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Recap: the Hamiltonian of a spinning particle

Particle — mass u and spin S
Kerr black hole = mass M and spin S

AK_;HK K 2(. K\?2 A 2 KA K ~
At =——= 1A L+py(us)” +—gp; | +(Gsa+Gsds)p,
\ O- -
”IK
0
a=SIM?, a.=S./uM u® = 1/rk, (rcK)z =r’+4° <1 +3>
r
Orbital and SS part SO part
1 +2uX
K A~ K c K _ K\2
A —( uc) Y Gy =2u(u.)
DK (I/tCK)z GK _ (MK)2 \/A—K 1 — (uCK) /\/IF
w2 > i \/@ (u§)2\/DK
AK /
@y
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Recap: the Hamiltonian of TEOBResumS

Spin-aligned binary system — masses m; and spins §;,, 1= 1,2

A 1 A

A\

A, = \/ A [1 + poug + 2u(4 — 31/)1?2%3] +p; + (GSS + Gs*§*> Py

M = m; + m,,
A 9 +S . 1 ([ m, my A A _
S=——=, Si=— S +—S,), dy=S+38. po=mm,/M,
M M= \ m n, V= ulM
2 o
u. = 1/r, rcz =r’ + a~(2) <1 + %> + 5i_) NLO spin-spin term D, = A/Dl/zp,,
r r
Orbital and SS part SO part
n n 1
1+ 2u G.=G! G, G’=2uu’, G,=
A = Pl ASPN 1 C S g YJe g = o) S 1
5 [ orb ]( c) 1 +2u TPN [(GS/GQ) ]
0 [ 43PN u 0 A 3 5 A 1
D =P} |[DN|(u,) — Gy = G)Gg, G¢ = U G, =
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Recap: more on the SO term in TEOBResum$S

GS=C¥(% (%J:Gﬁé&

Prefactors:

3 3
G)=2uu? = GXuX - u)  however Gy Eug, G = Euf + O(1/c?)

We would like Gy = GEuX - u,A* - A,D* — D) butitisimpossibleinthe
* ’ “usual” DJS spin gauge
Inverse-resummed PN residuals:
A 1 A 1
GS — 1 ’ GS* — —1
TPN [(Gs/Gg> ] TPN [(GS*/G&) ]

They are both built from PN-expanded results at N°L.O but we have now enough
analytical information to compute the N°LO

We have therefore two possible directions of improvement:
- Change the spin gauge in which the PN expressions of G; and are G obtained
e Include the N°LO
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Computation outline

Generic ansatz for the N°L.O-accurate expressions of (Gg, Gg)

4.5PN effective Hamiltonian with the ansatz in the SO part

Effective ansatz-dependent scattering angle y .

Equivalence of the scattering angle, Y. = Ypum

N°LO-accurate expressions of (G, G ) in gauge-unfixed form

-

Gauge fixing, such that Gg* = Ge(ur - u, A" - A,D* > D)

o

N°LO-accurate expressions of (G, G ) in the spin gauge we want
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Source of dynamical information
4PM scattering angle expanded through the third subleading PN order:

1—|—25+ G_M 2
b\/e

Xem GM [Antonelli et al. 2020]
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Starting ansatz and corresponding Hamiltonian

We consider the general ansatz: ( p is the dimensionless total momentum, p? = p? +p§u2)

1 1 2 2 2 2
G%en 3 [2 | 5 (pz g1l\rLo | pg gQNLO | uggNLo) | - (p4glN LO | png 92N LO | p2ug§] LO | pfrl g}l\l LO
2 2 ]. 3 3 3 3 3
‘|‘Z972~ug'51>\I LO + U2 96N LO"‘) + _06 (P6 911\I LO +p4p,,% ggl LO —I—p4’u, 9?1:I Lo ‘|‘p2p;~l g}f LO +p2pzu 95N Lo

3 3 3 3 3
+p?u? gg O +p8 gt O + prugy MO+ p*u? gy M@ + u® g1h LO)] ,

G¢™ has the same structures, with 2 — 3/2 and gl HO - gh"Lo

4

Corresponding 4.5PN-accurate effective Hamiltonian:

n A n n
A= (A | 1 +p2u®+ D4PN P2+ Qun | + <GSg"’“S n GSge“S*> p
\ APN "

94  4l1x° 64
Apn=1-2u+2vu’ +v ( 3 3; ) ut + <a5,c + Ty 10g(u)> u’,

P

592v

Doy = 1 — 6vu” + 20(=26 + 3v)u’ + <a’4,c — log(u)> u®,

QupN = pf (q43 u’ + 2u(4 — 3y)u2) + gep uzp,,6
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The effective scattering angle

Inverse of r;, i.e. the largest real root of p, = 0

N"LO _N"LOy — e dy 0 N"LO _ N"
)(eff(gapgm 8n s g*n ) =—-—n—2 pr(59p¢a u,§, ) g*n

o U ap, \

LO)

. Obtained by inverting perturbatively ¢ = (HE")? — 1
To properly solve the integral: eff

€
Change of integration variable 4 = —xX, Uy, = Xpa = 1 + O(G/c?)
Py

From “canonical” to “covariant” angular momentum

p F_l A A S_S*
p¢—>?¢+2 <S+S*— - > F=\/1+2y<\/1+e—1)

vc?

Expansion of the integrand in l/pq) up to l/p;L andin 1/c up to 1/¢8

o —0a O— —0
PM expansion PN expansion

1+0(G/c?) 1

dx — PfJ dx [Damour-Schafer, 1988]

 Hadamard partie finie [
0

0
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The effective scattering angle

Xoe(E, Py 8 NmLO, 8+, mLO) IS then given by a series of integrals of the type:

|
PfJ' dx (1 — x?)~V2=nym 5  Pf of an Euler Beta function (x — \/i)
0

We can evaluate them by analytical continuation:

1 1
PfJ' dx (1 — x?)~V2=nym = limJ dx (1 — x?)~V2rz=n ym
0 =0 J

The resulting y.¢ has a three-component structure like ypp
)(eff(g pgm NmLOv g*n LO) — %g;fb(g p¢) + S)(SO S(g pqga mLO) + S* )(SO S (89p¢9 g*n LO)

Moreover )(Ol'b coincide with the non-spinning part of ypy




We can now impose the following equivalences:

1505 80 = 1505,

4

sos (&, g’

EOB@WoOTrk2 3
N°LO-accurate (G, G, ) in gauge-unfixed form

)

9 v-dependent relations

between the coefficients
gN””LO
n

9 v-dependent relations

between the coefficients
N0

4

85,

N3LO-accurate GS with

10 residual gauge
coefficients

4

N3LO-accurate GS with

10 residual gauge
coefficients

= XYont(&,P,)

« G Sg*en
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Coefficient conditions for G

NLO - 97 L L -
3 8 3 2
2 2
gN2Lo_>_92NLO_94NLO+7_V2+Z
! 3 5 8§ 8
N2LO oo, %0 @0 90 gtC s? 33
73 2 4 20 4 4 16
2 2 2
Qo g © 310 gy g0 v 110
0 6 4 4 4 4 16 ’
vro , @0 gl gte 9wt 9 v
91 3 5 7 128 32 ' 128’
2 3 2 3 3 3 3
oo 90 ° 2510 38O 3¢ MO g0 2997 O g8’ O 3LA 2b? v
3 3 3 8 5 4 56 8 16 g 2
2 3 2 3 2 3 3
QLo 200 1O Tgy 0 203"0v | 179" | 6303 MO 3y M g5 0 Tgs MO 597 MO
0 3 15 5 30 200 5 10 20 8
N 11gN°LO  gN’LO 17,3 L4317 1231y
40 5 8 40 80
2 3 2 3 2 3 3
O _92 M0 2050 TgytOv 10130 21gi O g MO | 13¢5 MO g5 MO gp MO
10 2 15 5 60 25 5 20 10 4
~ 3gyLo N g°’Lo LY 1237 2din’y 28331y
20 5 8 20 192 720
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Coefficient conditions for G

NLO NLO
. g*2 31/

5) g 1
NLO _ _ 9 NLO 2 1

2 2
gN2Lo_>_9§2LO_9§4LO+%+Z+l
*1 3 5 6 2 16
N2LO NLO N2LO N2LO 2
2 N2LO N 9x2 942 99*4 . 9«5 . 3V L v 9
NLO 9 o T4 T o 4 s 8 16
2 2 2
L0  Gan© N 390 gy © L9 Lo 32 B5v 13
*0 6 4 4 4 8 8 16’
ST S S N S AN o
Il 3 5 7 32 64 64 128’
2 3 2 3 3 3 3
Qero g0 20510 3¢ ™0 3040 g™ 29950 gs'C 3P 32 3w 5
*3 3 3 8 5 4 56 8 4 2 8§ 8
2 3 2 3 2 3 3
QLo _, 205 O 7950 20500 17957 | 6360 3040 950 7950 59O
N3O 7+ 3 15 5 30 200 5 10 20 8
11gN L0 gN'LO L3t 2132 2l 5l
40 5 8 20 4 80’
2 3 2 3 2 3 3
Lo 9270 20570 TgyOv  101g:5° 219" | gu™ 13050 950 g0
*10 2 15 5 60 25 5 20 10 4
39N LO N gNLO 3,3 2012 N 4172y 701y 121

20 s} 4 40 32 24 80
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Fixing the spin gauge: DJS gauge

(Gg, Gy ) in the DJS gauge are obtained by setting to zero each term proportional to P,
In the corresponding gauge-unfixed expressions
All the remaining coefficients are fixed and we find:

GBJS _ l & 2+5_1/u +l 51/+35y2 4+ _2]_—1/+231/2 2u+ _5]_—1/_1/_2 u>
woo o 2\ g Prg Al\l16 " 16 ) Pr 4 16 | P 8 16
v 6302  6650° § 781v N 8312  TT1vY L 5283y N 155712 N 693 2,2
128 ~ 32 128 ) Pr 128 32 128 )Pt 64 16 64 )P

[ ( 80399 24171‘2) 37902 71/3] 3}
+ |12 — VvV + u- e,

2304 384 32 128

ngs_3/2_1 15 9\ o (9 3w\ 1 1[(3 5Sv 45\, (69 Ov 51N 5
- 8 "4 )P s T )Y T\ 2 "1 /PP 16 4 T 16 )P

u3 c?
Jr(_2_7_391/_231/2)u2] l{(_ﬁ_@_ZBlzﬂ_lO&ﬁ)pG
16 4 16 c® 128 64 64 32 "
N (_ 1105  53v N 351v° 2431/3>p4u N (_ 45  837v N 236112 N 271/3)p2u2
128 64 64 32 r 64 32 32 16 "
405 7627  Alxw? 11V 33 ,
+[_ﬁ+<_ 192 32 >”+ 64 32]“ }

Corresponds to the result of [Antonelli et al. 2020]
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Fixing the spin gauge: SP gauge
We now want to compute (Gyg, Gy ) in the a spin gauge where also G¢ reduces to its

spinning particle analog in the limit v — 0, at each PN order

This condition turns out to be equivalent to removing all the v-dependent terms
proportional to p, and defines a new spin gauge, which we dub SP gauge

In this gauge we find:

G3F 2+ 1 v 2 V., + 1 v (% i 33v 5%\ , N 1191/+ 2\
= —| - = — — |l =+ — — — — — |p°u — u
3 8p 2 A 16 4 )P 16 4

i v B 1/2 n 312 - 1231v n 4310 B 1103 2,2
T 128 128 16 )P ¢ 80 40 g )P

283311/ 12312 n v3 n 241 v .
20 8 192 ’

G2 1[/5 3v u 1[/7 v 92 5p2u 1 9v 3v?
* 2__ _ - 2 - o o _ o 4 T - _ 2
w3 c2[(8+4>p+2]+c4[(16+2+16>p+ 4 +(4 8 8)p“

1 550 3%\ ,| 1 45  25v  33v% 1507\ 4 3 3v 3w 31,
+| —5——7——7|Ju |+ = — — — — D+ _16+ + + pu

c® 128 64 64 32 8 2 4

1 2y 2132 33\ , , piu?  [5 701 4172 201v% 3] .
p u” — — |z +v + + u” o,
2 24 32 40 4

44+20+8

8
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Checking the computation: binding energy

We restrict to circular orbits:

1 . ' GMQ\ "
B =—|\/1+2(Aw-1)-1|, x=

v | c?

Iflggc(x) is obtained from I-Aleff(u,pr, p,,) by taking the limit p, — 0 and replacing p,
and u with their circular expansion in terms of x

Repeating this computation with (G, G ) in DJS gauge, SP gauge, and even
gauge-unfixed form, the SO part of L is the same and reads:

4 » 4 310\ - 3 50\ . 27 211y Tv2\ -
— _ 5/2 = 7/2 . il Y e 9/2 e 7
E, T (y9+&)+x [( 4+18>S+( 2+-3>&]+x [( 2-+ 2 12)5

2 2 2 3
N (_2_7+39V i )5'*] +$11/2l<_45+ 19679V+297T v 19790 265v )5’

8 2 8 144 24 36 3888
N __1§§_+_565u__ 1109u2__ 2503 3
16 8 24 324 |7

Corresponds to the result of [Antonelli et al. 2020]
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Checking the computation: periastron advance

Fractional advance of the periastron per radial period in the quasi-circular limit:

~ A -1 A
AD P s £, _ 0°H_; 0°H_ \ OH g
27 ’ Q, or2  op? op,
p—0 .0

Again, expressing Py and u in x we find the same result regardless of the spin gauge
used for (Gg, Gy ):

27 135 649 12372 2835 275941 2512
K=1+3w+x2(——71/)+w3[—+(— + 7r)1/+71/2]+:1:4[—+1/(— _ 24

2 2 4 32 8 360 15
480077%  592log2 1458log3  1256logx N 5861 451 2 9813
3072 15 5 15 12 32 27
.4 1 A 1 A 1 2212\ 4
a2 4§38 ) + 22| (=34 Vo4 (— 184+ 24| +272|( — 2524 22XV _ 22\ g
2 2 24 3
243  1313v 5\ A 9/2 504173 365572 4419v° 5] A
—I—( 5 + 3 7V>S*]+£E 1755 + 114 o6 )Y 3 +3v°|S
111401 533~ 366102 A
— 810 - - 3v°| S,
+ ! + ( 43 16 )V 3 + ov ] }
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Factorization and final results

Gy = GS GS Gg, = GO*GS*
In the SP gauge the prefactors are:
_ - _ 2.2 A 2
0 2 0 _ 2 \/Z ”c’\/Z (A)’ C=ltp+ b
G = 2uu;, Gy =u;q —|1- +
Vel wVbl 24 (1+4/0)vD

Resulting inverse-resummed PN residuals:
A 817 v 1 v 3102 33v 1112 119y  v?

-1 __ 2 Y + v 4 2 . 2
Gs _1+(16p 4“C)+C4K 16 256 )p +(32 3 )p “C+( 32 16)“C]

1 v 9% 23308 4 31v? 29103 1231y 220102 873\ , ,
T 53| " asa T + D+ D
c® 256 128 = 4096

14
T4 160 1280 © 256 )P Y
n 28331 24172 +3891/
1440 384

A v 1 v 2 13v 312 121y 912
G—1:1 _2_2 . = 7 4 i 2(: . 2
S. +(2p V“>+C4K 8 8)p+(12 4)p“+ 2 "1 )%

n 1 v n V2 n 3 6 (- 13v n 1102 4, _ SV 4 20+ 1031y 93312 4 V3 2,2 _ 17v , 2
s \16 " 16 ' 16)7 144 7 48 JP e T P Prite T\ Ty T g0 T2 )P YT T P
N [1/2 (398 417r2> 1/(4328 1184y 2572972 6496 log 2 ~ 972log3  592log uc>] 5

2}

256 1024

135 45 T 4608 T 45 9} 45

5! 16
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BONUS SLIDES
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Zp (€:Pyp 8n )

XxSoS mvy =1/
j=1/p,
2g2NLO 9v 2 g2N2LO 2 g4N2LO (1 2NLO 5 v?
invy |-4 Je + €%/ (—ZglNLO—gi—— +e°/? | -2 glN2LO - 9 _ 29 + [——glNLO—g v+ +
3 4 5 4 8
2 g2N3LO 2 g4N3LO 2 g7N3LO 1 1NLO 2N21L0 2NLO 4N21L0 5 1NLO 2NLO 213
e’/? |-2 g1N3LO - s _ 9 _ 9 + ——g1N2LO+g 28 23 29 v -2 2 22 ]vz— +
5 7 64 4 3 12 5 32 4 12 64
invj? |-47+e (-10 71 - 4 gINLO 71 - g2NLO /T - g3NLO T - 4 7T v) +
2 15 glINLO st 3 g2N2LOst 9 g2NLO 7t 3 g4N2LO st g5N2LO T 1
€” |-6 glN2LO T - - - - g3N2LO 7t - - + (—— (39 7t) - 4 glNLO st - g2NLO st - g3NLO 7t +
2 2 4 4 4 4
3 13 g4N2LO st g5N3LO st 5 g7N3LO T
€” |-10 glN2LO st - 8 gIN3LO st - 3 g2N2LO st - 2 g2N3LO st - g3N3LO it - ? - g4N3LO T - 2 - s -
g8N3LO st 29 1 13 glNLOst 3 g2N2LO T g3NLO st 3 g4N2LOst g5N2LO it 3 7t v?
+ [ - 6 glN2LO st - i - 2 g2NLO st - g3N2LO 7T + - i v o+ +
8 16 2 2 4 4 4 8
. .3 12 71 v 3/2
invj)® |- — + \/E -144 - 30 g1NLO - 6 g2NLO - 12 g3NLO - T + € -192 - 70 g1N2LO - 168 g1NLO - 14 g2N2LO - 40 g2NLO -
/e
~
763 35v?2
20 g3N2LO - 24 g3NLO - 6 g4N2LO - 4 g5N2LO - 4 g6N2LO + (— T - 45 glNLO - 9 g2NLO - 18 g3NLO - . +
5/2 1 126 g2N3LO 168 g3N2LO 168 g4dN2LO 54 g4N3LO
c - g (1512 g1N2LO) - 126 g1N3LO - 176 glNLO - 72 g2N2LO- ————— - 48 g2NILO - f - 28 g3N3LO - - 5 -
28 g5N3L0O 12 g8N3LO 4 g9N3LO 74181 4479 glNLO
8 g5N2LO- —————— - 4 g6N3LO - 6 g7N3LO - - + (— -105glN2LO- —————— - 21 g2N2LO -
5 5 320 20
1011 g2NLO 63 g3NLO 4129 45gINLO 9g2NLO 9g3NLO| , 45 v3
————— -30g3N2LO - ———— - 9 g4N2LO - 6 g5N2L0 - 6 g6N2LO - - - - Ve o+ +
20 2 160 4 4 2 64
invj4 (—84 71— 12 glNLO st - 2 g2NLO T - 6 g3NLOt+ € (-378 71 - 48 glN2LO st - 168 gINLO st - 8 g2N2LO st - 33 g2NLO st - 18 g3N2LO st -
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4 4 2 2 2 4 4 2
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%

1
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SO,S. N"LO
xSosstar )(eff (8, pqﬂ, g*n ) invj = 1/p

2 gStar2NLO 3vVv
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-4 \Je + 2 [———ZgStarlNLO— _— - —
4 3 2

+

invj

5,2 |7 2 gStar2N2LO 2 gStar4N2LO 3 gStar2NLO 3v? 7/2 45 2 gStar2N3LO 2 gStar4N3LO
€ — - 2 gStar1N2LO - - + | — -gStarINLO- ———— | v + + € - — - 2gStar1N3LO - - -
8 3 5 8 3 8 64 3 5
2 gStar7N3LO 3 gStarlNLO gStar2N2LO gStar2NLO gStar4N2LO 3 gStarlNLO gStar2NLO , 3 v3
+ (—— - gStar1N2I10 + - + - VA4 |- — 4+ + ve - —— +
7 16 4 3 12 5 16 4 12 16
1 2 1 15 gStar1INLOst 3 gStar2N2LO it
- — (21 7t) - 4 gStar1NLO st - gStar2NLO st - gStar3NLOt-3 7tV | +€” |- E (3 71) - 6 gStar1N2LO T - 5 - 5 -

invjz (—3 T+ €

V| +

9 gStar2NLO it

3 gStar4N2LO st gStar5N2LO T 1
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4 4 4
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8 2 2 2 4 4 4
. .3 8 — 483 25 v 3/2 1651
invj® |-— + 1€ |-—— - 30 gStarlNLO - 6 gStar2NLO - 12 gStar3NLO - T] + € - ——— - 70gStar1N2LO - 168 gStar1NLO - 14 gStar2N2LO -
‘e
10 27 v?
40 gStar2NLO - 20 gStar3N2LO - 24 gStar3NLO - 6 gStar4N2L0 - 4 gStar5N2LO - 4 gStar6N2LO + |- T - 45 gStar1NLO - 9 gStar2NLO - 18 gStar3NLO) v - +
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