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Stefano’s work I’'m most familiar with: Threshold resummations

A short (and beautiful) review: S. Catani, hep-ph/9610413

Physical cross sections are always inclusive over arbitrarily soft
particles in the final state, because of finite detector resolution.

Inclusiveness plays a crucial role in QCD: infrared divergences
from virtual corrections are cancelled by radiation of undetected

real gluons.

The finite left-over of these cancellations give large contributions
if the tagged final state is forced to take most of the available

energy.



Schematically: (1 — z),/s total energy carried by unobserved

radiation. Virtual and real emission corrections at order ag:
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because of the bremsstrahlung spectrum dw/w and the spectrum

for collinear emission, dk /k3.

The sum of the two contributions is finite as the infrared cut-off ¢

goes to O:
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e Virtual contribution concentrated at z =1

e Real emission contribution spread over the interval r < z < 1,
where x is the fraction of total energy carried by the observed
final state.

Hence, the contribution of soft emission to the cross section is
proportional to

1
dw
/x dz o= —C ag log®(1 — z),

a finite left-over of the cancellation of infrared divergences.

As r — 1 in the final state, the phase space for real emission is

suppressed, and the finite left-over becomes large.



At order n, at most two powers of log(1 — x) for each power of ag
appear in the perturbative coefficients:
2n

Chp(x)al = af Z Cnm 10g"" (1 — x) + non singular terms

m=1

The perturbative expansion becomes unreliable; logarithmically

enhanced contributions must be resummed to all orders.



Examples:

1. lepton-nucleon scattering in the quasi-elastic limit:

2

xr — TBj = : x — 1

2p - q

2. production of heavy systems (Drell-Yan pairs, Higgs) close to
threshold:

3. transverse momentum spectra in the small-¢gr region:

(5

Q*

l1— 2 — ¢ < Q*



Threshold resummation performed in the space of Mellin

moments
A 1 1 N+ioco X
F(N):/ de o™ 1 F(z); F(N):—_/ dN ==V F(N)
0 21 N —ico

(Fourier transform in the case of transverse momentum).

A

Cr(N) = CEE(N) + CNVE(N) + ..

2n
CYM(N)= ) énplog® N
k=n-+1

CNUE(N) = ¢, log™ N



Three non trivial points



1. Eikonal emission exponentiates in QED because soft photons
are emitted independently. Gluon correlations are shown to

cancel in the soft limit.
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On the basis of an eikonal approximation in configuration space we compute both the large-N
behaviour of the quark fragmentation function and explicit soft gluon emission probabilities up to
three loops. The results exhibit the exponentiation mechanism of the infrared contributions to the
form factor. On the other hand, gluon correlations are present for any angular configurations, but
are found important only in the strong-ordering region recently emphasized in the coherent
branching scheme for jet evolution.



2. The argument of the running coupling is set at the transverse

momentum of emitted gluons:

g — ozs(k%)

b <Q*(1—x)%  a=1,2
very different from Q? in the threshold limit.

An important point: resummation of leading log terms of order
o log" Tt N.
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We propose a modified jet evolution equation which resums large corrections to the usual
leading logarithmic approximation when phase-space constraints expose the singular infrared
structure of QCD. The modification, which consists simply of a rescaling of the argument of the
running coupling constant, is based on perturbative arguments verified at the fourth-order level.
Processes analyzed by this method include the quark (Sudakov) form factor, the large moments of
structure and fragmentation functions, the asymptotic behaviour of multiplicities and the clustering
of final quanta in colourless systems which occupy finite regions of (momentum and position) phase
space.
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Large N singularities of parton densities are related by a gauge transformation to a class of collinear singularities. We
prove on this basis that the effective anomalous dimension shows [ag(Q?) log N} P singularities which are calculable to all
orders by a change of scale in as(Qz).



3. Exponentiation of next-to-leading logs
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We study the region of inhibited radiation in hard hadronic processes, as for jet cross sections
and heavy flavour production near threshold. The cases of deep inelastic scattering and Drell-Yan
annihilation are explicitly considered. A general method to exponentiate leading and next-to-lead-
ing logarithms to all orders in perturbation theory is developed. A complete formula for the large
N-moments is given and shown to agree with previous two-loop calculations. The resummation
procedure suggests how to connect the perturbative and nonperturbative regions. The natural limit
within the perturbative phase is shown to be the intrinsic transverse momentum.
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Since then, an impressive amount of work on this subject:
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A difficulty immediately arises. Define ¥(L, o) by

Cn(Q?) - 2\ = 2\ 7 K
co(ge) — LR es(@)) =1+ ;hms(@ DL

> arises as an expansion in powers of as(@Q?) of a function of
as(Q?/N*). To NLL we have

2 (02 log(1 + L |
o () = - a@ P L= aau@mios

which has a branch cut on the real positive N axis for L < —1, or

3 Q= aﬁOaS(Q2)

because of the Landau singularity:.

Qi

NZNLEG

The inverse Mellin transform of Cn(Q?)/Ck°(Q?) does not exist.



One possible way out: take the term-by-term inverse Mellin
transform of X(L, a):

|
2 (z, as(Q?)) Z ’f2m . dN z NlogkN

but the series is divergent! Proof:
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2T J N o0 N  2m gkl T(€) .
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A second possible way out: taking the inverse Mellin transform of
each log® N term at the relevant (leading, next-to-leading...)
logarithmic level, the perturbative series converges. For example,
to leading log accuracy one has

1 log" (1 —
— szNlogka[Og 1-2)

+ NLL
1—z2

211 N —ioco

The series now converges to

1
1 —2z
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_|_

Qi|=

but only for z < z;, =1 — e~ & again because of the Landau pole at

Z = ZJ, e



Similar situation in the case of the resummation of large

logarithms of ¢2/Q? in the small-¢, region of the spectrum.

In this case
1 1 .
Mellin tr. / dz 2" 1 f(2) — Fourier tr. 5 /d2b e "I f(qr)
0 7T

The resummed cross section in b space has no inverse Fourier
transform, again because of the Landau pole of the running

coupling.



A solution (now universally adopted) was found by Stefano and

collaborators:
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The resummation of soft gluons in hadronic
collisions

Stefano Catani®!, Michelangelo L. Mangano ®2, Paolo Nason®?,
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Abstract

We compute the effects of soft-gluon resummation for the production of high mass systems in
hadronic collisions. We carefully analyse the growth of the perturbative expansion coefficients of
the resummation formula. We propose an expression consistent with the known leading and next-
to-leading resummation results, in which the coefficients grow much less than factorially. We apply
our formula to Drell-Yan pair production, heavy flavour production, and the production of high
invariant mass jet pairs in hadronic collisions. We find that, with our formula, resummation effects
become important only fairly close to the threshold region. In the case of heavy flavour production
we find that resummation effects are small in the experimental configurations of practical interest.



The minimal prescription. A very simple recipe: just take

2 1 chros —N 2 2
o(x,cw:—/ AN 2N L(N, Q%) C(N, as(Q?))

2T J oo

with 0 < ¢ < Np.

\ N space

/

Not a true inverse Mellin: the integrand is not analytical in any
right half-plane, because of the branch cut due to the Landau
pole.



The MP has a number of good properties:
e it is well defined for all values of x

e it is an asymptotic sum of the original, divergent perturbative

expansion

e the difference between the original series, truncated at the
best-approximation term, and the minimal prescription, is

suppressed more strongly than any power of A?/Q%.
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Figure 1: Higgs production at the LHC.

Catani, De Florian, Grazzini, Nason, JHEP 0307(2003)028,
arXiv:hep-ph/0306211v1
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Higgs production at the Tevatron.

Catani, De Florian, Grazzini, Nason, JHEP 0307(2003)028,
arXiv:hep-ph/0306211v1.



A minimal prescription for Fourier inversion in the case of ¢r
distributions: a deformation of the integration contour away from
the real axis.

Minimal in the sense that it gives back the right result when
applied to functions of b which do have a Fourier inverse.

E. Laenen, G. Sterman and W. Vogelsang, PRL 84(2000)4296;
A. Kulesza, G. Sterman and W. Vogelsang, PRD 66(2002)014011



Resummations can have a sizable impact:
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The qr spectrum of Higgs production at the LHC
Left: NLL4+LO compared with the LO spectrum

Right: uncertainty band from scale variations.

Bozzi, Catani, de Florian, Grazzini, NPB737(2006)73, hep-ph /0508068
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The qr spectrum of Higgs production at the LHC
Left: NNLL+NLO compared with the LO spectrum

Right: uncertainty band from scale variations.

Bozzi, Catani, de Florian, Grazzini, NPB737(2006)73, hep-ph /0508068



The same subject was addressed later by Stefano, Pino
Marchesini and Bryan Webber from a different point of view,
suitable for implementation in shower Monte Carlo Codes:

Nuclear Physics B349 (1991) 635-654
North-Holland

QCD COHERENT BRANCHING AND SEMI-INCLUSIVE PROCESSES
AT LARGE x*

S. CATANI** and B.R. WEBBER
Cavendish Laboratory, University of Cambridge, Madingley Road, Cambridge CB3 0H3, UK

G. MARCHESINI

Dipartimento di Fisica, Universita di Parma, INFN, Gruppo Collegato di Parma, Italy

Received 22 June 1990



Another chapter of Stefano’s and Marcello’s research:

perturbative QCD at high energy (small x)

Perturbative QCD predictions for hadronic processes at high pr
remarkably accurate:

e non-perturbative contributions suppressed by powers of 2%

e logarithmic corrections to the naive partion model

systematically computable as a powes series in

1
as(pr) ~ - <1

Bo log %%

(asymptotic freedom)



OK for p? (or any other relevant scale) of order s and much larger
than A2,

2
In the regime s > p? > A%, powers of log z = log p?t appear in the
perturbative coefficients (small-z, or high-energy logarithms) and

spoil the convergence of the perturbative expansion.

Parton distribution functions f(z,p?) poorly known in the relevant

region z ~ x.

Resummation needed.
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A beautiful series of papers by Stefano in collaboration with Mike

Seymour:

S. Catani and M. H. Seymour

The Dipole formalism for the calculation of QCD jet
cross-sections at next-to-leading order

Phys. Lett. B 378 (1996), 287-301

S. Catani and M. H. Seymour
A General algorithm for calculating jet cross-sections in NLO

QCD
Nucl. Phys. B 485 (1997), 291-419 [erratum: Nucl. Phys. B 510

(1998), 503-504]
S. Catani, S. Dittmaier, M. H. Seymour and Z. Trocsanyi
The Dipole formalism for next-to-leading order QCD calculations

with massive partons
Nucl. Phys. B 627 (2002), 189-265

A generalization of the subtraction method



The cancellation of infrared singularities is not easy to implement
numerically, because it takes place between processes with
different final states:

NLO
do _ d0m+1partons + dam partons
Both infrared divergent.
The subtraction method:
NLO __
do [do-m—i—lpartons d0m+1partons] + do_m—i—lpartons -+ do-m partons



with do® chosen so that

1. it is observable-independent

2. it cancels the singularities in do®

3. it can be integrated analytically in the singular region

The Catani-Seymour dipole formalism: a choice of do* which is
completely general, i.e. not only observable-independent for a

given process, but also process independent.

Suitable for the implementation of QCD corrections in an event

generator.



More achievements in Marcello’s scientific work are worth

mentioning:
e early work on relativistic bound states
e large logarithms in electroweak radiative corrections

e gravitational scattering



Back-up slides



Resummed cross sections: a schematic derivation

Typical expression of an observable in QCD (eg, Drell-Yan cross
section):

L d x
o) = [ Yowae (L e
= L®C
The function £(y, Q?) is a parton luminosity, e.g.

1 du’
£(y7Q2) :/ y—y/ 1(y/7Q2)f2 (57@2)

Yy

in hadron-hadron collisions.

The coefficient function C' is essentially a partonic cross section.



Resummation usually (but not always) perfomed in the space of
Mellin transformed quantities:

1 N+100

J(N) = /Oldxa:N-lf(a:); f(@) = — / AN N f(N)

27TZ N—’iOO

a Laplace transform with respect to t =log 1,z =e™?).
&

e well defined and analytic in the half-plane Re N > Ny if f(z) is
at most as singular as V0 in z =0

e In the space of the Mellin-conjugate variable N, convolution
products are turned into ordinary products:

o(N,Q%) = L(N, Q") C(N,as(Q%)

e The region z — 1 is mapped in the region N — oc:

1 k
doe N1 = log" ™ — + O(log® N
/0 o [ 1 — 2 ] pr1 0 FOlos" )




Why Mellin moments?

dwp (21, .., 2n)
dz1...dz,

Ops(z;21,...,2n)

0o 1
C(z,as):5(1—2)+2/ dzy ...dzy,
n=1"0

The multi-gluon emission probability factorizes in the soft limit,

dwy (21, ... 2n) 1 v dw(z;)
dz1...dz, n! " dz;

(easily seen in QED in the eikonal approximation) but the phase
space factor

@PS(Z;Z17°' : 7Zn) — 5(2 — &1e2 Zn)

does not ...



. unless one goes to Mellin moments:

1
C’(N,as):/ dz 2N "1 C(z, ay)
0
S e, TTRGD [ v
P OET CRECE | Gl R

— 1 : N—1dw(z1) : N1 dw(zy)
:1+Zlm[L dz1 23 i /Odznzn i

Hence

Multigluon emission exponentiates in the soft limit.



Some details: consider the production of a heavy object with
energy (Jp, plus n gluons of energies wq,...,w,. The differential
cross section in the eikonal approximation takes the form

dwy d dwy, db,
dONﬂ—l...i—é(\/g—Qo—wl...—wn)

Wi 91 Wn, Hn

w1 = /s(1 - 21)
wy = /s521(1 — 22)

We have




Furthermore
W1 ... Wy = sz{b_lzg_z coZn1(1—2z1) o (1= 2p)
and

wi+...tw, = Vs(l—z1+21—2120+...—2122...2,)
= Vs(1l—z2129...2,)

Hence, after angular integration,

dzq 1 ] [ dz,, 1

dC' ~ log log 0(z—21...2n)

1—21 1—2’1 1—Zn 1—Zn



Recalling that

d 1 1
—wZQCOéS log
1—=z l—2],

and using the leading-log result

1

logh(1 — 1 1

/ dz 2N 1 [og ( Z)] —— log’*™" — 4+ O(log? N)
0 1—=z +

1—+ d
— —/ © logf(1 — 2z) + O(log” N)
0 1 -2z

we find
C(N, as) = exp [Casg log® N + O(log N)|

Strictly valid in QED; in QCD, complications arise because of
gluon emission from gluon lines and because of color structure,

but the essential features remain the same.



Extension to QCD

QCD corrections essentially amount to the replacement

as — as(k%) in the computation of the single-gluon emission

1 (9 a2
| <kT>]
— < JQ2(1-2)

The running coupling can then be expanded in powers of as(Q?)

probability:

1 1 1
o)
1 —z gl—z

2C aug [ ] — 2C
_I_

+

Sk,2: @S<Q2> — = ax QOO_S 2 n ] nﬁ
as (k7 ) @ mmg as(Q*)Bo)" log” 735

and the expansion integrated term by term. One gets
C(N,as) = exp|log N g1(aslog N)]

where the function ¢g; has a Taylor expansion in its argument,

starting at order 1.



2C

as(Q?) d
! / —&as(k%)
1 =2 Jas@21—-2)) Bla)

1 /Q2 dic2 (kT)] o

1.2
1 — 2z Q2(1— z)k L

_|_



For a generic process one can prove the generalized result

OV, 05(QY) = golas) expS (L, )
S(L.a) — égl(L)+92(L)+@93(L)+54Qg4(L)+...
a = aas(Q?) Po; a=1,2; L:alog%

which defines an improved expansion (in powers of as with
aglog N fixed) for C™° (N, ag): g1 gives the leading-log (LL)
approximation, g; and ¢, give the next-to-leading-log

approximation (NLL), and so on.



