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Motivation for k-factorization in QCD

* One of the main active fields of research in QCD is the study of its behavior in
the high energy limit, often referred to as low-x limit

* In this limit, one has to use the kp-factorization scheme [1,2] and the kT-
dependent PDFs, the so called TMDs, which follow the BFKL evolution
equations [3,4,5]
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Motivation for k-factorization in QCD

Example 1: in collinear factorization the experimental transverse momentum spectrum of the Z boson measured by
CMS [1] cannot be well described by a fixed order calculation, and a resummation to all orders of soft gluon
radiation 1s needed (it 1s possible but very challenging). In kp-factorization one is able to predict the Z boson

experimental rapidity and transverse momentum distributions already at LO [2] in agreement with the data
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Motivation for k-factorization in QCD

Example 2: the forward-forward dijet CMS PAS FSQ_lz_'%S —a—

correlations measured by the ATLAS
VS = 7.0 TeV

collaboration for proton-proton and proton-

lead collisions [3] cannot be reproduced in
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collinear  factorization but they are
successfully described within the kg -

factorization scheme at LO [4]
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* IN THE FOLLOWING, | will focus on the hybrid k;-factorization
answering to the following questions:

* 1) What 1s the hybrid kp-factorization ?

* 2) What 1s the AUXILIARY PARTON METHOD ?

Finally, I will explain why the formalism that we developed in [1,2] 1s a key
step to calculate the production cross sections at NLO in hybrid k-
factorization
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What 1s hybrid kp-factorization ?

the hybrid kp-factorization [1] is the case
in which ONLY ONE i1nitial state parton carries a transverse
momentum component
This factorization becomes phenomenologically relevant for
scattering events in which the final-state products are boosted

towards one direction, implying that one of the collinear
momentum fractions was much larger than the other.

hybrid kr-factorization has already been applied with success at
LO [2,3]

the idea 1s similar to that of the collinear factorization theorem, in the sense that we factorize the process into two parts:
 the part that can be extracted from universal fit to the data, the TMDs
 the part that can be calculated perturbatively, the parton level cross section,
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If one initial-state parton momentum, k, contains a transverse momentum component, k7, then

the 1nitial-state parton is
_—) 2 P
not on-mass shell

kT‘p:O

fraction of the hadron momentum

carried by the scattering parton light-like momentum of the colliding hadron

the calculation of the partonic cross section in hybrid kp-factorization is not
straightforward

In [1] it has been shown that a naive application of the QCD Feynman rules to calculate amplitudes with
off-shell partons brings to not gauge invariant results

¥

New theoretical tools are needed!
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In the literature, this problem was solved at tree-level by the Lipatov’s effective action [1,2], and by other
methods which restore gauge invariance, Ward identities [3], straight infinite Wilson lines [4], and the
auxiliary parton method, originally proposed to calculate off-shell scattering amplitudes at LO [5], and

successfully extended to NLO for the virtual [*] and real contributions [**]
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the auxiliary parton method

The 1dea of the auxiliary parton method relies on embedding the off-shell process into a new process in which the off-shell
parton is replaced by an auxiliary quark anti-quark pair or by an auxiliary gluon pair, whose momenta are written as a
function of a dimensionless parameter called A A prescription for the auxiliary parton

momenta using Sudakov parametrization:
k* = zpt + kY
ki = Ap* + ag" + Bkr,

ki = kP — kY,

C
ki + ki = k* by construction. Imposing the

on-shell condition for the momenta,
k% = k3 = 0, one finds the values of @ and 8

apply the A prescription
and take the limit A — oo

The amplitude that we have The amplitude that we wish to calculate

The embedding process is on-shell — the constructed amplitude is gauge invariant for any value of A .

At LO, 1in the infinite A limit, the constructed amplitude is the desired off-shell scattering amplitude of the original process [1]
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More precisely [1]:

1 CC|I€T|

i 0 — A*(a* Using an auxiliary
3:Coma A, - Alalkn)alke) x) = (07 () %) S

At Leading Order (LO) one can use equivalently auxiliary quarks or auxiliary gluons provided
to properly take into account the color factors:

Using an auxiliary
gluon pair

@

we call this auxiliary parton universality and we will see that it does not hold anymore at NLO.

The main goal of this research has been to study how to generalize the auxiliary
parton method to NLO (see next slide)

[1] A. Van Hameren, P. Kotko and K. Kutak, JHEP 01 (2013) 078



AUXILIARY PARTON METHOD IN HYBRID kT-FACTORIZATION

The NLO corrections to the cross section contains both the real and the virtual contributions:

__ | .Real Virtual
oONLO = |00

In Ref. [1] Van Hameren at al. identified the explicit structure of the virtual and real contributions based on a conjecture
regarding the A-dependent pieces.

* We calculated the off-shell scattering amplitudes for the virtual corrections in the O =- g*gg,0 = g*qq,0 - g*gH and
0 — g*qq e e™ processes for all the helicity configurations using both auxiliary quarks and auxiliary gluons [*]

* In this way, we verified the conjecture proposed in [1] and we also established the formalism to calculate the NLO virtual
contributions with the ausiliary parton method (see next slide) [*]

*  We presented a subtraction scheme for the calculation of the real-radiation contribution [**]
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AUXILIARY PARTON METHOD IN HYBRID kT-FACTORIZATION

We found that, for each process, the leading color-ordered off-shell scattering amplitudes, A;, depend on the type of
the auxiliary partons but in a UNIVERSAL way (i.e. PROCESS INDEPENDENT) [il:

Extra term obtained 1f
A ' auxiliary gluons are used

1 : 113
A r c (2 InA — 17t) + c 6 + Extra term obtained if

auxiliary quarks are used

<4

¥ 0p = 1:’t Hooft-Veltman scheme
6g = 0: four-dimensional helicity scheme

4 — dim

1T T(O+eM(1—e)
(47)2—e I'(1—2¢)

One loop constant: e dimensional regularization parameter: Eials

AUXILIARY PARTON UNIVERSALITY AT NLO IS VIOLATED

- BUT _

THESE VIOLATIONS ARE UNIVERSAL AND SO THEY ARE UNDER CONTROL !

[*] E. Blanco, A. G., A. van Hameren, P. Kotko, Nucl. Phys. B 995 (2023).



Spinor helicity method

In presenting our results we use the spinor helicity formalism, which is the basis language of modern scattering
amplitude calculations.

Let u(p) and v(p) denote the positive and negative energy solutions of the massless Dirac equation,

respectively
. Clifford
{Yuayv} — zguv Algebra

pu(p) = pv(p) = 0

We can use the matrix y5 to construct the projection operators onto the upper and lower parts the
four-component Dirac spinors w(p) and v(p):

1:|Z’Y5

u(p) = 5 u(p), and vi(p)=

Where uy and vy are the solutions of the massless Dirac equation with definite helicity



Spinor helicity method

In the massless limit

u,(p) =v_(p) and u_(p) = v (p)

so it is useful to introduce the following short-hand notation

(i)

<—P1+ip2 R(p) = v/ [po + P3| ( Po + P3 )

P11+ 1p2

Po +P3 P Po + P3l




The A prescription

U kH = M k“
kl q zp” + Kp
"
X Ao 9700000000
Kk .
2 apply the A prescription
I and take the limit A - oo I

The amplitude that we have The amplitude that we wish to calculate

) — —K*

The latter implies also

saB = (pa + PB)2 — k% = —kk tagi = (pa +ps + Pi)z — (k +pi)2 = Ski

etc.




The A prescription

apply the A prescription
I and take the limit A — oo I

The amplitude that we have

kt = zpt + Kk <
k*
A_mo g™+00000000 ‘ ;‘X

The amplitude that we wish to calculate




NLO __ Real Virtual
o = 010 T On[o T OnLO

The A dependent contributions have UNIVERSAL structure:
this 1s a fundamental step to calculate NLO cross sections in
hybrid kT-factorization! [*]

®

i 2

We presented a subtraction scheme for the
calculation of the real-radiation
contribution. We did implement the
scheme and performed calculations for all
- processes relevant for 2-jet production as
NLO, and found that the subtracted real-

radiation integrals indeed converge [**]

[*] E. Blanco, A. G., A. van Hameren, P. Kotko, Nucl. Phys. B 995 (2023).
[**] A. G., A. van Hameren and G. Ziarko, J. High Energ. Phys. 2024, 167 (2024



CONCLUSIONS

We calculated the off-shell scattering amplitudes for the virtual corrections in the
0—-g*gg9,0 > g*qq,0 » g*gH and 0 - g*qge*e” processes for all the helicity
configurations using both auxiliary quarks and auxiliary gluons

The core of our mnvestigation was to show that the hybrid kT-factorization can be successfully
extended to NLO within the auxiliary parton method

We developed the formalism to bridge the gap between the LO and the NLO calculations and
we gave the operative prescriptions to calculate the off-shell scattering amplitudes in this
formalism



Many thanks for your

attention!
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Back-up slides



The A prescription

* These operations give the correct result under the condition that all terms in an
expression to which the operations are applied exhibit at most the leading power
behavior of AP withp = 1.

If this is not the case, one should use the following exact expressions for the spinors




Introduction

In the well-established collinear factorization the cross-sections for the hadronic production of an n-parton final state
can be written as as a convolution of the parton distribution functions and the parton-level cross section:

Collinear Factorization

In this example there are only three jets but the
formula holds for any final states.

The core meaning of this formula is that we can
factorize the process into two parts: a part that
can be calculated perturbatively (the parton level
cross section) and another part that can be

extracted from universal fit to the data (the
PDFs).

factorizafion scale
| | \4
O{ O = Dfdi 'EM (T, M) jol/i{;;‘ (i)ﬂ) d 6' (X,i,{k;}?:, )/UL\

0 R
\ e parton-level cross section
universal PDFs, fit to data Calculuble PZI‘J(UrbOMVe}\




Let us have a closer look at the partonic cross section:

Leqd(n(j op(/[@r Initial state variables

//" Final state momenta
n

orn n =D 1 n
do- B (xx; (ki YL,) = T, d*k;5(k?) 6 (xP+xP—Zi:k,-) et Z Z |Atree(xP, XP, {k;}1-1)|?

color spin

Small c:oup//ng a /owm for

perturhation theor J > N \/— ><(_“’> Xs
Including higher orders in expansion improves the accuracy or our predictions and reduces the dependence on non-
phisical parameters such as the factorization scale u. At NLO we have more coupling and so we have more vertices:




Next-to- lcao(mg order

increase coupling power by advl/ny verlices

>
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real contribution
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VI'PJL(A(LJ conirfbujciom (anol its
complex conjugqfe)

add interna| line Lo 9rap%s*
—> 1-loop grap%s

s

At tree level, the
momentum conservation
implies that for each
internal line the
momentum is fixed. This is
not true anymore at the
NLO there is an extra
degree of freedom which
is the loop momentum
and that has to be
integrated.




Virtual contributions
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If one goes to higher orders one gets
extra coupling which imply extra
integrals that need to be calculated.

These integrals are in general
divergent in 4 dimensions and so they
need to be regulated.



Real radiation

collimear

' \?
Ls smyu/ay Whenever any ki-k =0
arany Ei=k/ > 0 < soft

| Atreelkin, km, £4i32)]

smgulamiec are protecled by the jet definitton ;

O — each external parlon corresponds to @ J'eT,

— all ki must be well-defined and Wall-sefam{evl

NLO — one more parton than desived number ofJ'efs }é’%@(

— one parr of partons may correspoud to a fet (collineay)
Or one PGLM‘/OM mag become arbiirar117 sof{

— IR divergencies, can be dealt with in dim. reg.
cancel ( KLM theorem ] ) againsi vu“fual ones

More com,)licafed to isojate O(Lveryemc,(w than fon 1-/ool>
awmplitudes, but a solved prohlem.




In order to use the helicity method, we need to express k7. in terms of spinors. It can be

decomposed as follows
k% = —Ret — kel

with

1 1
T 7 -
e 2<P|’Y lq] 2(

and
*

r_ (glklp] o KT
lpg]  2p-q (o)  2p-q
Realize that k% is a four-vector with a negative square, and we have

K =

*

k% = —kK* .

The spinors of k] and k5 can be decomposed into those of p# and ¢* following

1) = VA |p) — \/—|q> , 11]=VAlp] - \/—|Q]
|2>:VA—$|I7>+\/K|Q> , 2] =-vVA-zlp] - \/—|Q]

Notice that /(A —z)/AB =1 — 3. We see that the spinor products

(12) = —k* , [12]=—
are independent of A. Further, the spinors for auxiliary quarks behave for large A as

1) = VAlp) , 1] = VAlp] , 2) > VAlp) , 2] > —VAlp] .

9)

(10)

(11)

(12)

(13)

(14)

(15)




From A. Accardi et al., Eur.Phys.J.A 52 (2016)
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TMD Project
(2014)

F. Hautmann at al., EPJ C volume 74, 3220

—_—— [1] H. Jung, Unintegrated parton density functions in
Parton ~ uPDF/TMD set identifier ki** [GeV] Qo [GeV]  Ref. CCFM, April 2004. DIS 2004, Strbske™ Pleso, Slovakia,

Gluon  ccfm-JS-2001 101000 0.25 14 [1] hep-ph/0411287
ccfm-setAQ 101010 1.3 1.3 (1] (DIS data from H1 and ZEUS)

ccfm-setA0+ 101011 13 13 E}
ccfm-setAO- 101012 1.3 13 1] [2] M. Hansson and H. Jung, The status of CCFM

ccfm-setAl 101013 13 1.3 [1] unintegrated gluon densities, 23-27 April 2003. DIS

ccfm-setBO 101020 0.25 1.3 [1] :
ccfm-setBO+ 101021 0.25 13 ] 2003, St. Petersburg, Russia, hep-ph/0309009. (DIS

ccfm-setBO- 101022 0.25 1.3 [1] data from H1 and ZEUS)

ccfm-setBl 101023 0.25 13 [1]

ccfm-JH-set 1 101001 1.33 1.33 [2] [3] F. Hautmann and H. Jung, Nucl. Phys. B 883, 1
ccfm-JH-set 2 101002 1.18 1.18 {;} (2014) (DIS data from HERA)

ccfm-JH-set 3 101003 135 1.35 S

ccfm-JH-2013-set1 101201 . 2.2 2.2 [3]
ccfm-JH-2013-set2 101301 . . . 3]
GBWIlight 200001 [41
GBWcharm 200002 (4]
KS-2013-linear 400001 (5] [5] K. Kutak and S. Sapeta, Phys.Rev. D86, 094043

KS-2013-non-linear 400002 Bl (2012) (DIS data from HERA)

[4] K. Golec-Biernat and M. Wusthoff, Phys. Rev. D 60,
114023 (1999). (DIS data from HERA)

ccfm-JH-2013-setl _ . _ _ 3] [6] A. Signori, A. Bacchetta, M. Radici, and G. Schnell,
ccfm-JH-2013-set2 - . . [3] JHEP 1311, 194 (2013) (DIS data from HERA)
SBRS-2013-TMDPDFs 300001 (6]

unintegrated parton distribution functions and transverse-momentum-dependent (TMD) PDFs are fitted to H1, ZEUS and HERA data



