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Motivation:
Energy Correlators and Mass Extraction

The Mass Energy-Weighted Observable Correlation
(EWOC)

Calculation:
The Mass EWOC in e+e− to hadrons
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = .3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = .3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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(Roughly)

An answer to the question:

How much of the energy in an event/jet
is separated by an angle „?

dΣ(„)

d„
=

1

ff

XZ
dff

X
particles
i ; j

zi zj ‹ („ − „i j)

More common: z := (1− cos „)=2

I zi is an energy or pT fraction;

I „i j is an angular measure (opening angle, ∆R).
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = .3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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The Energy-Energy Correlator (EEC)
has become a standard tool in QCD
phenomenology.

EEC (section 2.1)〈 ∑

particles
i, j

zizj δ

(
χ− θ2ij

4

)〉

θij

(a)

Subjet EEC (section 2.2)〈 ∑

subjets
i, j

zizj δ

(
χ− θ2ij

4

)〉

θij ≈ 4m
W

pT

(b)

Subjet EWOC (section 2.2)〈 ∑

subjets
i, j

zizj δ (χm −mij)

〉

m
ij ≈ m

W

(c)

10−4 10−3 10−2 10−1 10

χz

.

.025

.050

.075

.100

.125

.150

.175

.200

d
Σ

d
lo

g
χ
z

EEC

Pythia 8.307, pp to W+W−,
√
s=14.0 TeV

500 GeV < pT, jet, Rjet = 1

(mPeak−mW )
GeV

= −17.25+34.20
−60.12

Set by mW

(d)

10−4 10−3 10−2 10−1 10

χz

.

.025

.050

.075

.100

.125

.150

.175

.200

d
Σ

d
lo

g
χ
z

Subjet EEC

Pythia 8.307, pp to W+W−,
√
s=14.0 TeV

500 GeV < pT, jet, Rjet = 1

(mPeak−mW )
GeV

= − .11+26.50
−19.37

Set by mW

(e)

101 102

χm (GeV)

.

.2

.4

.6

.8

1.

d
Σ

d
lo

g
χ
m

Mass Subjet EWOC

Pythia 8.307, pp to W+W−,
√
s=14.0 TeV

500 GeV < pT, jet, Rjet = 1

(mPeak−mW )
GeV

= .06+5.84
−6.37

mW

(f)

Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = .3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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I Experimentally practical/physically intuitive definition;

dΣ

d„
∼
* X

pairs (i ; j) of “detectors”
separated by an angle „

Ei Ej

+

I Isolates high-energy information;

I Soft physics is suppressed and more easily understood.
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I Measurements of ¸s ;
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I Proposed measurements of mt ;
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Final states in collider experiments are characterized by correlation functions, ⟨E(n⃗1) · · · E(n⃗k)⟩,
of the energy flow operator E(n⃗i). We show that the top quark imprints itself as a peak in the
three-point correlator at an angle ζ ∼ m2

t/p
2
T , with mt the top quark mass and pT its transverse

momentum, providing access to one of the most important parameters of the Standard Model in
one of the simplest field theoretical observables. Our analysis provides the first step towards a new
paradigm for a precise top mass determination that is, for the first time, highly insensitive to soft
physics and underlying event contamination whilst remaining directly calculable from the Standard
Model Lagrangian.

I. INTRODUCTION

The Higgs and top quark masses play a central role
both in determining the structure of the electroweak vac-
uum [1–3], and in the consistency of precision Standard
Model fits [4, 5]. Indeed, the near-criticality of the elec-
troweak vacuum may be one of the most important clues
from the Large Hadron Collider (LHC) for the nature
of beyond the Standard Model physics [2, 6–10]. This
provides strong motivation for improving the precision
of Higgs and top mass measurements.

While the measurement of the Higgs mass is concep-
tually straightforward both theoretically and experimen-
tally [11], this could not be further from the case for
the top mass (mt). Due to its strongly interacting na-
ture, a field theoretic definition of mt, and its relation
to experimental measurements, is subtle. In e+e− col-
liders, precision mt measurements can be made from the
threshold lineshape [12–19]. However, this approach is
not possible at hadron colliders, where, despite the fact
that direct extractions have measured mt to a remark-
able accuracy [20–23], there is a debate on the theoretical
interpretation of the measured “Monte Carlo (MC) top
mass parameter” [24]. This has been argued to induce
an additional O(1 GeV) theory uncertainty on mt. For
recent discussions, see [25, 26]. It is therefore crucial to
explore kinematic top-mass sensitive observables at the
LHC where a direct comparison of the experimental data
with first principles theory predictions can be carried out.

Significant progress has been made in this regard from
multiple directions. A unique feature of the LHC is
that large numbers of top quarks are produced with
sufficient boosts that they decay into single collimated
jets on which jet shapes can be measured. In [27, 28]
it was shown using effective fields theories (SCET and
bHQET) [29–38] that factorization theorems can be de-
rived for event shapes measured on boosted top quarks,
enabling these observables to be expressed in terms of
mt in a field theoretically well defined mass scheme [39–
46]. Additionally, there has been substantial progress

FIG. 1. A boosted top quark imprints its short lived existence
onto the three-point correlator with a characteristic angle,
ζ ∼ (1− cos θ)/2 ∼ m2

t/p
2
T .

in parton shower algorithms capable of accurately sim-
ulating QCD radiation in fully exclusive top quark de-
cays [47–66]. In Ref. [67], the groomed [68, 69] jet mass
was proposed as a mt sensitive observable, realizing the
factorization based approach of [27, 28]. For measure-
ments, see [70, 71]. While jet grooming significantly im-
proves the robustness of the observable, the complicated
residual non-perturbative corrections [72] continue to be
limiting factors in achieving a precision competitive with
direct measurements, thereby motivating the exploration
of observables not reliant on grooming.

In recent years, there has been a program to re-
think [73] jet substructure directly in terms of correla-
tion functions, ⟨E(n⃗1) · · · E(n⃗k)⟩, of the energy flow in a
direction n⃗ [74–81], E(n⃗), motivated by the original work
in QCD [82–91] and recent revival in conformal field the-
ories (CFTs) [78–81, 92–99]. These correlators have a
number of unique and remarkable properties. Most im-
portantly for phenomenological applications, correlators
are insensitive to soft radiation without the application
of grooming. Additionally they can also be computed
on tracks [73, 100, 101], using the formalism of track
functions [102, 103], allowing for higher angular resolu-
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Final states in collider experiments are characterized by correlation functions, ⟨E(n⃗1) · · · E(n⃗k)⟩,
of the energy flow operator E(n⃗i). We show that the top quark imprints itself as a peak in the
three-point correlator at an angle ζ ∼ m2

t/p
2
T , with mt the top quark mass and pT its transverse

momentum, providing access to one of the most important parameters of the Standard Model in
one of the simplest field theoretical observables. Our analysis provides the first step towards a new
paradigm for a precise top mass determination that is, for the first time, highly insensitive to soft
physics and underlying event contamination whilst remaining directly calculable from the Standard
Model Lagrangian.

I. INTRODUCTION

The Higgs and top quark masses play a central role
both in determining the structure of the electroweak vac-
uum [1–3], and in the consistency of precision Standard
Model fits [4, 5]. Indeed, the near-criticality of the elec-
troweak vacuum may be one of the most important clues
from the Large Hadron Collider (LHC) for the nature
of beyond the Standard Model physics [2, 6–10]. This
provides strong motivation for improving the precision
of Higgs and top mass measurements.

While the measurement of the Higgs mass is concep-
tually straightforward both theoretically and experimen-
tally [11], this could not be further from the case for
the top mass (mt). Due to its strongly interacting na-
ture, a field theoretic definition of mt, and its relation
to experimental measurements, is subtle. In e+e− col-
liders, precision mt measurements can be made from the
threshold lineshape [12–19]. However, this approach is
not possible at hadron colliders, where, despite the fact
that direct extractions have measured mt to a remark-
able accuracy [20–23], there is a debate on the theoretical
interpretation of the measured “Monte Carlo (MC) top
mass parameter” [24]. This has been argued to induce
an additional O(1 GeV) theory uncertainty on mt. For
recent discussions, see [25, 26]. It is therefore crucial to
explore kinematic top-mass sensitive observables at the
LHC where a direct comparison of the experimental data
with first principles theory predictions can be carried out.

Significant progress has been made in this regard from
multiple directions. A unique feature of the LHC is
that large numbers of top quarks are produced with
sufficient boosts that they decay into single collimated
jets on which jet shapes can be measured. In [27, 28]
it was shown using effective fields theories (SCET and
bHQET) [29–38] that factorization theorems can be de-
rived for event shapes measured on boosted top quarks,
enabling these observables to be expressed in terms of
mt in a field theoretically well defined mass scheme [39–
46]. Additionally, there has been substantial progress

FIG. 1. A boosted top quark imprints its short lived existence
onto the three-point correlator with a characteristic angle,
ζ ∼ (1− cos θ)/2 ∼ m2

t/p
2
T .

in parton shower algorithms capable of accurately sim-
ulating QCD radiation in fully exclusive top quark de-
cays [47–66]. In Ref. [67], the groomed [68, 69] jet mass
was proposed as a mt sensitive observable, realizing the
factorization based approach of [27, 28]. For measure-
ments, see [70, 71]. While jet grooming significantly im-
proves the robustness of the observable, the complicated
residual non-perturbative corrections [72] continue to be
limiting factors in achieving a precision competitive with
direct measurements, thereby motivating the exploration
of observables not reliant on grooming.

In recent years, there has been a program to re-
think [73] jet substructure directly in terms of correla-
tion functions, ⟨E(n⃗1) · · · E(n⃗k)⟩, of the energy flow in a
direction n⃗ [74–81], E(n⃗), motivated by the original work
in QCD [82–91] and recent revival in conformal field the-
ories (CFTs) [78–81, 92–99]. These correlators have a
number of unique and remarkable properties. Most im-
portantly for phenomenological applications, correlators
are insensitive to soft radiation without the application
of grooming. Additionally they can also be computed
on tracks [73, 100, 101], using the formalism of track
functions [102, 103], allowing for higher angular resolu-
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Two-pronged W decays play better with the pair-wise EEC:

dΣ

d„
∼
* X

pairs (i ;j) of particles
separated by an angle „

Ei Ej

+
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
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Two complications for achieving sharper resolution:

I The EEC involves a sum on all pairs of particles, when
only some are at an angle dictated by mW ;

I Dealing with masses indirectly through angles.
„ ∼ mW =pT , and pT may not be sharply known.

At particle-level, required to use angles by collinear safety
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
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and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
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associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W
boson jet (the blue cone) containing a pair of quark subjets

(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the

EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the

associated observable on LHC data simulated with Pythia 8.309 at √
s =

14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W
mass. The subjet EEC ((b) and (e)) clusters subjets

within the W
jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W
jet and captures the mass of the W

boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet

EWOC, we use the subjet radius rsub =
.3, which tends to correctly isolate two subjets

associated with the W
decay; we show results for more subjet radii for EWOCs at the LHC

in section 3.3.
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Figure 2: Visualization of a W
boson jet (the blue cone) containing a pair of quark subjets

(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the

EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the

associated observable on LHC data simulated with Pythia 8.309 at √
s =

14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W
mass. The subjet EEC ((b) and (e)) clusters subjets

within the W
jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W
jet and captures the mass of the W

boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet

EWOC, we use the subjet radius rsub =
.3, which tends to correctly isolate two subjets

associated with the W
decay; we show results for more subjet radii for EWOCs at the LHC

in section 3.3.
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Figure 2: Visualization of a W
boson jet (the blue cone) containing a pair of quark subjets

(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the

EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the

associated observable on LHC data simulated with Pythia 8.309 at √
s =

14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many

particles in the jet, though only one pair of particles (shown in red) are separated at the

angular scale associated with the W
mass. The subjet EEC ((b) and (e)) clusters subjets

within the W
jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters

subjets within the W
jet and captures the mass of the W

boson directly from the pairwise

mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet

EWOC, we use the subjet radius rsub =
.3, which tends to correctly isolate two subjets

associated with the W
decay; we show results for more subjet radii for EWOCs at the LHC

in section 3.3.
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The Mass EWOC in e+e− → hadrons
LO: (anti-)quark jets

mi j ̸= 0;

i ̸= j

Single subjet per jet,
mi i = 0 (WTA |p| scheme)

Quark/gluon can be:
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The Mass EWOC in e+e− → hadrons
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e+e− → hadrons: Pythia vs. LO
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EWOC Review

I Subjets isolate collective
phenomena + scales

More than subjet radius

I Subjets =⇒ EWOCs;
EWOCs isolate observables
of interest

More than mass

I Calculation in
e+e− → hadrons

With subtleties to explore
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.

– 7 –

101 102

m (GeV)

10−5

10−4

10−3

10−2

10−1

100

101

102

d
Σ

d
lo

g
m

Mass EWOCs

Pythia 8.307, pp to W+W−,
√
s=14.0 TeV

500 GeV <pT, jet, R
(AKT )
jet = 1

mW

r
(kt)
sub = 0.0

r
(kt)
sub = 0.03

r
(kt)
sub = 0.3

Jet Mass

Parton

Hadron

Hadron + MPI

Parton

Hadron

Hadron + MPI

Ejet
2 rsub

2

4

Ejet
2 Rjet

2

4

Rjet=1, rsub=0.2

0.00 0.05 0.10 0.15 0.20 0.25

0.0

0.2

0.4

0.6

0.8

1.0

100 101 102

m (GeV)

10−4

10−3

10−2

10−1

100

d
Σ

d
lo

g
m

Mass EWOC

Pythia 8.307, e−e+ to hadrons,
√
s=1.0 TeV

100 GeV <Ejet, R
(C/A)
jet =1

r
(c/a)
sub = 0.05

r
(c/a)
sub = 0.1

r
(c/a)
sub = 0.2

Parton

Hadron

Analytic

Parton

Hadron

Analytic

Pr
eli
mina

ry

Pr
eli
mina

ry

19



Energy-Weighted
Observable
Correlations
(EWOCs)

Mass Extraction

The Mass EWOC

e+e− → hadrons

20



Energy-Weighted
Observable
Correlations
(EWOCs)

Mass Extraction

The Mass EWOC

e+e− → hadrons

What is the EEC? in QCD pheno
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(is a function of „)
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = .3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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Figure 2: Visualization of a W boson jet (the blue cone) containing a pair of quark subjets
(whose particles leave calorimeter energy deposits, in blue and red) as probed by (a) the
EEC, (b) subjet EEC, and (c) subjet mass EWOC. Below each visualization is an plot for the
associated observable on LHC data simulated with Pythia 8.309 at

√
s = 14TeV ((d), (e),

and (f), respectively). The EEC ((a) and (d)) captures angular correlations between many
particles in the jet, though only one pair of particles (shown in red) are separated at the
angular scale associated with the W mass. The subjet EEC ((b) and (e)) clusters subjets
within the W jet to isolate the correct angular scale. The subjet EWOC ((c) and (f)) clusters
subjets within the W jet and captures the mass of the W boson directly from the pairwise
mass of the subjets, bypassing the use of angular correlations. For the subjet EEC and subjet
EWOC, we use the subjet radius rsub = 0.3, which tends to correctly isolate two subjets
associated with the W decay; we show results for more subjet radii for EWOCs at the LHC
in section 3.3.
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At particle-level, required to use angles for collinear safety:
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Figure 3: A cartoon of the collinear-unsafe properties of the particle-level mass EWOC, and
the collinear safety of the mass EWOC: the pair-wise masses of particles (shown as lines inside
the circle) changes after a collinear splitting, while the pair-wise masses of subjets (shown as
bars outside the circle) does not.

different physical effects. In this work, we focus on the concrete example of the mass EWOC
as a proof-of-concept, but the use of EWOCs is by no means limited to the measurement of
mass correlations.

WW[WW: Should we have a brief discussion of the subjet radius here?]

2.3 Infrared/Collinear (IRC) Safety and Non-Perturbative Effects

As mentioned in section 2.2, EWOCs which utilize pairwise observables other than angles
are not collinear safe without a subjet radius or similar cutoff. Concretely, the observable
entering the EWOC for a pair of “original” particles differ from the pairwise observables
computed using one of the original particles and either of the particles resulting from a
collinear splitting of the other. A rough cartoon visualizing the collinear unsafety of the
particle-level mass EWOC is shown in fig. 3.

Subjet EWOCs, on the other hand, are manifestly collinear safe as long as the subjet
algorithm being used is collinear-safe: the subjets do not change under a collinear splitting
by definition, and only subjets are used in the computation of a subjet EWOC. The collinear
safety of the mass EWOC is also visualized in fig. 3, where subjets are visualized as bars
on the outside of the circles (calorimeter deposits) which are unchanged under a collinear
splitting. The use of additional observables for EWOCs therefore requires a tradeoff. The
traditional EEC does not require an infrared cutoff, such as a subjet radius, for IRC safety,
but more general EWOCs can probe a greater variety of correlations. WW[WW: Given that you
seem to find an improvement even for the standard EEC, we may need to change the previous
sentence]

Fortunately, for both the EEC and the EWOC, the use of subjet radii leads to results
which are also more stable to non-perturbative effects. On physical grounds, this is because
subjets are collections of particles which approximate high-energy partons produced during
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Figure 3: A demonstration of the collinear-unsafe properties of the particle-level mass
EWOC, and the collinear safety of the subjet mass EWOC: the spectrum of pair-wise masses
of particles changes after a collinear splitting, while the spectrum of pair-wise masses of sub-
jets does not. The figure features a hypothetical detector (bounded by the black line), inside
of which are particles (thin colored lines) and outside of which are subjets (thick colored bins).
The pink and green lines within the detector denote the results of a collinear splitting of the
brown particle, and their pairwise masses with the blue particle, m′ and m′′, are different than
the original pairwise mass m. On the other hand, the brown subjet containing the brown
particle is invariant under the collinear splitting, and the spectrum of pair-wise subjet masses
is therefore also invariant.

Fortunately, for both the EEC and the EWOC, the use of subjet radii leads to results
which are also more stable to non-perturbative effects. On physical grounds, this is because
subjets are collections of particles which approximate high-energy partons produced during
a hard process, while hadronization is a low-energy phenomenon. More technically, a subjet
radius is a type of infrared cutoff: if we are investigating jets with a radius Rjet in a process
with a characteristic energy scale Q, and use a subjet radius rsub � 1, we are probing physics
at tranverse momentum scales between QRjet and Qrsub. Therefore, if Qrsub � ΛNP, where
ΛNP is the scale of the non-perturbative physics, we are in a regime where perturbation theory
is valid, and non-perturbative effects are suppressed. In particular, we expect that they are
suppressed by powers of ΛNP/(Qrsub).

For example, hadronization effects in the subjet mass EWOC are controlled by pow-
ers of ΛQCD/(Qrsub) in the regime of small subjet radius. In particular, in the regime
Q ∼ QRjet � χm � Qrsub � ΛQCD, hadronization effects which scale with ΛQCD/Q or
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Generic Pairwise EWOCs

I Let O (·; ·) be a pairwise observable on pairs of pseudo-jets;

I Additional dependence on energy weights and (sub)jet
definition (jet algorithm and recombination scheme).

Definition: Pairwise EWOC

A pairwise Energy-Weighted Observable Correlator (EWOC)
is a distribution of the form
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Now IRC Safe: Energy Weights

I Particle-Level: energy fractions with n ̸= 1 are collinear
unsafe even for the EEC (let alone EWOCs!):

zn1 + zn2 6= (z1 + z2)
n

(a)

z1
?
> zcut

z2
?
> zcut z1 + z2

X
> zcut

(b)

Figure 4: Cartoons demonstrating the collinear-unsafety of (a) non-unity energy weights or
(b) a non-zero energy cutoff zcut, and the corresponding collinear saftey of subjet EWOCs.
(a) depicts how the energy of a particle, weighted by n 6= 1, will be different than the sum
of the weighted energies of its children after a collinear splitting. (b) depicts how a particle
may have enough energy to pass a hard energy cutoff imposed by zcut, z1 + z2 > zcut and
yet neither of its children after a collinear splitting are guaranteed to satisfy the cutoff (i.e.
it is possible that either or both of z1 or z2 is less than zcut. In both cases, the use of a
collinear-safe subjet algorithm yields results which are invariant under collinear splittings.

The energy weights n, m and the energy cutoff zcut both allow for greater additional
flexibility and infrared stability for subjet EWOCs. In section 3.4, we will examine how both
can be used to mitigate non-perturbative effects and yield more robust results for subjet
EWOCs.

We note, however, that the additional flexibility and infrared stability granted by the en-
ergy weights and energy cutoff come at the expense of losing a simple sum rule: dΣ(n,m,zcut)

O /dχ

will generically integrate to the total cross section only if n = m = 1 and zcut= 0.

3 Mass Extraction with EWOCs

In this section, we apply EWOCs to one of the most important contexts for jet substructure
and event shapes: the characterization of heavy, boosted objects that emerge in particle
collisions. In particular, we demonstrate how the EWOC framework can be used to extract the
mass of highly boosted W bosons created in both the clean environment of electron-positron
collisions (section 3.2) and the messier environment of proton-proton collisions (section 3.3).

3.1 Observables and Samples

The W boson decays preferentially into a pair of quarks, each of which produces a subjet in the
jet produced by the W decay. Extraction of the W boson mass is therefore a straightforward
test of EWOCs utilizing observables on pairs of subjets (quarks) within a single jet (the W
boson); indeed, the two-pronged structure of W jets allows us to use pairwise subjet mass
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I Collinear safe subjet algorithms yield collinear safe
subjets =⇒ collinear safe sums!

cf Lund EEC to remove underyling event at RHIC by [2312.12527]
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Figure 3: A demonstration of the collinear-unsafe properties of the particle-level mass
EWOC, and the collinear safety of the subjet mass EWOC: the spectrum of pair-wise masses
of particles changes after a collinear splitting, while the spectrum of pair-wise masses of sub-
jets does not. The figure features a hypothetical detector (bounded by the black line), inside
of which are particles (thin colored lines) and outside of which are subjets (thick colored bins).
The pink and green lines within the detector denote the results of a collinear splitting of the
brown particle, and their pairwise masses with the blue particle, m′ and m′′, are different than
the original pairwise mass m. On the other hand, the brown subjet containing the brown
particle is invariant under the collinear splitting, and the spectrum of pair-wise subjet masses
is therefore also invariant.

Fortunately, for both the EEC and the EWOC, the use of subjet radii leads to results
which are also more stable to non-perturbative effects. On physical grounds, this is because
subjets are collections of particles which approximate high-energy partons produced during
a hard process, while hadronization is a low-energy phenomenon. More technically, a subjet
radius is a type of infrared cutoff: if we are investigating jets with a radius Rjet in a process
with a characteristic energy scale Q, and use a subjet radius rsub � 1, we are probing physics
at tranverse momentum scales between QRjet and Qrsub. Therefore, if Qrsub � ΛNP, where
ΛNP is the scale of the non-perturbative physics, we are in a regime where perturbation theory
is valid, and non-perturbative effects are suppressed. In particular, we expect that they are
suppressed by powers of ΛNP/(Qrsub).

For example, hadronization effects in the subjet mass EWOC are controlled by pow-
ers of ΛQCD/(Qrsub) in the regime of small subjet radius. In particular, in the regime
Q ∼ QRjet � χm � Qrsub � ΛQCD, hadronization effects which scale with ΛQCD/Q or

– 11 –

I Collinear unsafety of particle-level EWOCs only
manifests with three or more final-state particles.

I Misleadingly, particle-level EWOCs (within jets) can be
computed at LO.
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Alternatives to Subjets: Lund EEC
Back to the subjets

Lund EEC: [2312.12527]

I EEC based on Lund declusterings;

I Collinear safe → energy weighting now possible for
suppression of underlying event cf Subjets

I Similar to subjets which satisfy certain criteria:
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Alternatives to Subjets: FastEEC
Back to the subjets

FastEEC: [2406.08577]

From “Energy Correlators & Beyond,” Waalewijn, 2024 MITP Workshop
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Subjet Algorithms in pp collisions Back to the Mass EWOC
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Recombination Schemes in e+e− collisions

However, strong dependence on recombination scheme:
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MPI in proton-proton collisions
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Resummation

Resummation depends on the separation of scales: Back to LO

m≪ Qrsub ≪ QRjet

or

Qrsub ≪ m≪ QRjet

For m≪ QRjet, we can factorize the EWOC calculation:

I The hard function conveys the
details of jet production in the hard
process;

I The jet function conveys the
details of jet substructure, and the
EWOC within a single jet.
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i = g

i = q

i = q

Hi ∼ dni
dx

(a)

i =
q

2

JOi ∼ ΣO
dni

(b)

Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –

The hard function Hi is, roughly, the number density (per
x = Ejet=

√
s ) of jets of flavor i emerging from the hard

process.
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –

The jet function JOi is, roughly, the contribution to the
O-EWOC from a jet of partonic flavor i .
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –

∼

(a) (b)

Figure 16: (a) (b) (In the collinear limit at LL, the main contributions to the jet
function for generic EWOCs come from final state particles... –Sam) (Fix so
that particles come out of the splitting, then subjets come from those particles
–Sam) (We can use this in our discussion of parton showers as well to relate
the jet function to the matrix multiplication of a parton-to-parton function and
a partonic splitting function. –Sam) (Ref Equations –Sam)

b) the final state partons: the penultimate parton produces a pair of nearly collinear
“final state” partons,20 a and b, according to the splitting functions Pab←i of eq. (A.11)
and the pseudo-probability distribution of eq. (A.10) (fig. 16 (fix/detail –Sam) ). As
we discuss below, the final states’ angle θab and energy fractions za, zb determine their
contribution Cab←i (notation –Sam) to the EEC: 21

Cab←f (χ) =

∫
dP (za, θab) zazb δ

(
χ− 1− cos (θab)

2

)
≈ 2as

χ

∫ 1

0
dza za(1− za)Pab←f (za).

(A.32)

(check factor –Sam)
20( By final state partons, I mean “partons which correspond to hadronic degrees of freedom

exactly in the limit where local-parton-hadron-duality is exact”. –Sam)
21At LL, the Cab←i are independent of the energy of the hard process, Q, and the energy fraction of the

penultimate parton, zf . At higher orders, the Q and zf dependence of the Cab←i may be captured by the
running of the coupling, as → as (Qzfzaθab), and also by higher order corrections to the splitting functions.

– 41 –

In the collinear limit, the jet function is dominated by
correlations between splittings near the end of the jet’s history;

We can then factorize the jet function even further.
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Parton i Parton f ∼ Ff←i
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Figure 15: Visualization of parton-to-parton fragmentation for a parton of type i decaying
into a jet containing a parton of type f , both (a) without approximations, as an inclusive
probability to produce a parton of type f in the radiation emitted from parton i, and (b) in
the context of a leading-logarithmic, angular-ordered parton shower, matching the notation of
eq. (A.15). The partons labelled by j follow the splittings that lead to parton f , and we must
track their respective momentum fractions to obtain the momentum fraction of parton f ,
while we treat the partons labelled by k fully inclusively and may safely ignore their possible
subsequent fragmentation.

In d = 4− 2ε dimensions, the non-zero NLO splitting functions of QCD take the form

Pqg←q(z) = CF

(
1 + z2

1− z − ε (1− z)
)

(A.11a)

Pgg←g(z) = 2CA

(
1− z
z

+
z

1− z + z(1− z)
)
+ (delta fn –Sam)

(A.11b)

Pqq←g(z) = TF nf

(
1− 2z(1− z)

1− ε

)
(A.11c)

(check and use plus-functions –Sam),

(factor of two in Pgg? If it belongs there I should footnote and explain –Sam)
where CF and CA are the group theory factors defined in eq. (A.2), nf is the number of
massless quark flavors, and we have omitted the redundant non-zero splitting functions.16

Beginning at next-to-next-to-leading order (NNLO), a single parton may split into more than
two children, and beyond fixed order, a jet is formed by an arbitrary number of splittings and
can therefore contain any number of final state partons.

At LL, the all-orders physics of jet formation is simplified dramatically because we may
take parton showers to be angular ordered: each virtual parton splits into two children, and
subsequent splittings occur at exponentially smaller angles, as presented schematically in
fig. 15 and its caption. (add angular ordering citation –Sam)

16i.e. the splitting functions related to those of eq. (A.11) by symmetry, such as Pqg←q(z) = Pgq←q(1− z).
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Semi-inclusive fragmenting jet function: [1606.07063]

followed by parton-to-subjet fragmentation
Semi-inclusive jet function: [1606.06732]
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –

∼

(a) (b)

Figure 16: (a) (b) (In the collinear limit at LL, the main contributions to the jet
function for generic EWOCs come from final state particles... –Sam) (Fix so
that particles come out of the splitting, then subjets come from those particles
–Sam) (We can use this in our discussion of parton showers as well to relate
the jet function to the matrix multiplication of a parton-to-parton function and
a partonic splitting function. –Sam) (Ref Equations –Sam)

b) the final state partons: the penultimate parton produces a pair of nearly collinear
“final state” partons,20 a and b, according to the splitting functions Pab←i of eq. (A.11)
and the pseudo-probability distribution of eq. (A.10) (fig. 16 (fix/detail –Sam) ). As
we discuss below, the final states’ angle θab and energy fractions za, zb determine their
contribution Cab←i (notation –Sam) to the EEC: 21

Cab←f (χ) =

∫
dP (za, θab) zazb δ

(
χ− 1− cos (θab)

2

)
≈ 2as

χ

∫ 1

0
dza za(1− za)Pab←f (za).

(A.32)

(check factor –Sam)
20( By final state partons, I mean “partons which correspond to hadronic degrees of freedom

exactly in the limit where local-parton-hadron-duality is exact”. –Sam)
21At LL, the Cab←i are independent of the energy of the hard process, Q, and the energy fraction of the

penultimate parton, zf . At higher orders, the Q and zf dependence of the Cab←i may be captured by the
running of the coupling, as → as (Qzfzaθab), and also by higher order corrections to the splitting functions.

– 41 –

41

https://arxiv.org/abs/1606.07063
https://arxiv.org/abs/1606.06732


Energy-Weighted
Observable
Correlations
(EWOCs)

Mass Extraction

The Mass EWOC

e+e− → hadrons

Jet Function: Fragmentation

Parton-to-parton fragmentation: Solution to DGLAP

Parton i Parton f ∼ Ff←i

2

(a)

i f

k1

j1

k2

j2

kn

jn−1⊃

2

(b)

Figure 15: Visualization of parton-to-parton fragmentation for a parton of type i decaying
into a jet containing a parton of type f , both (a) without approximations, as an inclusive
probability to produce a parton of type f in the radiation emitted from parton i, and (b) in
the context of a leading-logarithmic, angular-ordered parton shower, matching the notation of
eq. (A.15). The partons labelled by j follow the splittings that lead to parton f , and we must
track their respective momentum fractions to obtain the momentum fraction of parton f ,
while we treat the partons labelled by k fully inclusively and may safely ignore their possible
subsequent fragmentation.

In d = 4− 2ε dimensions, the non-zero NLO splitting functions of QCD take the form

Pqg←q(z) = CF

(
1 + z2

1− z − ε (1− z)
)

(A.11a)

Pgg←g(z) = 2CA

(
1− z
z

+
z

1− z + z(1− z)
)
+ (delta fn –Sam)

(A.11b)

Pqq←g(z) = TF nf

(
1− 2z(1− z)

1− ε

)
(A.11c)

(check and use plus-functions –Sam),

(factor of two in Pgg? If it belongs there I should footnote and explain –Sam)
where CF and CA are the group theory factors defined in eq. (A.2), nf is the number of
massless quark flavors, and we have omitted the redundant non-zero splitting functions.16

Beginning at next-to-next-to-leading order (NNLO), a single parton may split into more than
two children, and beyond fixed order, a jet is formed by an arbitrary number of splittings and
can therefore contain any number of final state partons.

At LL, the all-orders physics of jet formation is simplified dramatically because we may
take parton showers to be angular ordered: each virtual parton splits into two children, and
subsequent splittings occur at exponentially smaller angles, as presented schematically in
fig. 15 and its caption. (add angular ordering citation –Sam)

16i.e. the splitting functions related to those of eq. (A.11) by symmetry, such as Pqg←q(z) = Pgq←q(1− z).
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Semi-inclusive fragmenting jet function: [1606.07063]

Ff←i (z =
Ef
Ei

; Rjet ← Rjet) = ‹ (1− z) ‹i j
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type

– 31 –

∼

(a) (b)

Figure 16: (a) (b) (In the collinear limit at LL, the main contributions to the jet
function for generic EWOCs come from final state particles... –Sam) (Fix so
that particles come out of the splitting, then subjets come from those particles
–Sam) (We can use this in our discussion of parton showers as well to relate
the jet function to the matrix multiplication of a parton-to-parton function and
a partonic splitting function. –Sam) (Ref Equations –Sam)

b) the final state partons: the penultimate parton produces a pair of nearly collinear
“final state” partons,20 a and b, according to the splitting functions Pab←i of eq. (A.11)
and the pseudo-probability distribution of eq. (A.10) (fig. 16 (fix/detail –Sam) ). As
we discuss below, the final states’ angle θab and energy fractions za, zb determine their
contribution Cab←i (notation –Sam) to the EEC: 21

Cab←f (χ) =

∫
dP (za, θab) zazb δ

(
χ− 1− cos (θab)

2

)
≈ 2as

χ

∫ 1

0
dza za(1− za)Pab←f (za).

(A.32)

(check factor –Sam)
20( By final state partons, I mean “partons which correspond to hadronic degrees of freedom

exactly in the limit where local-parton-hadron-duality is exact”. –Sam)
21At LL, the Cab←i are independent of the energy of the hard process, Q, and the energy fraction of the

penultimate parton, zf . At higher orders, the Q and zf dependence of the Cab←i may be captured by the
running of the coupling, as → as (Qzfzaθab), and also by higher order corrections to the splitting functions.
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Figure 15: Visualization of parton-to-parton fragmentation for a parton of type i decaying
into a jet containing a parton of type f , both (a) without approximations, as an inclusive
probability to produce a parton of type f in the radiation emitted from parton i, and (b) in
the context of a leading-logarithmic, angular-ordered parton shower, matching the notation of
eq. (A.15). The partons labelled by j follow the splittings that lead to parton f , and we must
track their respective momentum fractions to obtain the momentum fraction of parton f ,
while we treat the partons labelled by k fully inclusively and may safely ignore their possible
subsequent fragmentation.

In d = 4− 2ε dimensions, the non-zero NLO splitting functions of QCD take the form

Pqg←q(z) = CF

(
1 + z2

1− z − ε (1− z)
)

(A.11a)

Pgg←g(z) = 2CA

(
1− z
z

+
z

1− z + z(1− z)
)
+ (delta fn –Sam)

(A.11b)

Pqq←g(z) = TF nf

(
1− 2z(1− z)

1− ε

)
(A.11c)

(check and use plus-functions –Sam),

(factor of two in Pgg? If it belongs there I should footnote and explain –Sam)
where CF and CA are the group theory factors defined in eq. (A.2), nf is the number of
massless quark flavors, and we have omitted the redundant non-zero splitting functions.16

Beginning at next-to-next-to-leading order (NNLO), a single parton may split into more than
two children, and beyond fixed order, a jet is formed by an arbitrary number of splittings and
can therefore contain any number of final state partons.

At LL, the all-orders physics of jet formation is simplified dramatically because we may
take parton showers to be angular ordered: each virtual parton splits into two children, and
subsequent splittings occur at exponentially smaller angles, as presented schematically in
fig. 15 and its caption. (add angular ordering citation –Sam)

16i.e. the splitting functions related to those of eq. (A.11) by symmetry, such as Pqg←q(z) = Pgq←q(1− z).
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Semi-inclusive fragmenting jet function: [1606.07063]
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Figure 14: Cartoons depicting the hard function Hi of eq. (A.6a) and the jet function J i

of eq. (A.6b) used to compute the EEC in the collinear limit. The label i runs over the set
of partonic flavors (such as ‘quark’ or ‘gluon’), and we single out quark jets by by indicating
them in orange. (a) shows a diagram of a process where a pair of fermions annihilate into
a quark jet, an anti-quark jet, and a gluon jets, contributing to the number densities of
outgoing (anti-)quarks and gluons of the annihilation process – and therefore the values of
the hard functions Hq(x), Hq(x), and Hg(x). (b) shows a diagram of a jet fragmenting into
of subjets. (Switch to particles – do subjet diagram later, when applicable, for
fun/breaking visual monotony –Sam) The hard function is observable-independent and
process-dependent, while the jet function is observable-dependent and process-independent.
(Only one orange cone, to connect pictures more easily –Sam)

the details of jet formation and the angles between particles – the jet function J i(z, χ).
Roughly, the hard function Hi captures the number density per unit energy fraction, dni/dz,
of partons of flavor i emerging from the hard process (or, more precisely, jets initiated by
partons of type i); the partonic flavor i is one of {quark, anti-quark, gluon} in pure QCD.
The jet function J i encodes the subsequent evolution of the jets initiated by partons of type
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∼

(a) (b)

Figure 16: (a) (b) (In the collinear limit at LL, the main contributions to the jet
function for generic EWOCs come from final state particles... –Sam) (Fix so
that particles come out of the splitting, then subjets come from those particles
–Sam) (We can use this in our discussion of parton showers as well to relate
the jet function to the matrix multiplication of a parton-to-parton function and
a partonic splitting function. –Sam) (Ref Equations –Sam)

b) the final state partons: the penultimate parton produces a pair of nearly collinear
“final state” partons,20 a and b, according to the splitting functions Pab←i of eq. (A.11)
and the pseudo-probability distribution of eq. (A.10) (fig. 16 (fix/detail –Sam) ). As
we discuss below, the final states’ angle θab and energy fractions za, zb determine their
contribution Cab←i (notation –Sam) to the EEC: 21

Cab←f (χ) =

∫
dP (za, θab) zazb δ

(
χ− 1− cos (θab)

2

)
≈ 2as

χ

∫ 1

0
dza za(1− za)Pab←f (za).

(A.32)

(check factor –Sam)
20( By final state partons, I mean “partons which correspond to hadronic degrees of freedom

exactly in the limit where local-parton-hadron-duality is exact”. –Sam)
21At LL, the Cab←i are independent of the energy of the hard process, Q, and the energy fraction of the

penultimate parton, zf . At higher orders, the Q and zf dependence of the Cab←i may be captured by the
running of the coupling, as → as (Qzfzaθab), and also by higher order corrections to the splitting functions.
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