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Hagedorn temperature
• Definition: a quantum system displays a Hagedorn behavior if at high 

energies E the density of states grows exponentially like the energy

• TH = Hagedorn temperature
• The thermal partition function of such a system…

• …diverges for               

• Examples include both QFTs (as Yang-Mills or quenched QCD) and string 
theory

F.Bigazzi - Hagedorn Temperature 2

<latexit sha1_base64="GBvKw8NNn6MX4srs6+cqsntYEQY=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgxpKIr2XRTZcV+oI2lsl00g6dZMLMRKmh+CtuXCji1v9w5984bbPQ1gMXDufcy733+DFnSjvOt7WwuLS8sppby69vbG5t2zu7dSUSSWiNCC5k08eKchbRmmaa02YsKQ59Thv+4GbsN+6pVExEVT2MqRfiXsQCRrA2Usfer7Yl6/U1llI8oGqnfJeejDp2wSk6E6B54makABkqHfur3RUkCWmkCcdKtVwn1l6KpWaE01G+nSgaYzLAPdoyNMIhVV46uX6EjozSRYGQpiKNJurviRSHSg1D33SGWPfVrDcW//NaiQ6uvJRFcaJpRKaLgoQjLdA4CtRlkhLNh4ZgIpm5FZE+lphoE1jehODOvjxP6qdF96J4fntWKF1nceTgAA7hGFy4hBKUoQI1IPAIz/AKb9aT9WK9Wx/T1gUrm9mDP7A+fwA18JUU</latexit>

T ! T�
H

<latexit sha1_base64="h6x91rh2XY7KZfdKmL5TUIZjzKg=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5qoqMuiFLqs0Bc0aZhMJ83QyYOZiVBC1m78FTcuFHHrF7jzb5y2WWj1wIXDOfdy7z1uzKiQhvGlFZaWV1bXiuuljc2t7R19d68jooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu74dup37wkXNApbchITO0CjkHoUI6kkRz+0uB9V6ifQEjSA9UFqIRb7KINkkNZPW04jc/SyUTVmgH+JmZMyyNF09E9rGOEkIKHEDAnRN41Y2inikmJGspKVCBIjPEYj0lc0RAERdjp7JYPHShlCL+KqQgln6s+JFAVCTAJXdQZI+mLRm4r/ef1Eetd2SsM4kSTE80VewqCM4DQXOKScYMkmiiDMqboVYh9xhKVKr6RCMBdf/ks6Z1Xzsnp+d1Gu3eRxFMEBOAIVYIIrUAMN0ARtgMEDeAIv4FV71J61N+193lrQ8pl98AvaxzdJyJlk</latexit>

⇢(E) ⇠ E↵eE/TH

<latexit sha1_base64="HLdbwAJaDkQ0am9HOnEfDY0Q/to="></latexit>

Z[�] ⇠
Z

dE⇢(E)e��E , � ⌘ 1/T



F.Bigazzi - Hagedorn Temperature

3

• First example: strong interactions
• Rolf Hagedorn 1965: Statistical thermodynamics of 

strong interactions at high energies

• Argued for asymptotically exponential hadron mass 
spectrum and a limiting (Hagedorn) temperature

  

• Today we would say that this is expected to hold for the 
     confining phase of  Yang-Mills or quenched (large N) QCD

• These theories display first order deconfinement transition at Tc
• In these cases TH > Tc

Hagedorn temperature



Hagedorn temperature
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• Lattice: no first principle computation of TH yet.
• Assuming TH to be that of effective string theory, can match high T<Tc 

behavior of observables. For SU(2), SU(3) YM see [Caselle, Nada, Panero, 15]

(𝛥=trace anomaly)
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Ts = string tension

• At large N (e.g. SU(12) ) focusing on metastable confining phase 
      at T>Tc indirect hints for TH∼ 1.16(9) Tc  [Bringoltz, Teper 2005]
    



Motivations

F.Bigazzi - Hagedorn Temperature 5

• Second famous example: string theory 

• In flat spacetime the string Hagedorn temperature is exactly known

• What about string theory on curved backgrounds? 

• Interesting question in view of the string/gauge theory correspondence

• This maps large N, large ‘t Hooft coupling (𝜆≫1) confining gauge theories to
     weakly coupled string theories on curved gravity backrounds with fluxes.
• As a corollary: TH (QFT) = TH (String)

• Can we compute the Hagedorn temperature of strongly coupled large N 
     confining gauge theories from the holographic dual description? 

• Can we cross-check the holographic results with QFT ones?
 



Strings in flat space

• Consider type II superstrings in flat 10-dim spacetime 
• Number of particle species with mass less than M asymptotes to

• Hence:

• Z(T): torus (one-loop) partition function on R9x S1

• The one-loop contribution to Z(T) is determined completely by its 
spectrum, in particular it diverges if the spectrum includes a tachyon.

• Is there a tachyon appearing when T>TH ?
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Strings in flat space

• Strings winding the thermal circle have tachyonic mode when the size of 
the circle is small enough [Sathiapalan 87; Kogan  87; Atick,Witten, 88] 

• In fact, the ground state with winding ± 1 has mass 

• This becomes tachyonic for T > TH

• For T close to TH this state corresponds to an almost massless complex 
scalar field in target space which can be accounted for in the low energy 
effective action.  

• We extend all this to curved spacetimes dual to confining gauge theories.
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Strings on confining backgrounds

• Finite T confining phase of (q+1)-dim QFTs is holographically dual to 
closed string theory on backgrounds with metric asymptotically going as

• r<<l dual to IR regime,                       ;    Ts = QFT confining string tension
• Euclidean metric,                               
•      : compact (9-q-d)-dimensional space 
• Backgrounds also include RR forms, NSNS form BMN and dilaton 𝜙(r)
• Let me assume BtM = 0 for simplicity (general case can be treated as well)       

F.Bigazzi - Hagedorn Temperature 8

<latexit sha1_base64="RJDJB+qolNddiKHG4ScKeqh1kcE=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0EQDHFXRW2EoI1lhLwgu4TZ2UkyZPbhzF0hLGlt/BUbC0Vs/QM7/8ZJsoUmHrhw5px7mXuPFwuuwLK+jdzC4tLySn61sLa+sbllbu80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vQGN2O/+cCk4lFYg2HM3ID0Qt7llICWOiYGR/EAwxF2PAbEKZWc+4T409eVfVzrmEWrbE2A54mdkSLKUO2YX44f0SRgIVBBlGrbVgxuSiRwKtio4CSKxYQOSI+1NQ1JwJSbTi4Z4QOt+LgbSV0h4In6eyIlgVLDwNOdAYG+mvXG4n9eO4HupZvyME6AhXT6UTcRGCI8jgX7XDIKYqgJoZLrXTHtE0ko6PAKOgR79uR50jgp2+fl07uzYuU6iyOP9tA+OkQ2ukAVdIuqqI4oekTP6BW9GU/Gi/FufExbc0Y2s4v+wPj8AQ2HmKc=</latexit>

t ⇠ t+ � , � = 1/T

<latexit sha1_base64="k2uq4zSE4GdNO20PQaVD6W1CBI4=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuinoRgl48RjAPSJYwOzubjJmd2czMBsKS7/DiQRGvfow3/8bJ46DRgoaiqpvuriDhTBvX/XJyS8srq2v59cLG5tb2TnF3r65lqgitEcmlagZYU84ErRlmOG0miuI44LQR9G8nfmNIlWZSPJhRQv0YdwWLGMHGSj47ebz22iSURqNBp1hyy+4U6C/x5qQEc1Q7xc92KEkaU2EIx1q3PDcxfoaVYYTTcaGdappg0sdd2rJU4JhqP5sePUZHVglRJJUtYdBU/TmR4VjrURzYzhibnl70JuJ/Xis10ZWfMZGkhgoyWxSlHBmJJgmgkClKDB9Zgoli9lZEelhhYmxOBRuCt/jyX1I/LXsX5bP781LlZh5HHg7gEI7Bg0uowB1UoQYEBvAEL/DqDJ1n5815n7XmnPnMPvyC8/ENzIaRew==</latexit>

i, j = 1 · · · q

q+1 flat d-dim space

<latexit sha1_base64="WqFNXW4PvjS4yWZC2x/3Wf6ETfQ=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Rj04kWIYB6QLGF2MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vf3tLyyuraemGjuLm1vbNb2ttvGJVqQutEcaVbETaUM0nrlllOW4mmWEScNqPhzcRvPlFtmJIPdpTQUOC+ZDEj2Dqp0SGYo7tuqexX/CnQIglyUoYctW7pq9NTJBVUWsKxMe3AT2yYYW0Z4XRc7KSGJpgMcZ+2HZVYUBNm02vH6NgpPRQr7UpaNFV/T2RYGDMSkesU2A7MvDcR//PaqY2vwozJJLVUktmiOOXIKjR5HfWYpsTykSOYaOZuRWSANSbWBVR0IQTzLy+SxmkluKic3Z+Xq9d5HAU4hCM4gQAuoQq3UIM6EHiEZ3iFN095L9679zFrXfLymQP4A+/zB+6Bjrc=</latexit>

M



Strings on confining backgrounds

• Consider a closed string at r=0 and at a point in        winding once along t 

• Get quantum spectrum of quadratic fluctuations of worldsheet around this
• Ground state mass mw tachyonic at T>TH with TH solution of

•         : finite zero-point energy of the world-sheet sigma model

• : quartic and higher order contributions of bosonic zero modes
accounted for by the effective action for the thermal scalar field. 
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Strings on confining backgrounds

• We can determine TH in a perturbative expansion in

• To leading order we get [FB, Canneti, Cotrone, 2022]

• To NLO we get [FB, Canneti, Muck, 2023]

• This result coincides with the one obtained by the effective action for the winding 
string scalar mode [Urbach 2023]. 

• Can go beyond NLO using worldsheet + effective approach. 
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Global AdS backgrounds

• As an example, let us consider global AdSd+1 cases
• Dual to CFTs on compact Sd spheres of radius R. Here Tc ∼ 1/R
• In R=1 units (               ) we get [FB, Canneti, Cotrone 2023; Ekhammar et al 2023]

• TH parametrically larger than Tc (general feature in holographic limit)
• In two cases QFT results for TH at strong coupling are available, via 

integrability and quantum spectral curve methods [Harmark, Wilhelm, 2021; 
Ekhammar,  Minahan, Thull 2023]

• Thus we can check string theory results against QFT ones
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Global AdS backgrounds

• d=4: N =4 SYM theory on S3  (                      )
• String theory result: 

• Gauge theory result: 
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Global AdS backgrounds

• d=3: ABJM theory on S2

• String theory result: 

• Gauge theory result: 
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Conclusions and ongoing works
• Computed TH for holographic confining gauge theories
• When QFT results available, remarkable agreement (to NNNLO) between the 

latter and string theory ones: highly non trivial tests of  holography.

• Add Nf flavors:  TH / Ts
1/2 decreases (at fixed `t Hooft coupling)

• Add Yang-Mills 𝜃 angle: TH / Ts
1/2 increases (at fixed `t Hooft coupling)

• Include non perturbative (instanton-like) corrections
• Explore large string coupling regime going to M-theory 
• Extrapolating our results in a specific model (Witten’s large N Yang-Mills) to 

SU(3) Yang-Mills, we get                         
• Model dark sectors with holographic confining theories: in cosmological first 

order phase transitions it is important to know TH
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Thank you for your time

F.Bigazzi - Hagedorn Temperature 15


