;σ
i (βB, y⊥)

×
[

αs(µσ′) ln
(

− i

4
(β′B + iǫ)σ′sb2

⊥eγ
)

+ αs(µσ) ln
(

− i

4
(βB + iǫ)σsb2

⊥eγ
)]

The solution of this equation is the same as for quark with cF → Nc replacement

F i,a;σ′
(β′B, x⊥)Fa;σ

i (βB, y⊥)

× = e
− 2Nc

πb2
0

[

ln
αs(µ

σ′ )
αs(µ

σ
′
0
)

(

1

αs(b̃
−1
⊥ )

+ln[−i(τ ′B+iǫ)]
)

+ 1
αs(µ

σ′ )−
1

αs(µ
σ
′
0
)

]

× e
− 2Nc

πb2
0

[

ln αs(µσ)
αs(µσ0

)

(

1

αs(b̃
−1
⊥ )

+ln[−i(τB+iǫ)]
)

+ 1
αs(µσ)

− 1
αs(µσ0

)

]

F i,a;σ′
0(β′B, x⊥)Fa;σ0

i (βB, y⊥)

I. Balitsky, G. A. C. (2022)
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Conclusions

The conformal TMD group has been obtained:
◮ it is made out of 11 generators of the full conformal group;

◮ in embedding formalism it coincide with the Poincare group in 6-dim;

Conformal evolution eqs. of gluon and quark TMDs in the Sudakov region;

Sudakov double logs are universal: evolution equation is valid from

moderate to small values of xB as long as σxBs≫ b−2
⊥ ∼ q2

⊥.

Difference between the modarate and small xB comes at the end-point of

evolution σxBs ∼ b−2
⊥ ∼ q2

⊥
◮ xB ∼ 1 DGLAP type evolution if q2

⊥ ≫ m2
N (resum αs ln

q2
⊥

m2
N

), no evolution if

q2
⊥ ≥ m2N (fenomenological models);

◮ xB = βB ≪ 1 ⇒ BFKL-type evol. from σ =
q2
⊥

xBs
to

q2
⊥

s
⇔ resum (αs ln xB)

n.
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Conclusions

Quark and Gluon TMD evolution equations with running coupling
◮ The effective argument of a coupling constant is halfway in the logarithmic

scale between the transverse momentum and energy of TMD distribution.

Coefficient function at one loop with rapidity-only cut-off was recently

obtained (I. Balitsky (2023));

⇒ Rapidity-only TMD factorization at one loop is now available
◮ Note: no soft-factor needed.

Outlook

Compare the result with the CSS/SCET-type evolution of TMDs
◮ Connect the CSS UV+rapidity evolution of TMDs with the rapidity-only

evolution.

Extend the result beyond the Sudakov region.

What is the factorization formula for gluon production?
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Conformal properties of 6-point functions in N=4 SYM

For TMD we need to study 6-point correlation functions in N=4 SYM theory

S ≡ 4π2
√

2√
N2

c−1
Tr{Z2} (Z = 1√

2
(φ1 + iφ2)) renorm-invariant chiral primary operator

〈S(z1)S(z2)S(z3)S(z4)S(z5)S(z6)〉

8 (out of 9) conformal ratios will contribute.

PA

PB

q
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Conformal properties of 6-point functions in N=4 SYM

For TMD we need to study 6-point correlation functions in N=4 SYM theory

S ≡ 4π2
√

2√
N2

c−1
Tr{Z2} (Z = 1√

2
(φ1 + iφ2)) renorm-invariant chiral primary operator

〈S(z1)S(z2)S(z3)S(z4)S(z5)S(z6)〉

8 (out of 9) conformal ratios will contribute.

PA

PB

q

Simpler case has been studied: 4-point correlation functions in the Regge limit:

only two conformal ratios.
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TMD factorization in coordinate space

F i,a(z⊥, z
+) ≡ gF−i,m(z)

[

Pe
ig
∫ z+

−∞dz+A−,σ(up1+x⊥)]ma

〈S(z1)S(z2)S(z3)S(z4)F2(x)F2(y)〉
= 〈S(z1)S(z2)Fi(x

+, x⊥)Fj(y
+, y⊥)〉〈S(z3)S(z4)Fi(x

−, x⊥)Fj(y
−, y⊥)〉

Sudakov region:

Q2 ≫ q2
⊥ ⇔ (x− y)+(x − y)− ≪ (x− y)2

⊥

Small-x region:

s≫ Q2 ∼ q2
⊥ ⇔ (x− y)+(x− y)− ∼ (x− y)2

⊥ z−1 , z+3 →∞ and z−2 , z+4 → −∞

Small-x and Sudakov region:

s≫ Q2 ≫ q2
⊥ ⇔ (x− y)+(x− y)− ≪ (x− y)2

⊥ z−1 , z+3 →∞ and z−2 , z+4 → −∞
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TMD factorization in coordinate space

〈pA, pB|g2Fa
µνFaµν(z1)g

2Fb
λρFbλρ(z2)|pA, pB〉

=
1

N2
c − 1

〈pA|Õij(z
−
1 , z1⊥ ; z−2 , z2⊥)|pA〉σA〈pB|Oij(z+1 , z1⊥ ; z+2 , z2⊥)|pB〉σB + ...

Gluon TMD operator

Oij(z
+
1 , z1⊥ ; z+2 , z2⊥) = Fa

i (z1)[z1 −∞n, z2 −∞n]abFb
j (z2)

∣

∣

∣

z−
1
=z−

2
=0
,

Õij(z
−
1 , z1⊥ ; z−2 , z2⊥) = Fa

i (z1)[z1 −∞n′, z2 −∞n′]abFb
j (z2)

∣

∣

∣

z
+
1
=z

+
2
=0
,

(

F i,a(z⊥, z
+)

)σ ≡ gF−i,m(z)
[

Pe
ig
∫ z+

−∞dz+A−,σ(up1+x⊥)]ma
,

G. A. Chirilli (University of Salento) Rapidity-only evolution of TMDs QCD@work2024 - 20 June 2024 3 / 18



TMD factorization in coordinate space

Gluon TMD operator

Oij(z
+
1 , z1⊥ ; z+2 , z2⊥) = Fa

i (z1)[z1 −∞n, z2 −∞n]abFb
j (z2)

∣

∣

∣

z
−
1 =z

−
2 =0

,

Õij(z
−
1 , z1⊥ ; z−2 , z2⊥) = Fa

i (z1)[z1 −∞n′, z2 −∞n′]abFb
j (z2)

∣

∣

∣

z
+
1
=z

+
2
=0
,

(

F i,a(z⊥, z
+)

)σ ≡ gF−i,m(z)
[

Pe
ig
∫ z+

−∞dz+A−,σ(up1+x⊥)]ma
,

Aσ
µ(x) =

∫

d4k

16π4
θ
(σ
√

2

z12⊥
− |k+|

)

e−ik·xAµ(k)

σ
√

2
z12⊥

cutoff preserving conformal invariance

[x, y] ≡ Peig
∫

du(x−y)µAµ(ux+(1−u)y)
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TMD factorization in coordinate space

Gluon TMD operator

Oij(z
+
1 , z1⊥ ; z+2 , z2⊥) = Fa

i (z1)[z1 −∞n, z2 −∞n]abFb
j (z2)

∣

∣

∣

z
−
1 =z

−
2 =0

,

Õij(z
−
1 , z1⊥ ; z−2 , z2⊥) = Fa

i (z1)[z1 −∞n′, z2 −∞n′]abFb
j (z2)

∣

∣

∣

z
+
1
=z

+
2
=0
,

TMDs are invariant under the inversion

Fm
i (z⊥, z

+) = F−i ,n(z+, z⊥)[z
+, z+ −∞n]nm

→ F−i ,n

(

z+

z2
⊥
,

z⊥
z2
⊥

)

[z+

z⊥
,

z+

z2
⊥
−∞n

]nm
= Fm

i (z′⊥, z
′+)

We need the full conformal group of TMD operators.
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Conformal TMD group in the embedding formalism

Conformal TMD group in the 6-dim space; g−2,−2 = 1, g−1,−1 = −1

Conf. Transf. are Lorentz transf. of light-rays
(

1−x2

2
, 1+x2

2
, xµ

)

in 6-dim space

with metric (1,−1, 1,−1,−1,−1)

Lµν ≡ Mµν , L−2,µ ≡
1

2
(Pµ − Kµ) , L−1,µ ≡

1

2
(Pµ + Kµ) , L−2,−1 ≡ D

i[Lab,Lmn] = gmaLnb + gnbLma − gmbLna − gnaLmb

Define

Lmn ≡Mmn L−n ≡ Pn L+− ≡ D

with m, n, l = −2,−1, 1, 2, get usual Poincare generators Mmn,Pn and the

“Dilatation” D in 4-dim sub-space orthogonal to the physical “+′′ and “−′′
directions
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High-Energy Operator Product Expansion

DIS amplitude is factorized in rapidity: η

z1

z2

y x

|B〉 is the target state.

〈B|T {̂jµ(x)̂jν(y)}|B〉 =
∫

d2z1d2z2

z4
12

ILO
µν (x, y; z1, z2)〈B|tr{Ûη

z1
Û†ηz2
}|B〉+ . . .
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High-Energy Operator Product Expansion

z1

z2

y x

〈B|T {̂jµ(x)̂jν(y)}|B〉 =
∫

d2z1d2z2

z4
12

ILO
µν (x, y; z1, z2)〈B|tr{Ûη

z1
Û†ηz2
}|B〉+ . . .

Rapidity Regularization:

Aη
µ(x) =

∫

d−4kθ(eη − |k+|)e−ik·xAµ(k)

d−nk ≡ dnk
(2π)n
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Leading order: BK equation

d

dη
tr{ÛxÛ†y} = KLOtr{ÛxÛ†y}+ ... ⇒

d

dη
〈tr{ÛxÛ†y}〉shockwave = 〈KLOtr{ÛxÛ†y}〉shockwave

x

a

b

b

a a

a

b

b

y
(a) (b) (c) (d)

x xx
* xx

*
x

*
x x

*

x• =
√

s
2
x− x∗ =

√

s
2
x+
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Balitsky-Kovchegov equation

Û(x, y) ≡ 1− 1

Nc

tr{Û(x⊥)Û
†(y⊥)}

d

dη
Û(x, y) =

αsNc

2π2

∫

d2z (x− y)2

(x− z)2(y− z)2

{

Û(x, z) + Û(z, y) − Û(x, y) − Û(x, z)Û (z, y)
}

LLA for DIS in pQCD⇒ BFKL
◮ (LLA: αs ≪ 1, αsη ∼ 1): describes proliferation of gluons.

LLA for DIS in semi-classical-QCD⇒ BK eqn
◮ background field method: describes recombination process.
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig

∫ ∞

−∞
dx+ A+(x

+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig

∫ ∞

−∞
dx+ A+(x

+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,

(x+, x⊥)2 = −x2
⊥ ⇒ after the inversion x⊥ → x⊥/x2

⊥ and x+ → x+/x2
⊥
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig

∫ ∞

−∞
dx+ A+(x

+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,

(x+, x⊥)2 = −x2
⊥ ⇒ after the inversion x⊥ → x⊥/x2

⊥ and x+ → x+/x2
⊥ ⇒

[∞p1+x⊥,−∞p1+x⊥] → Pexp
{

ig

∫ ∞

−∞
d

x+

x2
⊥

A+(
x+

x2
⊥
,

x⊥
x2
⊥
)
}

= [∞p1+
x⊥
x2
⊥
,−∞p1+

x⊥
x2
⊥
]
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Conformal invariance of the BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig

∫ ∞

−∞
dx+ A+(x

+, x⊥)
}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,

(x+, x⊥)2 = −x2
⊥ ⇒ after the inversion x⊥ → x⊥/x2

⊥ and x+ → x+/x2
⊥ ⇒

[∞p1+x⊥,−∞p1+x⊥] → Pexp
{

ig

∫ ∞

−∞
d

x+

x2
⊥

A+(
x+

x2
⊥
,

x⊥
x2
⊥
)
}

= [∞p1+
x⊥
x2
⊥
,−∞p1+

x⊥
x2
⊥
]

⇒The dipole kernel is invariant under the inversion V(x⊥) = U(x⊥/x2
⊥)

d

dη
Tr{VxV†y} =

αs

2π2

∫

d2z

6z4

(x− y)2 6z4

(x− z)2(z− y)2
[Tr{VxV†z }Tr{VzV

†
y} − NcTr{VxV†y}]
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

Ŝ− ≡
i

2
(K1 + iK2), Ŝ0 ≡

i

2
(D + iM12), Ŝ+ ≡

i

2
(P1 − iP2)

[Ŝ0, Ŝ±] = ±Ŝ±,
1

2
[Ŝ+, Ŝ−] = Ŝ0,

[Ŝ−, Û(z, z̄)] = z2∂zÛ(z, z̄), [Ŝ0, Û(z, z̄)] = z∂zÛ(z, z̄), [Ŝ+, Û(z, z̄)] = −∂zÛ(z, z̄)

z ≡ z1 + iz2, z̄ ≡ z1 − iz2, U(z⊥) = U(z, z̄)
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Conformal invariance of the BK equation

SL(2,C) for Wilson lines

Ŝ− ≡
i

2
(K1 + iK2), Ŝ0 ≡

i

2
(D + iM12), Ŝ+ ≡

i

2
(P1 − iP2)

[Ŝ0, Ŝ±] = ±Ŝ±,
1

2
[Ŝ+, Ŝ−] = Ŝ0,

[Ŝ−, Û(z, z̄)] = z2∂zÛ(z, z̄), [Ŝ0, Û(z, z̄)] = z∂zÛ(z, z̄), [Ŝ+, Û(z, z̄)] = −∂zÛ(z, z̄)

z ≡ z1 + iz2, z̄ ≡ z1 − iz2, U(z⊥) = U(z, z̄)

Conformal invariance of the evolution kernel

d

dη
[Ŝ−,Tr{UxU†y}] =

αsNc

2π2

∫

dz K(x, y, z)[Ŝ−,Tr{UxU†y}Tr{UxU†y}]

⇒
[

x2 ∂

∂x
+ y2 ∂

∂y
+ z2 ∂

∂z

]

K(x, y, z) = 0
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Conformal 4-point function in N=4 SYM in the Regge limit

In a conformal theory the amplitude of 4-point functions depends on

two conformal ratios which can be chosen as

R =
(x− x′)2(y− y′)2

(x− y)2(x′ − y′)2

Regge limit−→ 0

r = R
[

1− (x− y′)2(y− x′)2

(x− x′)2(y− y′)2
+

1

R

]2 Regge limit−→ fixed
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Conformal 4-point function in N=4 SYM in the Regge limit

Cornalba (2007)

Provides general structure of the 4-point function in the regge limit as

an integral over one real variable ν

〈{S(z−1 , z1⊥)S(z−2 , z2⊥)S(x+, x⊥)S(y+, y⊥)}〉 =

∫

dν Φ(r, ν)F(ν)R
1
2
ω(ν)

S ≡ 4π2
√

2√
N2

c−1
Tr{Z2} (Z = 1√

2
(φ1 + iφ2)) renorm-invariant operator

ω(ν) ≡ ω(0, ν) is the pomeron intercept.

F(ν) is the “pomeron residue”.

Φ(r, ν) some function of ν and the conformal ratio r.
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NLO Amplitude in N=4 SYM I. Balitsky and G.A.C. (2009)

Explicit calculation of the 4-point function in the Regge limit at NLLO

⇒

Factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

4-point function at NLO in the Regge limit using conformal composite dipole in

Wilson line.
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NLO Amplitude in N=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

F(ν) Pomeron residue (Impact factor) at NLO in N=4 SYM and QCD

I. Balitsky and G.A.C. (2009)

NLO Pomeron intercept ω(ν)
◮ QCD: Fadin-Lipatov (1998) and I.Balitsky and G.A.C. (2007)

◮ N=4: Lipatov-Kotikov (2000) and I. Balitsky and G.A.C. (2008)
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NLO Amplitude in N=4 SYM I. Balitsky and G.A.C. (2009)

Factorization in rapidity

YA

YB

<Y<YB YA

x y

y’x’

+ +...

x’

x y x y

y’y’x’

〈T{S(x)S†(y)S(x′)S†(y′)}〉

=

∫

d2z1⊥d2z2⊥d2z′1⊥d2z′2⊥IFa0(x, y; z1, z2)[DD]a0,b0(z1, z2; z′1, z
′
2)IF

b0(x′, y′; z′1, z
′
2)

in QCD: NLO γ∗γ∗ cross section G.A.C. and Yu. Kovchegov (2015)
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Getting the interpolating evolution equation

Shock-wave with finite width

**

y x
A−(x•, x

+, x⊥) → λA−(λ−1x•, λ x+, x⊥)

A+(x•, x
+, x⊥) → λ−1A+(λ−1x•, λ x+, x⊥)

A⊥(x•, x
+, x⊥) → A⊥(λ

−1x•, λ x+, x⊥)

λ is the boost parameter

small k+ gluons are classical fields large k+ gluons are quantum fields.

Long. size classical fields: ǫ+ ∼ k+

l2⊥
with l⊥ trans. mom. of classical fileds

Distance traveled by quantum fields: z+ ∼ k+

k2
⊥

with k⊥ trans. mom. of

quantum fields

Shock wave: l⊥ ∼ k⊥

Light-cone expansion: l⊥ ≪ k⊥

G. A. Chirilli (University of Salento) Rapidity-only evolution of TMDs QCD@work2024 - 20 June 2024 12 / 18



Rapidity evolution of Gluon TMD operator

Gluon TMD F̃aη
i (z1⊥, xB)Faη(z2⊥, xB)

(

F i,a(z⊥, z
+)

)σ ≡ gF−i,m(z)
[

Pe
ig
∫ z+

−∞dz+A−,σ(up1+x⊥)]ma
,

Aσ
µ(x) =

∫

d4k

16π4
θ
(σ
√

2

z12⊥
− |k+|

)

e−ik·xAµ(k)

Typical LO diagrams

Shock wave: l⊥ ∼ k⊥

Light-cone expansion: l⊥ ≪ k⊥
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Rapidity evolution of Gluon TMD operator

m2
X = q2 ≡ Q2 Sudakov region: Q≫ q⊥ ≫ 1Gev

Sudakov region in coord. space: z2
12‖ ≡ 2z−12z+12 ≪ z2

12⊥

Typical LO diagrams

To calculate these diagrams the approximation is: k+ ≫ z
+
12

z2
12⊥

Sudakov evolution:transverse separation between the gluon operators Fi and Fj

does not change while the longitudinal one increases.
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Rapidity evolution at leading in Sudakov region

Oσ2(z+1 , z
+
2 ) =

αsNc

2π

σ2

√
2

z12⊥
∫

σ1

√
2

z12⊥

dk+

k+
KOσ1(z+1 , z

+
2 )

where the kernel K is given by

KO(z+1 , z+2 ) = O(z+1 , z+2 )
∫ z

+
1

−∞

dz+

z+2 − z+
e
−i

z12⊥σ

√
2(z2−z)+ + O(z+1 , z+2 )

∫ z
+
2

−∞

dz+

z+1 − z+
e

i
z12⊥σ

√
2(z1−z)+

−
∫ z

+
1

−∞
dz+
O(z+1 , z+2 )−O(z+, z+2 )

z+1 − z+
−
∫ z

+
2

−∞
dz+
O(z+1 , z+2 )−O(z+1 , z+)

z+2 − z+
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Solution of the evolution equation

To solve the evolution equation, perform Fourier transform

Ke−ik−z
+
1
+ik′−z

+
2 =

[

− 2 lnσz12⊥ − ln(ik−)

− ln(−ik′−) + ln 2− 4γE + O
( z+12

z12⊥σ

)

]

e−ik−z
+
1
+ik′−z

+
2

Result (ᾱs =
αsNc

4π ) I. Balitsky and G.A.C. (2019)

Oσ2(z+1 , z
+
2 ) = e

−2ᾱs ln
σ2
σ1

[

lnσ1σ2+4γE−ln 2
]∫

dz′+1 dz′+2 Oσ1(z′+1 , z′+2 ) z
−2ᾱs ln

σ2
σ1

12⊥

× 1

4π2

[

iΓ
(

1− 2ᾱs ln
σ2

σ1

)

(z+1 − z′+1 + iǫ)
1−2ᾱs ln

σ2
σ1

+ c.c.

][

iΓ
(

1− 2ᾱs ln
σ2

σ1

)

(z+2 − z′+2 + iǫ)
1−2ᾱs ln

σ2
σ1

+ c.c.

]
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Solution of the evolution equation

Result (ᾱs =
αsNc

4π ) I. Balitsky and G.A.C. (2019)

Oσ2(z+1 , z
+
2 ) = e

−2ᾱs ln
σ2
σ1

[

lnσ1σ2+4γE−ln 2
]∫

dz′+1 dz′+2 Oσ1(z′+1 , z′+2 ) z
−2ᾱs ln

σ2
σ1

12⊥

× 1

4π2

[

iΓ
(

1− 2ᾱs ln
σ2

σ1

)

(z+1 − z′+1 + iǫ)
1−2ᾱs ln

σ2
σ1

+ c.c.

][

iΓ
(

1− 2ᾱs ln
σ2

σ1

)

(z+2 − z′+2 + iǫ)
1−2ᾱs ln

σ2
σ1

+ c.c.

]

Result transform covariantly under the TMD-conformal group generators except

the Lorentz boost M+− which is the generator of the evolution equation: The

Lorentz boost in z direction changes the cutoffs for the evolution.
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Conformal invariance of the TMD matrix element

Sudakov-region result is applicable in the region between:

σ2 = σB =
z12⊥

z−12

√
2

and σ1 =
z+12

√
2

z12⊥
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Conformal invariance of the TMD matrix element

Sudakov-region result is applicable in the region between:

σ2 = σB =
z12⊥

z−12

√
2

and σ1 =
z+12

√
2

z12⊥

Lorentz boost: z+ → λz+, z− → 1
λz−

〈pB|O|pB〉 → 〈pB|O|pB〉exp{4λᾱs ln
z2

12‖
z2

12⊥
} Target

〈pA|Õ|pA〉 → 〈pA|Õ|pA〉exp{−4λᾱs ln
z2

12‖
z2

12⊥
} Projectile

So the amplitude is invariant:

〈pA, pB|g2Fa
µνFaµν(z1)g

2Fb
λρFbλρ(z2)|pA, pB〉

=
1

N2
c − 1

〈pA|Õij(z
−
1 , z1⊥ ; z−2 , z2⊥)|pA〉σA〈pB|Oij(z+1 , z1⊥ ; z+2 , z2⊥)|pB〉σB
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Comparing with conventional TMD analysis

Evolution for generalized TMD ξ =
pB−p′B√

2s

Dσ(xB, ξ) =

∫

dz+ e−ixB

√
s
2

z+〈p′B|Oσ
(

− z+

2
,

z+

2

)

|pB〉

From our result we get

Dσ2(x, ξ)

Dσ1(x, ξ)
= e

−2ᾱs ln
σ2
σ1

[lnσ2σ1(x
2−ξ2)sz2

12⊥
+4γE−2 ln 2]

For usual TMD at ξ = 0 with the limits of Sudakov evolution one obtains

Dσ2(x, q⊥)
Dσ1(x, q⊥)

= e
−2ᾱs ln

Q2

q2
⊥

[

ln Q2

q2
⊥
+4γE−2 ln 2

]

Coincides with usual one-loop evolution of TMDs up to replacement

4γE − 2 ln 2→ 4γE − 4 ln 2.

constant depends on the way of cutting k+-integration which should be
coordinated with the cutoffs in the “coefficient function” σ(ff → H)

◮ The discrepancy is just like using two different schemes for usual

renormalization.
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Going beyond the Sudakov approximation

Sudakov: Q≫ q⊥; in coord. space (x− y)2
⊥ ≫ (x− y)2

‖
xB ∼ 1 and q⊥ ∼ mN

◮ The relative energy between Wilson-line operators F and target

nucleon at the final point of the evolution is ∼ m2
N so one should use

phenomenological models of TMDs with this low rapidity cutoff as a

starting point of the evolution.

xB ≪ 1

◮ This relative energy is within
q2
⊥

xBs
> σ >

m2
N

s
beyond Sudakov region

into the low-x region: the TMD operator, known as
Weiczsäcker-Williams distribution, will produce a of color dipoles as

a result of the non-linear evolution. The transition between Sudakov

region and small-x region is described by rather complicated
interpolation formula. In coordinate space this means the study of

the operator O at z2
‖ ∼ z2

⊥. Conformal invariance may help us obtain

the TMD evolution in that region.
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