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• One of the main active fields of research in QCD is the study of its behavior in 
the high energy limit, often referred to as low-𝑥 limit

• In this limit, one has to use the 𝒌𝑻-factorization  scheme [1,2] and the kT-
dependent PDFs, the so called TMDs, which follow the BFKL evolution

equations [3,4,5]
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Motivation for 𝑘%-factorization in QCD



Example 1: in collinear factorization the experimental transverse momentum spectrum of the Z boson measured by 

CMS [1] cannot be well described by a fixed order calculation, and a resummation to all orders of soft gluon

radiation is needed (it is possible but very challenging).        In 𝒌𝑻-factorization one is able to predict the Z boson

experimental rapidity and transverse momentum distributions already at LO [2] in agreement with the data
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Z boson (center of mass) rapidity Z boson pT distribution

Theoretical prediction reported
in these plots are given using
PBnCTEQ15FullNuc_208_82  
Set2 TMDs
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Example 2: the forward-forward dijet

correlations measured by the ATLAS

collaboration for proton-proton and proton-

lead collisions [3] cannot be reproduced in

collinear factorization but they are

successfully described within the 𝒌𝑻 -

factorization scheme at LO [4]
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• IN THE FOLLOWING, I will focus on the hybrid 𝒌𝑻-factorization
answering to the following questions:

• 1) What is the hybrid 𝒌𝑻-factorization ?

• 2) What is the AUXILIARY PARTON METHOD ?

Finally, I will explain why the formalism that we developed in [1,2] is a key
step to calculate the production cross sections at NLO in hybrid 𝒌𝑻-

factorization
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the hybrid 𝒌𝑻-factorization [1] is the case 
in which ONLY ONE initial state parton carries a transverse

momentum component
This factorization becomes phenomenologically relevant for 
scattering events in which the final-state products are boosted
towards one direction, implying that one of the collinear
momentum fractions was much larger than the other.

hybrid 𝒌𝑻-factorization has already been applied with success at
LO [2,3]
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the idea is similar to that of the collinear factorization theorem, in the sense that we factorize the process into two parts: 
• the part that can be extracted from universal fit to the data, the TMDs

• the part that can be calculated perturbatively, the parton level cross section,

What is hybrid 𝑘%-factorization ?
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If one initial-state parton momentum, 𝑘, contains a transverse momentum component, 𝑘%, then

In [1] it has been shown that a naive application of the QCD Feynman rules to calculate amplitudes with
off-shell partons brings to not gauge invariant results

New theoretical tools are needed!

𝑘& ≠ 0
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the initial-state parton is
not on-mass shell

light-like momentum of the colliding hadron
fraction of the hadron momentum
carried by the scattering parton

𝑘% / 𝑝 = 0

the calculation of the partonic cross section in hybrid 𝒌𝑻-factorization is not
straightforward



In the literature, this problem was solved at tree-level by the Lipatov’s effective action [1,2], and by other

methods which restore gauge invariance,  Ward identities [3],  straight infinite Wilson lines [4], and the 

auxiliary parton method, originally proposed to calculate off-shell scattering amplitudes at LO [5],  and 

successfully extended to NLO for the virtual [*] and real contributions [**]

[1] L. N. Lipatov, Nucl. Phys. B 452 (1995) 369
[2] E. N. Antonov, L. N. Lipatov, E. A. Kuraev and I. O. Cherednikov, Nucl. Phys. B 721 (2005)
[3] A. Van Hameren P. Kotko and K. Kutak, JHEP 12 (2012) 029
[4] P. Kotko, JHEP 12 (2012) 029 
[5] A. Van Hameren, P. Kotko and K. Kutak, JHEP 01 (2013) 078

[*] E. Blanco, A. G., A. van Hameren, P. Kotko, Nucl. Phys. B 995 (2023). 
[**] A. G., A. van Hameren and G. Ziarko, J. High Energ. Phys. 2024, 167 (2024)



The idea of the auxiliary parton method relies on embedding the off-shell process into a new process in which the off-shell
parton is replaced by an auxiliary quark anti-quark pair or by an auxiliary gluon pair, whose momenta are written as a 
function of a dimensionless parameter called Λ
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The amplitude that we wish to calculateThe amplitude that we have
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( = 𝑘( by construction. Imposing the 
on-shell condition for the momenta, 
𝑘)& = 𝑘&& = 0, one finds the values of 𝛼 and 𝛽

apply the Λ prescription
and take the limit Λ → ∞

The embedding process is on-shell → the constructed amplitude is gauge invariant for any value of Λ .
At LO, in the infinite Λ limit, the constructed amplitude is the desired off-shell scattering amplitude of the original process [1]

Λ prescription for the auxiliary parton
momenta using Sudakov parametrization: 
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the auxiliary parton method



More precisely [1]:

At Leading Order (LO) one can use equivalently auxiliary quarks or auxiliary gluons, provided
to properly take into account the color factors:

we call this auxiliary parton universality and we will see that it does not hold anymore at NLO. 

Using an auxiliary
quark pair

Using  an auxiliary
gluon pair

[1] A. Van Hameren, P. Kotko and K. Kutak, JHEP 01 (2013) 078

The main goal of this research has been to study how to generalize the auxiliary
parton method to NLO (see next slide)



The NLO corrections to the cross section contains both the real and the virtual contributions:

AUXILIARY PARTON METHOD IN HYBRID 𝑘𝑇-FACTORIZATION

In Ref. [1] Van Hameren at al. identified the explicit structure of the virtual and real contributions based on a conjecture
regarding the Λ-dependent pieces. 

• We calculated the off-shell scattering amplitudes for the virtual corrections in the O → 𝑔∗𝑔𝑔, 0 → 𝑔∗𝑞<𝑞, 0 → 𝑔∗𝑔𝐻 and 
0 → 𝑔∗𝑞<𝑞 𝑒?𝑒@ processes for all the helicity configurations using both auxiliary quarks and auxiliary gluons [*]

• In this way, we verified the conjecture proposed in [1] and we also established the formalism to calculate the NLO virtual
contributions with the ausiliary parton method (see next slide) [*]

• We presented a subtraction scheme for the calculation of the real-radiation contribution [**]
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We found that, for each process, the leading color-ordered off-shell scattering amplitudes, 𝐴), depend on the type of 
the auxiliary partons but in a UNIVERSAL way (i.e. PROCESS INDEPENDENT) [*] :

[*] E. Blanco, A. G., A. van Hameren, P. Kotko, Nucl. Phys. B 995 (2023).

Extra term obtained if
auxiliary gluons are used

Extra term obtained if
auxiliary quarks are used

𝛿B = 1: ’t Hooft-Veltman scheme
𝛿B = 0: four-dimensional helicity scheme

AUXILIARY PARTON METHOD IN HYBRID 𝑘𝑇-FACTORIZATION

One loop constant: dimensional regularization parameter:

AUXILIARY PARTON UNIVERSALITY AT NLO IS VIOLATED 
BUT 

THESE VIOLATIONS ARE UNIVERSAL AND SO THEY ARE UNDER CONTROL !



Spinor helicity method

In presenting our results we use the spinor helicity formalism, which is the basis language of modern scattering
amplitude calculations.
Let 𝑢(𝑝) and v(𝑝) denote the positive and negative energy solutions of the massless Dirac equation, 
respectively

Clifford 
Algebra

Where 𝑢± and 𝑣± are the solutions of the massless Dirac equation with definite helicity



Spinor helicity method 

The “dual” Weyl spinors are defined as

so it is useful to introduce the following short-hand notation

In the massless limit



The Λ prescription



The Λ prescrip1on



𝜎LMN = 𝜎MN + 𝜎LMNBOPQ + 𝜎LMNRSTUVPQ

𝝈𝑳𝑶 𝝈𝑵𝑳𝑶𝑽𝒊𝒓𝒕𝒖𝒂𝒍

𝝈𝑵𝑳𝑶𝑹𝒆𝒂𝒍 Subtraction
scheme

We presented a subtraction scheme for the 
calculation of the real-radiation

contribution. We did implement the 
scheme and performed calculations for all
processes relevant for 2-jet production as
NLO, and found that the subtracted real-
radiation integrals indeed converge [**]

The Λ dependent contributions have UNIVERSAL structure: 
this is a fundamental step to calculate NLO cross sections in 

hybrid kT-factorization! [*]
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CONCLUSIONS

We calculated the off-shell scattering amplitudes for the virtual corrections in the
O → 𝑔∗𝑔𝑔, 0 → 𝑔∗𝑞<𝑞, 0 → 𝑔∗𝑔𝐻 and 0 → 𝑔∗𝑞<𝑞 𝑒?𝑒@ processes for all the helicity
configurations using both auxiliary quarks and auxiliary gluons

The core of our investigation was to show that the hybrid kT-factorization can be successfully
extended to NLO within the auxiliary parton method

We developed the formalism to bridge the gap between the LO and the NLO calculations and
we gave the operative prescriptions to calculate the off-shell scattering amplitudes in this
formalism



Many thanks for your
attention!



Back-up slides



• These operations give the correct result under the condition that all terms in an 
expression to which the operations are applied exhibit at most the leading power
behavior of  Λd with 𝑝 = 1.

The Λ prescrip1on

If this is not the case, one should use the following exact expressions for the spinors



In the well-established collinear factorization the cross-sections for the hadronic production of an n-parton final state 
can be written as as a convolution of the parton distribution functions and the parton-level cross section: 

In this example there are only three jets but the 
formula holds for any final states.
The core meaning of this formula is that we can 
factorize the process into two parts: a part that
can be calculated perturbatively (the parton level
cross section)  and another part that can be 
extracted from universal fit to the data (the 
PDFs).

Introduction



Initial state variables
Final state momenta

𝑥𝑃

𝑥̅ <𝑃

Including higher orders in expansion improves the accuracy or our predictions and reduces the dependence on non-
phisical parameters such as the factorization scale 𝜇. At NLO we have more coupling and so we have more vertices:

Let us have a closer look at the partonic cross seckon:



At tree level, the 
momentum conservation
implies that for each
internal line the 
momentum is fixed. This is
not true anymore at the 
NLO there is an extra 
degree of freedom which
is the loop momentum
and that has to be 
integrated.



KLM theorem

If one goes to higher orders one gets
extra coupling which imply extra 
integrals that need to be calculated.

These integrals are in general 
divergent in 4 dimensions and so they
need to be regulated.

Virtual contributions



KLM theorem





From A. Accardi et al., Eur.Phys.J.A 52 (2016)
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