
Nonfactorizable charm loop in radiative
leptonic FCNC decays

BOOST 2024 — the 16th International Workshop on Boosted Object
Phenomenology, Reconstruction, Measurements and Searches at Colliders

Ilia Belov1, Dmitri Melikhov2, Alexander Berezhnoy3

1INFN, Sezione di Genova, Italy
2Faculty of Physics, University of Vienna, Austria

30.07.2024

1 / 14



Rare radiative leptonic decays Bs(d) → γ l+l−

Induced by the weak flavor-changing neutral currents (FCNC) b→ s(d)

Forbidden at the tree level of SM =⇒ occur only via the diagrams with loops
New particles might contribute to the loops =⇒ potential New Physics

Small branchings of the order of 10−8 ÷ 10−10 are predicted in SM

Searched for with the same signature as Bs(d) → l+l−, i.e. without reconstructing a
photon. Currently, from [LHCb (2022)], [LHCb (2022)] the upper limit is at

Br(B0
s → γ µ+µ−) < 2.0 · 10−9 [mµµ > 4.9 GeV]

Analogously to Bs → {K(∗), ϕ} l+l−, can be tested for the Lepton Flavor Violation
See discussion in [D. Guadagnoli, M. Reboud and R. Zwicky (2017)].

Theoretically, Bs(d) → γγ decay has the same topology but its branching is enhanced by
the factor 1/α. Currently, from [Belle (2015)] the upper limit is Br(B0

s → γγ) < 3.1 · 10−6
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Pic.: Differential branching fractions for Bs → γl+l− (left) and Bd → γl+l− (right)
decays. The figures are taken from [A. Kozachuk, D. Melikhov and N. Nikitin (2018)]. 2 / 14
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FCNC b → s(d) γ and b → s(d) l+l− transitions in SM

The dominant contribution to b → s γ amplitude comes from a penguin with top quark. At scale µ ∼ mb
the heavy degrees of freedom (t-quark, W -boson) are integrated out, thus leading to the local operator O7
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The top-quark contribution to b → s l+l− amplitude is generated not only by the electromagnetic penguin
operator O7γ , but also by the operators O9V and O10A described by the box (a) and penguin (b) diagrams
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The subleading contribution to b → s γ and b → s l+l− amplitudes comes from a charm-quark loop. The
four-fermion interaction is described by the linear combination of O1 and O2 local operators, that can be
rearranged into the color singlet-singlet and octet-octet operators
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Top and charm contributions to B̄s → γ l+l− amplitude
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Pic.: Diagrams describing the top-quark contributions. Dashed circle denotes the O7 operator, solid circle — O9
operator. In diagrams (a) and (b) the real photon is emitted by spectator s-quark; in diagram (c) the real photon is
emitted from the penguin. We do not show 1/mb-suppressed diagrams where real or virtual photon is emitted by
spectator b-quark.
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Pic.: Diagrams describing the charm-quark contributions: (a) and (b) — Nonfactorizable contributions induced by
the [8 × 8] part of the Hamiltonian (solid squares), (c) Factorizable contribution induced by the [1 × 1] part of the
Hamiltonian (empty squares); a similar factorizable contribution with the real photon emitted from the charm-quark
loop vanishes and is not shown.
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Nonfactorizable charm

A(B̄s→γγ)
nf charm

=
{
Hρη(q, q

′
)ερ(q) εη(q

′
) +Hρη(q

′
, q)ερ(q

′
) εη(q)

}
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=

e
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′
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}
Since the top-quark and the charm-quark amplitudes,

A(B̄s→γγ)
top , A(B̄s→γll)

top , A(B̄s→γγ)
nf charm

, A(B̄s→γll)
nf charm

,

have the similar structure, it is convenient to describe the effect

of charm as a (non-universal) addition to the Wilson coefficient C7,

Ceff
7 = C7 + ∆NF

V (A)C7.
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Pic.: One of the diagrams describing charm
loop contribution to Bs → γ γ(∗) decay
via nonfactorizable soft gluon exchange.• Hρη tensor in a T -product form:

Hρη(q
′
, q) = i

∫
dze

iq′z⟨0|T{ēQcc(z)γρc(z), i
∫
dy L

b→sc̄c[8×8]

weak (y), i

∫
dxLGcc(x), eQs s̄(0)γηs(0)}|B̄s(p)⟩

• Derived expression for the Hρη tensor in Standard Model:

Hρη(q
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2
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∗
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5
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a
B
b
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• In the case of at least one real photon (q′2 = 0 or q2 = 0), Hρη contains only 2 form factors HNF
V,A(q2, q′2),

Hρη(q
′
, q) = −

GF√
2
VcbV

∗
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2
(2C2)QsQc

[
ϵρηq′q HNF

V − i HNF
A
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gηρ qq
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′
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.
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• Two one-loop diagrams with the ⟨V V A⟩
structure give equal contributions to the
three-point function Γ

µνρ (ab)
cc .

• Γ
µνρ (ab)
cc can be parametrized with

three form factors F0,1,2(κ, q). This
representation works in the region of the
external momenta far below the
thresholds, q2, κ2, (κ+ q)2 ≪ 4m2

c .
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Pic.: The ⟨V V A⟩ triangle one-loop diagrams for Γ
µνρ (ab)
cc .

For the parametrization

Γ
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κ
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ϵ
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(
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2
ϵ
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ϵ
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F1 − i

(
κ
2
ϵ
µρνq − κ

ν
ϵ
µρκq

)
F2

the convolution with the gluon field Bν(x) might be fully given in terms of the gluon field strength Gνα(x),∫
dκe

−iκx
Γ
µνρ (ab)
cc (κ, q)B

b
ν(x)dx =

1

4

∫
dκe

−iκx
Γ
µνρα
cc (κ, q)G

a
να(x)dx,

and therefore no explicit use of any specific gauge for the gluon field is necessary.

Γ
µνρα
cc (κ, q) =

(
κ
µ

+ q
µ)
ϵ
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F0 +
(
q
ρ
ϵ
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+ q
2
ϵ
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)
F1 +

(
κ
µ
ϵ
ανρq

+ κ
ρ
ϵ
αµνq − κq ϵ

αµνρ)
F2,

where the form factors F0,1,2 are functions of three independent invariant variables q2, κ2, and κq:

Fi

(
κ
2
, κq, q

2
)

=
1

π2

1∫
0

dξ

1−ξ∫
0

dη
∆i(ξ, η)

m2
c − 2 ξη κq − ξ(1 − ξ)q2 − η(1 − η)κ2

, i = 0, 1, 2,

∆0 = −ξη, ∆1 = ξ(1 − η − ξ), ∆2 = η(1 − η − ξ).
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Double collinear LC configuration

• In the HQ limit the double collinear kinematics
dominates the NF charm-loop contribution to FCNC
B-decay amplitudes.
• Applied for the calculation of NF charm-loop form
factors in Bs → γγ decay. It was shown that the
leading contribution is proportional to the following
combination of the 3DAs:

ΨA + ΨV +2 (W + YA − ỸA) ∼ (λ
2
E + λ

2
H ).

[Q. Qin, Y.-L. Shen, C. Wang and Y.-M. Wang (2023)]

x3

x0

y
x

xµ ∼ n̄µ [gluon coordinate],
yµ ∼ nµ [light quark coordinate],

n2 = n̄2 = 0 and nn̄ = 2,
vµ = pµ/MB = 1

2
(nµ + n̄µ).

The B-meson three-particle BS amplitude is parametrized by

⟨0|s̄(τ1n)Gνα(τ2n̄)Γ b(0)|B̄s(p)⟩ =
fBM

3
B

4

∫
D(ω, λ) e

−i(λτ1+ωτ2)M
Tr

{
γ5Γ(1 + /v)

×
[
(vνγα − vαγν)[ΨA − ΨV ] − iσναΨV +(nνγα − nαγν) (YA +W ) + iϵναµβ n

µ
γ
β
γ
5
ỸA

+(n̄νγα − n̄αγν) (YA +W ) + iϵναµβ n̄
µ
γ
β
γ
5
ỸA + . . .

]}
,

where D(ω, λ) = dω dλ θ(ω)θ(λ)θ(1 − ω − λ).
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Collinear LC configuration

• The amplitude differs by terms O(λBs/MB) from
the amplitude in the double-collinear approximation.

• Applied for calculation of NF charm-loop form factors
in B → K(∗)l+l−, B → K∗γ and Bs → ϕ l+l− decays.

[A. Khodjamirian, T. Mannel and N. Often (2007)]
[A. Khodjamirian, T. Mannel, A. Pivovarov and Y.-M. Wang (2010)]
[N. Gubernari, D. van Dyk and J. Virto (2020)]

• {ΨA,ΨV } + six 3DAs
{
XA, YA, X̃A, ỸA,W,Z

}
parametrizing the kinematics-dependent part.

x3

x0

x
y

x2 = y2 = 0 and x ∼ y

x = uy with u ̸= 0 =⇒ xy = 0

⟨0|s̄(y)Gνα(u y)Γ b(0)|B̄s(p)⟩ =
fBM

3
B

4

∫
D(ω, λ) e

−iλyp−iωuyp
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γ5Γ(1 + /v)
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[
(pνγα − pαγν)

1

MB
[ΨA − ΨV ] − iσναΨV −

(yνpα − yαpν)

yp

(
XA +

/y

yp
MBW

)

+
(yνγα − yαγν)

yp
MB

(
YA +W +

/y
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MBZ

)
− iϵναµβ

yµpβ

yp
γ
5
X̃A + iϵναµβ

yµγβ

yp
γ
5
MB ỸA

]}
,

where the continuity and regularity of 3BS requires the following constraints on 3DAs:∫
D(ω, λ)

{
XA, YA, X̃A, ỸA, Z,W

}
= 0,

∫
D(ω, λ)ω

{
Z,W

}
= 0,

∫
D(ω, λ)λ

{
Z,W

}
= 0.
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Noncollinear LC configuration

• Generic kinematics. Proposed recently

in [D. Melikhov (2022), D. Melikhov (2023)].

• An accurate account for the O(λBs/MB) terms.
{ΨA,ΨV } + 2× 6 3DAs{
X

(x,y)
A , Y

(x,y)
A , X̃

(x,y)
A , Ỹ

(x,y)
A ,W (x,y), Z(x,y)

}
parametrizing the kinematics-dependent part

x3

x0

yx

x [gluon coordinate] and
y [light quark coordinate]

are independent coordinates

⟨0|s̄(y)Gνα(x)Γ b(0)|B̄s(p)⟩ =
fBM

3
B

4

∫
D(ω, λ) e

−iλyp−iωxp
Tr

{
γ5Γ (1 + /v)

×
[
(pνγα − pαγν)

1

MB
[ΨA − ΨV ] − iσναΨV −

(xνpα − xαpν)

xp

(
X

(x)
A

+
/x

xp
MBW

(x)
)

+

(xνγα − xαγν)

xp
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(
Y

(x)
A

+W
(x)

+
/x

xp
MBZ

(x)
)
−iϵναµβ

xµpβ
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γ
5
X̃

(x)
A

+ iϵναµβ
xµγβ
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γ
5
MB Ỹ

(x)
A

+ . . .

]}
,

where the continuity and regularity of the 3BS requires the stronger constraints on 3DAs:∫ 2ω0−λ

0
dωX

(x)
(ω, λ) = 0 ∀λ,

∫ 2ω0−ω

0
dλX

(y)
(ω, λ) = 0 ∀ω,

2ω0−λ∫
0

dω ω
n
Z

(x)
(ω, λ) = 0 ∀λ,

2ω0−ω∫
0

dλλ
n
Z

(y)
(ω, λ) = 0 ∀ω, n = 0, 1.
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Model for the B-meson 3DAs

• Each of 3DAs is a function of ω and λ, which are the fractions of B-meson momentum carried
by gluon and light quark, respectively. The power scaling in ω and λ is related to the conformal
spins of the fields and remains the key property of the model.

Local Duality model from [V. Braun, Y. Ji and A. Manashov (2017)]

Each of DAs is written as an expansion in functions with definite twist. The twists 3 and 4 are
complemented by the higher twists 5 and 6 as following:

ϕ3 =
105(λ2E−λ2H )

32ω7
0M

2
B

λω2 (2ω0 − ω − λ)2 θ (2ω0 − ω − λ)

ϕ4 =
35(λ2E+λ2H )

32ω7
0M

2
B

ω2 (2ω0 − ω − λ)3 θ (2ω0 − ω − λ)

ΨA,V (ω, λ) =
ϕ4 ± ϕ3

2
,

ψ4 ∼ λ2
E λω,

ψ̃4 ∼ λ2
H λω,

ϕ5 ∼ (λ2
E + λ2

H )λ,

ψ5 ∼ λ2
E ω,

ψ̃5 ∼ λ2
H ω,

ϕ6 ∼ (λ2
E − λ2

H ),


Together with ϕ3, ϕ4 contribute to

{
XA, YA, X̃A, ỸA,W, Z

}
,

where the normalization parameters are constrained by the EOM as 3ω
2
0 = 14 (2λ

2
E + λ

2
H ).

From QCD
sum rules,

λ2H ≃ 2λ2E

[A. Grozin,
M. Neubert

(1997)]

[T. Nishikawa,
K. Tanaka

(2014)]

• For {XA, YA, X̃A, ỸA,W,Z} the correction at large ω and λ is applied =⇒ our corrected
model reproduces well the collinear DA magnitudes and power behaviour at small ω and λ.
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Calculated form factors. HNF
i (0, q′2) = RiE(0, q

′2)λ2
E +RiH(0, q′2)λ2

H , i = A, V
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Pic.: (a—d) panels. The contributions RiE and RiH to the form factors Hi [i = A, V ] as functions of q′2.
Dashed lines show the calculation results and solid lines show the fits. (a,b): the appropriate modifications of the
3DAs XA, YA, etc. are taken into account. (c,d): Only the contributions of ΨA and ΨV are taken into account.

Pic.: (e,f) panels. The dependence on parameter λBs of the form factors: (e) RiE,iH (0, 0), i = A, V ; (f) Linear
combination RiE(0, 0) + 2RiH (0, 0) that determines ∆C7 taking into account approximate relation λ2

H ≃ 2λ2
E .
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Calculated form factors. HNF
i (q2, q′2) = Ri(q

2, q′2)λ2
E ,

Ri(q
2, q′2) = RiE(q

2, q′2) + 2RiH(q2, q′2), i = A, V
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Pic.: Ri(q2, 0) dependence (a,b) and Ri(0, q′2) dependence (c,d) for i = V,A. Solid lines are the fits, and
dashed lines present the results of direct calculations in the case of Ri(0, q′2).
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Results for the δNFC7 correction

Adding charm contributions to the top contributions leads to the following sum in the form factors Ai(q2)
[i = A, V ] parametrizing the total Bs → γl+l− amplitude,

Ai(q
2
) =

2C7

q2
mb

(
FTi(q

2
, 0) + FTi(0, q

2
)
)

︸ ︷︷ ︸
Penguin with t-quark

+ C9
Fi(q

2, 0)

MB︸ ︷︷ ︸
Box with t-quark

+ 8π
2 H

F
i (q2, 0)

q2︸ ︷︷ ︸
Factorizable charm

+ 16π
2
QsQc

HNF
i (q2, 0) + HNF

i (0, q2)

q2︸ ︷︷ ︸
Nonfactorizable charm

,

from which the relative сorrection is defined as

δ
NF
i C7 = 8π

2
QsQc

C2

C7mb
ρ
(i)
cc , where ρ

(i)
cc =


HNF
i (0,0)

FT (0,0)
for the case of Bs → γγ

HNF
i (q2,0)+HNF

i (0,q2)

FTi(q
2,0)+FTi(0,q

2)
for the case of Bs → γl+l−

• Numerically, δNF
A C7(q

2) ≃ δNF
V C7(q

2). • The nearest hadron singularities are at 4M2
K and M2

J/ψ .
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Pic.: (a) The functions ρ(i)cc at q2 = 0 versus λBs , i = V,A. (b–c) The relative NF correction δNF
V C7(q

2):
(b) the full result at 0 < q2 < 4M2

K ; (c) δNF
V C7(q

2, 0) which dominates in δNF
V C7(q

2) at q2 > 3 GeV2.
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Conclusions

(i) We derived and made use of the expression for the ⟨V V A⟩ quark loop that is fully given in terms of the gluon
field strength Gµν(x). This has an advantage that no explicit use of any specific gauge for gluon field is necessary.

(ii) We studied the generic noncollinear 3BS of the B-meson. This quantity contains new Lorentz structures and
new 3DAs compared to collinear and double-collinear 3BS. We took into account constraints from the requirement
of analyticity and continuity and implemented proper modifications of the corresponding 3DAs Xi(ω, λ) at large
values of their arguments.

• We derived analytical expressions for the form factors HNF
i (q2, q′2), i = A, V, 3, describing NF contribution of

charm loops to the amplitude of the Bs meson transition into two virtual photons,

HNF
i (q

2
, q

′2
) = λ

2
ERiE(q

2
, q

′2
) + λ

2
HRiH (q

2
, q

′2
), i = A, V, 3.

We interpolated the results of HNF
i (q2, q′2) calculations in the (q2, q′2) rectangular region [sufficiently far from the

quark thresholds] with a formula, which takes into account the presence of the poles at q2 = M2
J/ψ and q′2 = M2

ϕ.

• The contribution of NF charm in Bs → γll decay can be conveniently treated as the q2-correction to the Wilson
coefficient C7, while the contribution of F charm — as the q2-dependent correction to the Wilson coefficient C9,
such that both relative corrections are positive:

∆
NF
C7(q

2
)/C7 > 0 at q2 < 4M

2
K , ∆

F
C9(q

2
)/C9 > 0 at q2 < M

2
J/ψ.

• Our numerical results for the form factors HNF
i (q2, q′2) depend sizeably on the precise value of the parameter

λBs and exhibit about 10% accuracy for a fixed value of λBs . For the B → γγ amplitude an explicit δC7(λBs )

dependence was calculated, from which for our benchmark point λ0
Bs

= 0.45 GeV we found

δ
NF
C7(λ

0
Bs

) = 0.045 ± 0.004.

For λBs in the range 0.3 < λBs (GeV) < 0.6, δC7 covers the range 2÷10 %. 14 / 14
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Deviation from the results for Bs → γγ form factors in the HQ limit

in the double collinear approximation

In the HQ limit in the double-collinear kinematics that dominates the NF charm-loop
contribution to FCNC B-decay amplitudes, the leading contribution to the Bs → γγ amplitude
is proportional to (λ2E + λ2H). This implies that

RV E = RVH , RAE = RAH .

Our results show that these relations are sizeably violated by O(λBs/MB) corrections that come
into the game in the case of exact calculation [no HQ limit and generic kinematics]. Numerically,
these deviations are around 20% (ψA, ψV only) and around 8% (all 3DAs included).
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