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PM-based EOB Hamiltonians

A 1 A
Standard EOB Hamiltonian, built on PN results: Hgop = ;\/1 + 2v (Heff — 1)

AN 2
<HePfl}I ) = Apn(u) | 1 "‘Péuz + p; + Opn(p, > 1) (DPN = Apx BPN)

i BPN(M) / |

DJS gauge, no dependence in Py

Alternatives devised to use instead PM information:

H? = A (1 + p2u? +A5Pr2)
PS Hamiltonian Y

A=Ag=1-2u, B=Bs=A:, * (A7)’
0 = Opy = U opym + W G3py + U qupy + O°)

Ag (1 +pou” + Ag p; + QPM) =
ﬁ% + A¢ Opm

PS* Hamiltonian

ADQx\ 2
A = Ag+ Apyg (A5)" = (Ag+ Apyy) (1 + pJu® + Ag p? ) =
Apy = uzasz + u3a3PM + u4a4PM + O(?), * = ﬁg + Appm <1 +p€%u2 + Ag pf)
B=Bs=A;', 0=0 = H% (1 + Apy/As)

Here (g, p\> ,pyp) @re PM-informed coefficients
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PM-based EOB Hamiltonians

The coefficients (g,pp @,,py) @re determined from the PM expansion of the
scattering angle:

APS) _ _
Yeir(Heg) =2tom = dupm = Gupm(?) = E oty [Damour 2017]: up to 2PM
— Leff
A DG [Khalil et al. 2022]: up to 4PM
)(eff<H£fo ) =Xpm > Adupm = Gpm(Y)
For instance:

2 2 _ _
3(57-1)T -1 3(5/°-1)T-1) FE\/1+21/(;/—1)

— . a — ’
¢pm(7) T opm(7) o2

Here the dependence on the effective energy must be understood perturbatively in
the PM-sense. At 4PM accuracy:

o dupm(V)> G3pm(V)s Agpm(V)s Azpy(y) — ¥ = ['Alepfsf‘ M = HS

cGop() = ¥ = HES| =+ (1 = 20) 1 gyp ()

2PM

2 VaN
. u-a H

=H5 1+ ZPM( S)
2PM 1 —2u

e opy(Y) = 7 = ﬁgf?*
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Need for a PN completion

OPN 1PN 2PN 3PN 4PN 5PN 6PN 7PN

. : ‘_ R ,

1PM [ ( 1 + 1)2 + f(_,,.v4 + | 0+ ] 3| + ,Z'V,IO -} ,UI.Z e ,Ul-l + ) Gl

-

N

=

N\
3P].\/I ( 1 -+ 'U2 -+ 3 | —+ 'UG -+ 'U8 -+ ,Ul() + ) GZ}

7/

<
4P M (( | + 2|+ v+ 00 + 8 + . ) A

_J
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Need for a PN completion

OPN 1PN 2PN 3PN 4PN 5PN 6PN 7PN

1PM:U1 el e o] o
2PM (1| + | 2] + | o
3PM (1 | + | o2
4PM (H
5PM
6PM

YpeeEEEEEEEEEREEETE

1/c° 1/c? 1/c* 1/c" 1/c 1/¢%  1/c?2 1/

W.r.t. to the usual 6PN Hamiltonian, the 4PM Hamiltonian make us gain new
analytical information but also lose some

How to gain with no pain?
We compute extra PN complementary terms for our 4PM Hamiltonian, going
beyond the original 4PN result of [Khalil et al. 2022], up to 6PN
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Computation outline

6PN-accurate transformation General ansatz for the PN
from DJS to energy gauge complementary parts of Hgf%
6PN effective Hamiltonian in 6PN expansion of the

the energy gauge, H°"\(Hy, u) ansatz-dependent H'»

) | ¢
5

Matching the two Hamiltonians
at 4PN, 5PN, and 6PN

)

?PN, 5PN and 6PN complementary terms for Iflgfsf*
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6PN gauge transformation: DJS to E

General generating function:  (p*=p; + p_u*)

_rpef i1 2 2 , 93 1 4 2 92 p° 4 p?  he
9e(T,Prsp) =~ 5 {C4 T C—6(g1p + 927 + 7) + g\ hp +heppr +hs -+ hapr +hs "o+ 5
logr 1 nig logr n3.]
7’2 hl,log) + CTO [p6 nq + -+ 7'—3 + T2 nl,log p2 + ng,logp,,% —+ TOg

W15 log T

1| g 4 Wé,log
‘I'Cﬁlp w1++’l“—4+ 2 (wl,logp + -+ 2

Corresponding (parameter-dependent) gauge transformation:

2 2 2 2 3
r_)r_89E+BgE 0°9E _[89E<89E> +%<89E> 035 ]

Op, ~ Op, Or Op, Opr \ Or Op, Opr ) Or?O0p,

o dap 62 dgp 0%qp 02 1/0qgr\°83
Dy — D + ge OJeE O gk n ge O"ge O JE 4o gE gE
or Op, Or? Op, Or Op, Or? 2 \ Op, or3
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6PN gauge transformation: DJS to E

In the energy gauge, the Hamiltonian must be writable as a function of only

£ = H% — 1 and u, both of order 1/c¢?

e —p*(1 —2u) + 2u
2 — 6u + 4u?

If we use this to replace p,,2 In the energy gauge Hamiltonian, the dependence on
p2 should also disappear

Procedure to fix the ansatz parameters in the generating function:

8=p2(1—2u)+2(2u2—3u+1)pr2—2u — p,,2=

« We use the ansatz-dependent transformation on the DJS H 6PN(p p,, ,U)

 We replace p,,2 with € using the relation above, re-expanding at 6PN

* We find the expressions of the parameters that cancel out each term that still
depends on p2

This completely determines the transformation and allows us to obtain H 6PN(8 7). -
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. 2 k
General PN complementary parts in H.

Apy(E, 1) |
1 —2u

(BP) = (1 +e) |1+

PN completion:

6PN — _,2 gen gen gen
Agpm = Agpy = U aopy U a3PM +u a4PM + A4PN A51>N A61>N

where:

1

41—
ASpy = E an ue® ™™ + logu E Ontatogu U ™" + g 10g e u'cloge,
n=2 n=0

2
en 6— +4 2— 4 2
A%PN = Zﬂnu” "+ logu E :/Bn—l—4,loguun € 4+ Baloge u e loge,
n=0

2 : 7— § : 4 _3— 3
%(l?’ri\l - Tn u'te’ " + lOg u TYn+4,log u un—{— "+ Y4,log € u € log 3
n=0
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Hamiltonian matching

76PN _ gPS* gen gen gen
Heff (8’ l/t) o Heff (8’ u, A4PN’ ASPN’ A6PN)

After the PN expansion (simultaneous expansion in € and u) the coefficients of each
combination of (&, #) must coincide

PN complementary terms completely fixed

, 3 ( 1027 147432Log[2] 1399437 Log[3] 1953125Log[5]"
A4PN= u‘e’ v {- - + + +
12 5 160 288 v
] 27139 296 EulerGamma 9766576Log[2] 1182681Log[3] 390625Log[5]
u €ev |- + - + + +
75 15 225 100 36
3 s [ 78917 14099512 Log[2] 14336271 Log[3] 4296875Log[5])
u € v |- - + + +
300 225 800 288
s (( 2051 2057°) , 9V’
u - + v o+ +
24 64 4
418499 136 EulerGamma 15717* 254936 Log[2] 1061 181Log[3] 390625Log[5]”
vV |- + + - + + +

., 1800 3 6144 25 400 144
'68u’ v 148 148
+ u ev|Log[u] - — u e€vLlog[€]
3 15 15

Agrees with the result of [Khalil et al. 2022] n




EOB@Work?23

Resulting Aspy

2o 1027+_147432Log[2]_ 1399437 Log[3] 1953125Log[5])+
12 5 160 288
B[y 8564039+ 8558268728Log[2]_ 1305576549Log[3]_ 3770796875Log[5])+
14700 33075 39200 42 336
L2 160124 4998308864 Log[2] 45409167Log[3]+ 26171875Log[5])]+
525 11025 2450 126
. 2 11900489 143EulerGamma 17414088142 Log[2] 814089123 Log[3] 16285015625Log[5])
u € |v - + - - +
7350 21 33075 15680 84672
, (52969 148EulerGamma 11429082232Log[2] 135831411 Log[3] 10156250Log[5])
v - - - + +
50 5 11025 2450 21
143v 74 v? Log[u] 143v 74 v? Log[e]
- - og[u] + B ogle] | +
42 5 42 5
5 4453 1763 1°
u” € - Vo - - - - -

24 256

; 93 a 634391981 3391 EulerGamma 420 839 i? 4319707969 Log[2]
+V
16 294 000 25 20480 11025

- Logu] +
78 400 28 224 glul

2549915397 Log[3] 4174140625Log[5]) [ 3391v 1078 v2
- + -
50 15

2
, | 12210733 2156 EulerGamma 124633 72 2870039404 Log[2] 131432139 Log[3] 7812500Log[5] ds

v - + - - + ‘ ks
8400 15 20480 3675 2450 21 5
6 299 287 2 ; 11 v 17809268 21 148 EulerGamma 2064 989 2 3334690612 Log[2]
u - Vo - +V - + + -
3 64 8 55125 75 30720 33075

72082791 Log[3] 414953125 Log([5]
9800 10584

- Log[u] +

10574v 1288 v?
+ -
75 15

, | 461789 2576 EulerGamma 47 743 2 2179378864 Log[2] 8270019 Log[3] 12109375 Log[5]
% - - - - + +ag + —

420 15 5120 11025 490 126 5
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Resulting Aspy

2o 1027 . 147432 Log[2] 1399437Log[3] 1953125 Log[5] ) .
12 5 160 288
B[y 8564 039 . 8558268728 Log[2] ) 1305576549 Log[3] i 3770796875 Log[5] ) .
14700 33075 39200 42 336
L2 160124 4998308864 Log[2] 45409167 Log[3] . 26171875 Log[5] )] .
525 11025 2450 126
. 2 11900489 143 EulerGamma 17414088142 Log[2] 814089123 Log[3] 16285015625 Log[S])
u € |v - + - - +
7350 21 33075 15680 84672
, (52969 148EulerGamma 11429082232Log[2] 135831411Log[3] 10156250 Log[5] )
v - - - + +
50 5 11025 2450 21
143v 74 v? Log[u] 143v 74 v? Log[e]
- - og[u] + B ogle] | +
42 5 42 5
5 4453 1763 1°
u” € - Vo - - - - -

24 256

; 93 a 634391981 3391 EulerGamma 420 839 i? 4319707969 Log[2]
+V
16 294 000 25 20480 11025

- Logu] +
78 400 28 224 glul

2549915397 Log[3] 4174140625 Log[5] J [ 3391v 1078 v2
- + -
50 15

~ 2
, | 12210733 2156 EulerGamma 124633 72 2870039404 Log[2] 131432139 Log[3] 7812500Log[5] |ds

v - + - - + + +
8400 15 20480 3675 2450 21 5
o | (299 287x%) , 11v* 17809268 21148EulerGamma 20649897° 3334690612 Log[2]
u - v - +V - + + -
3 64 8 55125 75 30720 33075 2 unknown parameters

72082791 Log[3] 414953125 Log[5] of the 5PN Hamiltonian

9800 10584

- Log[u] +

10574v 1288 v?
+ -
75 15

, | 461789 2576 EulerGamma 47 743 2 2179378864 Log[2] 8270019 Log[3] 12109375 Log[5]
% - - - - +

420 15 5120 11025 490 126




EOB@Work?23

Resulting A6PN

, s ( 1027 147432Log[2] 1399437 Log[3] 1953125Log[5]) - (3 ( 154862 57604236136064 Log[2] 1163064811149 Log[3] 73366198046875Log[5] 7709596970957 Log[7]
u € v |- - + + +u” € v + + - - +
12 5 160 288 189 893025 39200 3429216 349920

( 350720677 127828149103496Log[2] 1956626615421 Log[3] 63072125155 625 Log[5] 29247366220639Log[7])
- + + - - +
297675 8037225 313600 9144576 8398080
) ( 9692209 175841085685856Log[2] 4854840976431 Log[3] 363599976 015625Log[5] 26506549233199Log[7]))
\% - - - + + +
3150 2679075 156800 13716 864 1399680
4 3 3 ( 95339269 164772232514312Log[2] 106 829150283279Log[3] 6635329272265625Log[5] 714307308582007 Log[7]
u e’ |v (—7+37EulerGamma+ + - - +
30240 893025 1254400 109 734912 11197 440
( 240657345013 5219 EulerGamma 294862220042503Log[2] 361386357950943Log[3] 1288508836466875Log[5] 5434377439512973Log[7]]
- + + + - - +
76204800 180 6429 780 20070400 65028096 537477120
) ( 1416824663 1233 EulerGamma 1009842624606643Log[2] 894724321337613Log[3] 66372895640546875Log[5] 4921844662861693Log[7]]
v - + - - + + +
120960 70 5358150 10035200 877879296 89579520
5219 v 1233v? 373 5219 v 1233v?  37V° 5 5 36401 55357%) , 657V°
+ Log[u] + |- - - Log[e] | +u - + +

+ + v
360 140 2 360 140 2 128 512 64

1137294330443 75421 FEulerGamma 52420636459 712 44384392527823Log[2] 393968239260003Log[3] 4170604493078125Log[5] 663055887 182801 Log[7]
- + + + + - -
296352000 2940 440401920 893025 20070400 195084 288 59 719 680

75421v 293203 v? 37433
Log[u] +

+ +
5880 2100 30

2
5| 924170593 3743 EulerGamma 3302207 7% 790301920439 Log[2] 115626711539763Log[3] 783616805078125Log[5] 17370815437255Log[7] 2ds
v - + - + + - - - +

176400 15 245760 3969 1254400 12192768 248832 5

2 2
2 28907281327 293203 EulerGamma 11129071 60705182892502 Log[2] 19819428299 433 Log[3] 7902284224484 375 Log[5] 600017 096471681Log[7] 3d;s dg

v - + + - - + + + - — +
1411200 1050 573440 297675 204800 97542144 9953280 35 5
7 2845 615 2 s 13 V3 833629606433 1569433FEulerGamma 186839270477 n?2 55564437 7258348963574 Log[2]
u - + Vo o+ +V |- - + - + +
32 128 16 133358400 19 845 198180864 524 288 1607 445
365447489481 Log[3] 280433823078 125Log(5] 28250793542 167 Log[7] 1569433 v 30431v2 3
- - + |- + +174v® | Log[u] +
200704 146313 216 26873856 39690 35
2 2
3 1005117919 593483 72 3241904436308 Log[2] 527833234161 Log[3] 154715013671875Log[5] 3667941108 265 Log[7] 5 ag 3 5
v’ |- ———— + 348 EulerGamma + + + - - - +a; - — |+
317520 12 288 178605 62720 27433728 559872 2 2
2
2 1771607989 60862EulerGamma 17 1317% 49767352960 384 Log[2] 22250579674 419 Log[3] 1574692344 453125 Log([5] 25509976 554 727 Log (7] ag v2 Qs 5ds dg
- + - - - + + + — +a + — - + — +
352800 35 224 2679075 2508800 219469 824 4478976 6 ! 14 6 6
6 26099 205 2 s 13 V3 206 675932697 4392103 EulerGamma 114018862003 2 45303 195261895301 761 Log[2]
u € - + v+ +V |- - + + + +
96 16 16 33339600 33075 165150720 524 288 8037 225

4392103v 1034546 v2 39643
- + +
66150 1575 15

- glu] +
501760 73156 608 67184640

4856923744821 Log[3] 760035683163 125Log([5] 371246606762059Log[7]]
N

2 _ 2
3 2190504443 7928 EulerGamma 552001 7% 86858343124 312 Log[2] 7071646351059 Log([3] 422975045703 125Log[5] 48430663916 299 Log[7] 5 ag 9d‘5/

- + + + + - - - - +

396900 15 30720 893025 156800 13716 864 1399680 2 10

2 2 2 2
, | 18339327269 2069092EulerGamma 865969 72 267134124074 056Log[2] 11905972315983Log[3] 4291995809078125Log[5] 335615985925339Log[7] ag 1llqys 5d; dg
v - + - - - + + + — +

o
1058400 1575 28672 2679075 250880 109734912 11197 440 6 70 6 6 1 1
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Resulting A6PN

, s ( 1027 147432Log[2] 1399437 Log[3] 1953125Log[5]) - (3 ( 154862 57604236136064 Log[2] 1163064811149 Log[3] 73366198046875Log[5] 7709596970957 Log[7]
u € v |- - + + +u” € v + + - - +
12 5 160 288 189 893025 39200 3429216 349920

( 350720677 127828149103496Log[2] 1956626615421 Log[3] 63072125155 625 Log[5] 29247366220639Log[7])
- + + - - +
297675 8037225 313600 9144576 8398080
5 ( 9692209 175841085685856Log[2] 4854840976431 Log[3] 363599976 015625Log[5] 26506549233199Log[7]))
\% - - - + + +
3150 2679075 156800 13716 864 1399680
4 3 3 ( 95339269 164772232514312Log[2] 106 829150283279Log[3] 6635329272265625Log[5] 714307308582007 Log[7]
u e’ |v (—7+37EulerGamma+ + - - +
30240 893025 1254400 109 734912 11197 440
( 240657345013 5219 EulerGamma 294862220042503Log[2] 361386357950943Log[3] 1288508836466875Log[5] 5434377439512973Log[7]]
- + + + - - +
76204800 180 6429 780 20070400 65028096 537477120
) ( 1416824663 1233 EulerGamma 1009842624606643Log[2] 894724321337613Log[3] 66372895640546875Log[5] 4921844662861693Log[7]]
v - + - - + + +
120960 70 5358150 10035200 877879296 89579520
5219 v 1233v? 373 5219 v 1233v?  37V° 5 5 36401 55357%) , 657V°
+ Log[u] + |- - - Log[e] [ +u - + +

+ + v
360 140 2 360 140 2 128 512 64

+

1137294330443 75421 FEulerGamma 52420636459 712 44384392527823Log[2] 393968239260003Log[3] 4170604493078125Log[5] 663055887 182801 Log[7]
- + + + + - -
296352000 2940 440401920 893025 20070400 195084 288 59719 680

75421v 293203 v? 37433
Log[u] +

+ +
5880 2100 30

2
5| 924170593 3743 EulerGamma 3302207 7% 790301920439 Log[2] 115626711539763Log[3] 783616805078125Log[5] 17370815437255Log[7] |2ds
v - + - + + - - -

176400 15 245760 3969 1254400 12192768 248832 5

2 28907281 327 293203 EulerGamma 11129071 n? 60705182892502 Log([2] 19819428299 433 Log[3] 7902284224 484375 Log (5] 600017 096471681 Log[7]
v o= + + - - + +

- + +
501760 73156 608 67 184 640 66 150 1575 15

1411200 1050 573440 297675 204800 97542144 9953280
, 2845 61572) , 13V° 833629606433 1569433 EulerGamma 186839270477 72 55564437 7258348963574 Log[2]
u - + v+ +V |- - + - + +
32 128 16 133358400 19 845 198 180864 524288 1607 445
365447489 481 Log[3] 280433823078125Log[5] 28250793 542167 Log[7] 1569433 v 304312 ,
- - + |- + +174v® | Log[u] +
200704 146 313216 26873856 39690 35
, | 1005117919 593483 72 3241904436308 Log[2] 527833234161 Log[3] 154715013671875Log[5] 3667941108265 Log[7]
v |- —————— + 348 EulerGamma + + + - -
317520 12288 178605 62720 27433728 559872
2 2 2 -
,| 1771607989 60862EulerGamma 1713172 49767352960384 Log[2] 22250579 674419 Log[3] 1574692344453125Log(5] 25509976554727Log(7] |ai 2 ais 5ds dg
- + - - - + + +— +a; + — - + — +
352800 35 224 2679075 2508800 219469 824 4478976 6 | 14 6 6
p 26099 2057%) , 73V° 206675932697 4392103EulerGamma 114018862003 72 453037* 195261895301761Log[2]
u’ € - + v+ +V |- - + + + +
96 16 16 33339600 33075 165150720 524 288 8037225 2+4 unknown parameters
4856923744821 Log[3] 760035683163125Log[5] 371246606762 059 Log[7] ] 4392103y 1034546 v2 39643 — of the 6PN Hamiltonian
- + |- og[u] +

, | 2190504443 7928 EulerGamma 552001 7% 86858343124312Log[2] 7071646351059 Log[3] 422975045703125Log[5] 48430663 916299 Log[7]
- + + + + - -
396900 15 30720 893025 156800 13716 864 1399680

2 2 2 -

2 18339327 269 2069 092 EulerGamma 865969 2 267134124074 056 Log[2] 11905972 315983 Log[3] 4291995809078 125 Log([5] 335615985925 339Log(7] a¢ 11 qys 5d; d;
v - + - . - + + +|— +
1058400 1575 28672 2679075 250880 109734912 11197 440 6 70 6 6
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Is there a better PM structure for H ¢ ?

Issue with the PS Hamiltonian:

A 2
(AE3) = (1 = 2)| 1+ p2u® + (1 = 2u) p? + Opy|
(m |

» The effective horizon is locked to its Schwarzschild value, ugy = 1/2

Issue with the PS* Hamiltonian:

(A5)" = (1= 2u+ Apyy) (14 pu® + (1 = 2u) p?

OK effective horizon but in the circular limit we have singularities for u — 1/2 (i.e. ﬁs — 0)
in every PM coefficient a,pp

For instance: Hi=(1-2u)|l+pou*+(1 - 2001?3]
3 (sﬁg— 1) [\/m(ﬁs— D+1— 1]
azcgls/l<HS) — R = s 0 00
2H§\/ QB — 1)+ 1 =
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BONUS SLIDES
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Explicit a;p\; and a,pp

a3PM /. Hs >y // Simplify

-1+y ]

8y (-25+11y2 +14¥*) v+9 (5-31y2+30y*) J1+2 (-1+y) v -9 (5-31y2+30y") (1+2 (-1+y) V) +48+/-1+y? (—3—12\/2+4y4)vArcSinh[ N

6v2 (-1+v?) (1+2(-1+Y) V)

a4PM /. Hs »y // Simplify

-1+ 2 N . -1+ . . -1+
7 (169 + 380 y?) vEllipticE[ ! Y] (1183 + 2929 v + 2660 y2 + 1200 ) vElllptlcE[ . *] Elllptlcx[ - Y]
+Y Y +Y
- +
8 (-1l+y)¥?2 (1+2 (-1+vy)v)3¥? 4y? (-1+9%) (1+2 (-1+y) v)3?
2 . -1+y |2
(834+2095y+ 1200y ) vElllptch[ ”~ ] 2 (—852—28372 - 140y* + 75 YG) v Log[Y] 1
+ +
4y? (-1+9%) (1+2 (-1+y) v)?? 3y (-1+9%) (1+2 (-1+y) v)3/? 144 ° (—1+y2)2(1+2(—1+y)v)3/2

(—648)/5 +10035y’ -50913vy° +85833y* - 46035y - 45v +207y%v-1471y* v +1296y° v+12053y°%v-57575y" v-28872y  v+83864y%v+182472v8v+57679y° v-25201%y° v -

104912y v -2208 7% y'® v -164681 vy v+6624° ¥y v+167488y 2 v -1056° y'2v+104529y v -51367° vy v-106640y v+ 1440 0% vy v+ 4320y v+ 19202y v+
3600y v -6007° vy v+648y° \/1+2 (-1+vy) v -10035y" \/1+2 (-1+vy)v +50913y” \/1+2 (-1+y)v -85833y" \/1+2 (-1+vy)v +46035y"> /1+2 (-1+vy) Vv -
648y v \/1+2 (-1+vy) v +648y° v \/1+2 (-1+y)v +11970y" v~/1+2 (-1+y) v -35970y% v /1+2 (-1+y)v -68454y° v/1+2 (-1+y)v +112614y v J1+2 (-1+y) v +
121446y v /142 (“1+vy) v -122790y v /1 +2 (-1+y) v -67770y> v /1+2 (-1+vy) v +48954y™ v /1+2 (-1+y) v +8640y’ +/-1+y* v/1+2 (-1+v) v Log[2] +
22464y° \/-1+y? v /1+2 (-1+y) vLog[2] -59904y" \/-1+y* v/1+2 (-1+vy) vLog[2] +16128y" /-1+y* v /1+2 (-1+v) v Log[2] -
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