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BUT NOTE: ALL THIS WORKS ONLY IF MODEL IS CORRECT
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Figure 1. A selection of the COMPASS multiplicities data. Solid lines are interpolation curves for the 5 panels at the bottom. The
same interpolation lines have been used for top panels, matching values of z and y (see text). Blue lines are all parallel to each other.
This illustrates the roughly linear dependence on y of the normalisation of the multiplicities.

kinematical region where PT ' k? ⌧ Q , reads [4, 5]:
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In the �⇤ � p c.m. frame the measured transverse momen-
tum, PT , of the final hadron is given at order k?/Q by
PT = zh k? + p? . The exact relations can be found in
Ref. [6]. Furthermore, we assume for the k? and p? depen-
dences a Gaussian form, factorized from other kinematical
variables,
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The integrated parton distribution functions (PDFs) and
fragmentation functions (FFs) , fq/p(x) and Dh/q(z), can
be taken from the available fits of the world data: in this
analysis we used the CTEQ6L set for the PDFs [7] and the
DSS set for the fragmentation functions [8]. In the sim-
ple Gaussian parameterisation, supported by a number of
experimental evidences [9] as well as by dedicated lattice

simulations [10], by inserting Eqs. (3) into Eq. (2), one
obtains
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For the multiplicities, defined as Mh
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S IDIS /�DIS (see
reference [2] for further details ), one gets
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with hP2
T i given in Eq. (5). Notice that hk2

?i and hp2
?i are

the free parameters of our fit.

4 Results on multiplicities.

In this section we show the results from two di↵erent fits
on the COMPASS SIDIS multiplicities of Ref. [1]. In both
fits, we used the model of Eqs. (3). Only in the second fit,
we used an extra normalisation factor for the multiplicities,
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Recall that µb⇤ is defined in Eq. (102). There is of course an exactly analogous equation for D̃B(z, b⇤;µb⇤ , µ
2
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).
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Eq. (15) and setting the final scales equal to µ = µQ and ⇣ = Q2 in Eq. (15) gives
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Equation (110) is very close to the standard way of ex-
pressing the CSS-evolved W -term.3 As we have writ-
ten it, there are still no approximations; the solutions
to the evolution equations are exact and the steps above
simply reorganize the original factorization formula in
Eq. (15). However, by writing W (qT, Q) as in Eq. (110),
we have isolated on the first two lines those factors that
can be confidently approximated in perturbation theory
using collinear factorization. The value of bT never rises
above bmax and the scale µb⇤ never drops below C1/bmax.
Therefore, one obtains well-behaved perturbative calcu-
lations by replacing H(µQ;C2), �(↵s(µ0); 1), �K(↵s(µ0))
and K̃(b⇤;µb⇤) by their nth-order perturbative calcula-
tions.

For the TMD ↵s themselves on the first line, the choice
of µ =

p
⇣ = µb⇤ implements RG improvement for the

limit of small bT. As long as bmax is small enough,
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which is a more explicit version of Eq. (25) but in
bT-space. (Here, as usual, m represents any of the

3 There are, however, a large number of minor but not always
obvious variations in the form of the expression in the literature.
There are also many di↵erent systems of notation. See [38] for
some translation.

small intrinsic mass scales, including now 1/bmax.) Sub-
stituting Eq. (111) for both D̃A(zA, b⇤;µb⇤ , µ

2

b⇤
) and

D̃B(zB , b⇤;µb⇤ , µ
2

b⇤
), along with the other perturbative

approximations mentioned above, recovers the standard
CSS expression – compare, for example, with the Drell-
Yan version of TMD factorization in Eq. (22) of [66].
The b⇤ method, as it is explained here, has several de-

sirable properties. There is the elegant feature that, in
dealing with the nonperturbative region of large bT, one
never modifies or approximates the operator definitions
of the TMD ↵s themselves. Rather, on the first line of
Eq. (110) we have simply changed their arguments from
bT to b⇤. Along the same lines, the g-functions on the last
line have explicit definitions in terms of the underlying
QCD operators. The final result for the cross section,
Eq. (110), is exactly independent of the choice of the
b⇤(bT) function in Eq. (100) or of the value of parame-
ters like bmax. Since changing them simply amounts to
reshu✏ing contributions between the perturbative and
non-perturbative factors, the b⇤-independence is a ver-
sion of RG invariance that we can express as

d

dbmax

W (qT, Q) = 0 . (112)

Or, if we consider other more general b⇤(bT) functions
determined by a collection of possibly many parameters
{b-params}, we can express the same relation schemati-
cally as

d

d{b-params}W (qT, Q) = 0 . (113)

These relations are exact for Eq. (110). Therefore, it is le-
gitimate to say that perturbative calculations of the first
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ẑ3
�
2
✏
d r
(ẑ
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Recall that µb⇤ is defined in Eq. (102). There is of course an exactly analogous equation for D̃B(z, b⇤;µb⇤ , µ
2

b⇤
).

Substituting the evolved versions of D̃A(z, b⇤;µb⇤ , µ
2

b⇤
) and D̃B(z, b⇤;µb⇤ , µ

2

b⇤
) into the W -term factorization formula

Eq. (15) and setting the final scales equal to µ = µQ and ⇣ = Q2 in Eq. (15) gives
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Equation (110) is very close to the standard way of ex-
pressing the CSS-evolved W -term.3 As we have writ-
ten it, there are still no approximations; the solutions
to the evolution equations are exact and the steps above
simply reorganize the original factorization formula in
Eq. (15). However, by writing W (qT, Q) as in Eq. (110),
we have isolated on the first two lines those factors that
can be confidently approximated in perturbation theory
using collinear factorization. The value of bT never rises
above bmax and the scale µb⇤ never drops below C1/bmax.
Therefore, one obtains well-behaved perturbative calcu-
lations by replacing H(µQ;C2), �(↵s(µ0); 1), �K(↵s(µ0))
and K̃(b⇤;µb⇤) by their nth-order perturbative calcula-
tions.

For the TMD ↵s themselves on the first line, the choice
of µ =

p
⇣ = µb⇤ implements RG improvement for the

limit of small bT. As long as bmax is small enough,
D̃A,B(zA,B , b⇤;µb⇤ , µ

2

b⇤
) can be expanded in an OPE:
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+O (mbT) , (111)

which is a more explicit version of Eq. (25) but in
bT-space. (Here, as usual, m represents any of the

3 There are, however, a large number of minor but not always
obvious variations in the form of the expression in the literature.
There are also many di↵erent systems of notation. See [38] for
some translation.

small intrinsic mass scales, including now 1/bmax.) Sub-
stituting Eq. (111) for both D̃A(zA, b⇤;µb⇤ , µ

2

b⇤
) and

D̃B(zB , b⇤;µb⇤ , µ
2

b⇤
), along with the other perturbative

approximations mentioned above, recovers the standard
CSS expression – compare, for example, with the Drell-
Yan version of TMD factorization in Eq. (22) of [66].
The b⇤ method, as it is explained here, has several de-

sirable properties. There is the elegant feature that, in
dealing with the nonperturbative region of large bT, one
never modifies or approximates the operator definitions
of the TMD ↵s themselves. Rather, on the first line of
Eq. (110) we have simply changed their arguments from
bT to b⇤. Along the same lines, the g-functions on the last
line have explicit definitions in terms of the underlying
QCD operators. The final result for the cross section,
Eq. (110), is exactly independent of the choice of the
b⇤(bT) function in Eq. (100) or of the value of parame-
ters like bmax. Since changing them simply amounts to
reshu✏ing contributions between the perturbative and
non-perturbative factors, the b⇤-independence is a ver-
sion of RG invariance that we can express as

d

dbmax

W (qT, Q) = 0 . (112)

Or, if we consider other more general b⇤(bT) functions
determined by a collection of possibly many parameters
{b-params}, we can express the same relation schemati-
cally as

d

d{b-params}W (qT, Q) = 0 . (113)

These relations are exact for Eq. (110). Therefore, it is le-
gitimate to say that perturbative calculations of the first
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/ẑ

,b
T
;µ

2 b ⇤
,µ

b ⇤
,↵

s
(µ

b ⇤
))

+
O
(m

b T
)
,

(1
11
)

w
h
ic
h

is
a

m
or
e

ex
p
li
ci
t
ve
rs
io
n

of
E
q.

(2
5)

b
u
t
in

b T
-s
p
ac
e.

(H
er
e,

as
u
su
al
,
m

re
p
re
se
nt
s
an

y
of

th
e

3
T
h
er
e
a
re
,
h
ow

ev
er
,
a

la
rg
e
n
u
m
b
er

o
f
m
in
o
r
b
u
t
n
o
t
a
lw

ay
s

o
b
v
io
u
s
va

ri
a
ti
o
n
s
in

th
e
fo
rm

o
f
th

e
ex

p
re
ss
io
n
in

th
e
li
te
ra
tu

re
.

T
h
er
e
a
re

a
ls
o
m
a
n
y
d
i↵
er
en

t
sy
st
em

s
o
f
n
o
ta
ti
o
n
.
S
ee

[3
8
]
fo
r

so
m
e
tr
a
n
sl
a
ti
o
n
.

sm
al
l
in
tr
in
si
c
m
as
s
sc
al
es
,
in
cl
u
d
in
g
n
ow

1/
b m

a
x
.)

S
u
b
-

st
it
u
ti
n
g

E
q.

(1
11
)

fo
r

b
ot
h

D̃
A
(z

A
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)

an
d

D̃
B
(z

B
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
),

al
on

g
w
it
h

th
e
ot
h
er

p
er
tu
rb
at
iv
e

ap
p
ro
xi
m
at
io
n
s
m
en
ti
on

ed
ab

ov
e,

re
co
ve
rs

th
e
st
an

d
ar
d

C
S
S
ex
p
re
ss
io
n
–
co
m
p
ar
e,

fo
r
ex
am

p
le
,
w
it
h
th
e
D
re
ll
-

Y
an

ve
rs
io
n
of

T
M
D

fa
ct
or
iz
at
io
n
in

E
q.

(2
2)

of
[6
6]
.

T
h
e
b ⇤

m
et
h
od

,
as

it
is
ex
p
la
in
ed

h
er
e,

h
as

se
ve
ra
l
d
e-

si
ra
b
le

p
ro
p
er
ti
es
.
T
h
er
e
is

th
e
el
eg
an

t
fe
at
u
re

th
at
,
in

d
ea
li
n
g
w
it
h
th
e
n
on

p
er
tu
rb
at
iv
e
re
gi
on

of
la
rg
e
b T

,
on

e
n
ev
er

m
od

ifi
es

or
ap

p
ro
xi
m
at
es

th
e
op

er
at
or

d
efi
n
it
io
n
s

of
th
e
T
M
D

↵
s
th
em

se
lv
es
.
R
at
h
er
,
on

th
e
fi
rs
t
li
n
e
of

E
q.

(1
10
)
w
e
h
av
e
si
m
p
ly

ch
an

ge
d
th
ei
r
ar
gu

m
en
ts

fr
om

b T
to

b ⇤
.
A
lo
n
g
th
e
sa
m
e
li
n
es
,
th
e
g-
fu
n
ct
io
n
s
on

th
e
la
st

li
n
e
h
av
e
ex
p
li
ci
t
d
efi
n
it
io
n
s
in

te
rm

s
of

th
e
u
n
d
er
ly
in
g

Q
C
D

op
er
at
or
s.

T
h
e
fi
n
al

re
su
lt

fo
r
th
e
cr
os
s
se
ct
io
n
,

E
q.

(1
10
),

is
ex
ac
tl
y

in
d
ep

en
d
en
t
of

th
e
ch
oi
ce

of
th
e

b ⇤
(b

T
)
fu
n
ct
io
n
in

E
q.

(1
00
)
or

of
th
e
va
lu
e
of

p
ar
am

e-
te
rs

li
ke

b m
a
x
.
S
in
ce

ch
an

gi
n
g
th
em

si
m
p
ly

am
ou

nt
s
to

re
sh
u
✏
in
g
co
nt
ri
b
u
ti
on

s
b
et
w
ee
n

th
e
p
er
tu
rb
at
iv
e
an

d
n
on

-p
er
tu
rb
at
iv
e
fa
ct
or
s,

th
e
b ⇤
-i
n
d
ep

en
d
en
ce

is
a
ve
r-

si
on

of
R
G

in
va
ri
an

ce
th
at

w
e
ca
n
ex
p
re
ss

as

d

d
b m

a
x

W
(q

T
,Q

)
=

0
.

(1
12
)

O
r,

if
w
e
co
n
si
d
er

ot
h
er

m
or
e
ge
n
er
al

b ⇤
(b

T
)
fu
n
ct
io
n
s

d
et
er
m
in
ed

by
a
co
ll
ec
ti
on

of
p
os
si
b
ly

m
an

y
p
ar
am

et
er
s

{b
-p
ar
am

s}
,
w
e
ca
n
ex
p
re
ss

th
e
sa
m
e
re
la
ti
on

sc
h
em

at
i-

ca
ll
y
as

d

d
{b

-p
ar
am

s}
W

(q
T
,Q

)
=

0
.

(1
13
)

T
h
es
e
re
la
ti
on

s
ar
e
ex
ac
t
fo
r
E
q.

(1
10
).

T
h
er
ef
or
e,
it
is
le
-

gi
ti
m
at
e
to

sa
y
th
at

p
er
tu
rb
at
iv
e
ca
lc
u
la
ti
on

s
of

th
e
fi
rs
t

31

D̃
A
(z
,b

T
;µ

,⇣
)
=

D̃
A
(z
,b

⇤;
µ
,⇣
)
ex
p

⇢
�
g A

(z
,b

T
)
�
g K

(b
T
)
ln

✓
p
⇣

Q
0

◆
�

=
D̃

A
(z
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)
ex
p

(
Z

µ

µ
b
⇤

dµ
0

µ
0

 �
(↵

s
(µ

0 )
;1
)
�
ln

p
⇣

µ
0
� K

(↵
s
(µ

0 )
)�

+
ln

p
⇣

µ
b ⇤

K̃
(b

⇤;
µ
b ⇤
))

⇥
ex
p

⇢
�
g A

(z
,b

T
)
�

g K
(b

T
)
ln

✓
p
⇣

Q
0

◆
�

.
(1
09
)

R
ec
al
l
th
at

µ
b ⇤

is
d
efi
n
ed

in
E
q.

(1
02
).

T
h
er
e
is

of
co
u
rs
e
an

ex
ac
tl
y
an

al
og
ou

s
eq
u
at
io
n

fo
r
D̃

B
(z
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
).

S
u
b
st
it
u
ti
n
g
th
e
ev
ol
ve
d
ve
rs
io
n
s
of

D̃
A
(z
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)
an

d
D̃

B
(z
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)
in
to

th
e
W

-t
er
m

fa
ct
or
iz
at
io
n
fo
rm

u
la

E
q.

(1
5)

an
d
se
tt
in
g
th
e
fi
n
al

sc
al
es

eq
u
al

to
µ
=

µ
Q

an
d
⇣
=

Q
2
in

E
q.

(1
5)

gi
ve
s

W
(q

T
,Q

)
=

H
(µ

Q
;C

2
)

Z
d
2
b T

(2
⇡
)2

e�
iq

T
·b

T
D̃

A
(z

A
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)D̃

B
(z

B
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)

⇥
ex
p

(
2

Z
µ
Q

µ
b
⇤

dµ
0

µ
0

 �
(↵

s
(µ

0 )
;1
)
�
ln

Q µ
0�

K
(↵

s
(µ

0 )
)�

+
ln

Q
2

µ
2 b ⇤

K̃
(b

⇤;
µ
b ⇤
))

⇥
ex
p

⇢
�
g A

(z
A
,b

T
)
�
g B

(z
B
,b

T
)
�

g K
(b

T
)
ln

✓
Q

2

Q
2 0

◆
�

.
(1
10
)

E
qu

at
io
n
(1
10
)
is

ve
ry

cl
os
e
to

th
e
st
an

d
ar
d
w
ay

of
ex
-

p
re
ss
in
g
th
e
C
S
S
-e
vo
lv
ed

W
-t
er
m
.3

A
s
w
e
h
av
e
w
ri
t-

te
n

it
,
th
er
e
ar
e
st
il
l
n
o
ap

p
ro
xi
m
at
io
n
s;

th
e
so
lu
ti
on

s
to

th
e
ev
ol
u
ti
on

eq
u
at
io
n
s
ar
e
ex
ac
t
an

d
th
e
st
ep
s
ab

ov
e

si
m
p
ly

re
or
ga
n
iz
e
th
e
or
ig
in
al

fa
ct
or
iz
at
io
n

fo
rm

u
la

in
E
q.

(1
5)
.
H
ow

ev
er
,
by

w
ri
ti
n
g
W

(q
T
,Q

)
as

in
E
q.

(1
10
),

w
e
h
av
e
is
ol
at
ed

on
th
e
fi
rs
t
tw

o
li
n
es

th
os
e
fa
ct
or
s
th
at

ca
n
b
e
co
n
fi
d
en
tl
y
ap

p
ro
xi
m
at
ed

in
p
er
tu
rb
at
io
n
th
eo
ry

u
si
n
g
co
ll
in
ea
r
fa
ct
or
iz
at
io
n
.
T
h
e
va
lu
e
of

b T
n
ev
er

ri
se
s

ab
ov
e
b m

a
x
an

d
th
e
sc
al
e
µ
b ⇤

n
ev
er

d
ro
p
s
b
el
ow

C
1
/b

m
a
x
.

T
h
er
ef
or
e,

on
e
ob

ta
in
s
w
el
l-
b
eh
av
ed

p
er
tu
rb
at
iv
e
ca
lc
u
-

la
ti
on

s
by

re
p
la
ci
n
g
H
(µ

Q
;C

2
),

�
(↵

s
(µ

0 )
;1
),

� K
(↵

s
(µ

0 )
)

an
d
K̃
(b

⇤;
µ
b ⇤
)
by

th
ei
r
n
t
h
-o
rd
er

p
er
tu
rb
at
iv
e
ca
lc
u
la
-

ti
on

s.
F
or

th
e
T
M
D

↵
s
th
em

se
lv
es

on
th
e
fi
rs
t
li
n
e,

th
e
ch
oi
ce

of
µ

=
p
⇣
=

µ
b ⇤

im
p
le
m
en
ts

R
G

im
p
ro
ve
m
en
t
fo
r
th
e

li
m
it

of
sm

al
l
b T

.
A
s
lo
n
g

as
b m

a
x

is
sm

al
l
en
ou

gh
,

D̃
A
,B
(z

A
,B
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)
ca
n
b
e
ex
p
an

d
ed

in
an

O
P
E
:

D̃
(
n
,d

r
)
(z
,b

⇤;
µ
b ⇤
,µ

2 b ⇤
)

=

Z
1

z

d
ẑ
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W (n)(qT, Q) ⌘ H(n)(↵s(µQ);C2)

Z
d2bT
(2⇡)2

e�iqT·bT D̃
(n,dr)

A (zA, bT;µQ0 , Q
2

0
) D̃

(n,dr)

B (zB , bT;µQ0 , Q
2

0
)

⇥ exp

(
K̃

(n)
(bT;µQ0) ln

✓
Q2

Q2
0

◆
+

Z µQ

µQ0

dµ0

µ0


2�(n)(↵s(µ

0); 1)� ln
Q2

µ02 �
(n)
K (↵s(µ

0))

�)
. (65)

The approximation, notated by the “(n)” superscript on
W (n)(qT, Q), is such that the scale dependence given
by the evolution equations in Eqs. (17)–(19) is accurate
point-by-point for Q � Q0 with errors at most of or-
der O

�
↵s(Q0)n+1

�
– see Eqs. (62)–(63). When Q = Q0

the W (n)(Q0, qT) defined in Eq. (65) reduces to the TMD
parton model up to the overall factor ofH(n)(↵s(µQ);C2)
and

W (qT, Q0)�W (n)(qT, Q0)

= O
�
↵s(µQ0)

n+1
�
+O

✓
m

Q0

◆
. (66)

While it might appear that we have only succeeded
at introducing an excessive amount of notation, the end
result is a fairly simple recipe for combining any arbi-
trary model of nonperturbative transverse momentum
dependence with full TMD factorization and evolution.
After some basic initial decisions like choosing a value
for Q0 and fixing renormalization schemes, the steps are
as follows:

A) Model Building

A1: Choose a nonperturbative model, or a non-
perturbative technique more generally, to phenomeno-
logically parametrize the small transverse momentum de-
pendence in the TMD ↵ D

�
zA, zAkAT;µQ0 , Q

2
0

�
and in

K(kT;µQ0) at the input scale. (See, for example, the list
of models in the introduction. These can likely be used
here.)

A2: For step A1, make any modifications to
the models that are necessary to ensure that they
satisfy Eq. (39), Eq. (41), Eq. (47), Eq. (52), and
Eqs. (54)–(57). This step mostly amounts to extrap-
olating existing models to low order perturbative de-
scriptions of kT ⇡ Q0 behavior. The result is a

set of parametrizations for D̃(n,dr)

input,A

�
zA, bT;µQ0 , Q

2
0

�
,

D̃(n,dr)

input,B

�
zB , bT;µQ0 , Q

2
0

�
, and K̃(n)

input
(bT;µQ0).

A3: Choose a functional form for the Q0(bT) in
Eq. (42) to implement the transition between scales.
Use the “input” functions from step A2 to construct

K̃
(n)

(bT;µQ0) and D̃
(n,dr)

(z, bT;µQ0 , Q
2
0
) via Eq. (45)

and Eq. (61).

B) Phenomenology at Q ⇡ Q0

B1: Apply factorization phenomenologically to Q =
Q0, Type I processes by taking

D̃
(n,dr)

(z, bT;µQ0 , Q
2

0
) ! D̃(n,dr)

input
(z, bT;µQ0 , Q

2

0
)

in Eq. (65). This corresponds to the TMD parton model
formula in Eq. (22) with the input function of step A2.
Fix any parameters in the nonperturbative model. This
step is essentially no di↵erent from traditional TMD par-
ton model motivated approaches to describing Type I
processes. Thus, prior existing phenomenological results
can likely be reused here.

B2: Consider the phenomenological behavior of cross
sections in a region of Q around Q ⇡ Q0. Take

D̃
(n,dr)

(z, bT;µQ0 , Q
2

0
) ! D̃(n,dr)

input
(z, bT;µQ0 , Q

2

0
)

K̃
(n)

(bT;µQ0) ! K̃(n)
input

(bT;µQ0)

in Eq. (65), and use the resulting formula in phenomeno-
logical fits to fix any nonperturbative parameters in

K̃(n)
input

(bT;µQ0) in the Q ⇡ Q0 region.

B3: Verify that the e↵ect of replacing K̃
(n)

(bT;µQ0)

and D̃
(n,dr)

(z, bT;µQ0 , Q
2
0
) by K̃(n)

input
(bT;µQ0) and

D̃(n,dr)

input

�
z, bT;µQ0 , Q

2
0

�
respectively is negligible for nu-

merical calculations around Q ⇡ Q0.

C) Phenomenology at large Q

C1: Use Eq. (65) to evolve to significantly larger Q
and make predictions for Type II observables. Then re-
fit and/or tune the nonperturbative parameters and im-
prove the agreement with the higher Q observables. The
adjustment of parameters should be expected to be min-
imal since the larger Q measurements are less sensitive
to large bT.

C2: Continue to repeat step C1 with even higher
Q. One should expect the accuracy of predictions to in-
crease, both because of the growing constraints on non-
perturbative parameters from previous steps and because
larger Q is less sensitive to large bT and more sensitive
to small ↵s(Q) perturbative contributions.

It is possible to transform Eq. (65) into a form more
familiar from traditional implementations of the CSS for-
malism. While that is not necessary, and indeed we would

6

so the full (underlined, in the notation of Ref. [16]) kernel is

K̃(bT;µQ0) =
2↵s(µQ0

)CF

⇡

"
K0(bTmK) + ln

 
mK

µ
Q0

!#
�
Z

µQ0

µQ0

dµ0

µ0 �K(↵s(µ
0)) . (17)

The nonperturbative model parameter in K̃(bT;µQ0) is mK . The bar on top of Q0 and µ
Q0

is the symbol introduced

in [16] to indicate that this is a scale that is fixed to Q0 at large bT, but which transitions to ⇠ 1/bT behavior as
bT ! 0. The role of the “scale transformation function”, Q0, is analogous to that of b⇤ in the usual CSS treatment,
and its exact choice is, in principle, arbitrary. We will continue to use the choice for Q0 from Ref. [16]. We provide
the expression in Appendix A of this paper. We remark that it is possible to consider other types of nonperturbative
behavior for the CS kernel within the approach of Ref. [16], including recent calculations in lattice QCD (see for
instance Refs. [22–25]).

III. TMD PARTON DENSITY & FRAGMENTATION FUNCTIONS

For constructing parametrizations of the quark and antiquark TMD pdfs and ↵s, we repeat the steps in Sec.VI
of Ref. [16]. We continue to use the additive structure from the examples in Ref. [16] to interpolate between a
nonperturbative core and the perturbative tail. The first terms transition into the fixed O (↵s(µ)) tail calculation of
the TMD at large kT, while the last term is a non-perturbative “core” that describes the peak at very small kT. The
core term is further constrained by an integral relation analogous to Eq. (2), which determines its overall normalization
factor Ch/j .

Thus, for the input quark ↵

Dinpt,h/j(z, zkT;µQ0 , Q
2
0) =

1

2⇡z2
1

k2T +m2
Dh,j

"
AD

h/j
(z;µQ0) +BD

h/j
(z;µQ0) ln

Q2
0

k2T +m2
Dh,j

#

+
1

2⇡z2
1

k2T +m2
Dh,g

AD,g

h/j
(z;µQ0)

+ CD

h/j
Dcore,h/j(z, zkT;Q

2
0) , (18)

where Dcore,h/j(z, zkT;Q2
0) is a parametrization of the peak of the TMD ↵ to be specified later. To compactify

notation, we have dropped the (n, dr) superscripts that were used in [16], but we have included a hadron label h
and j 2 u, d, s, c, . . . labels for parton flavors and anti-flavors. AD, BD, and CD are abbreviations for the following
expressions,

AD

h/j
(z;µQ0) ⌘

X

jj0

�j0j
↵s(µQ0)

⇡

⇢⇥
(Pjj0 ⌦ dh/j0)(z;µQ0)

⇤
� 3CF

2
dh/j0(z;µQ0)

�
, (19)

BD

h/j
(z;µQ0) ⌘

X

jj0

�j0j
↵s(µQ0)CF

⇡
dh/j0(z;µQ0) , (20)

AD,g

h/j
(z;µQ0) ⌘

↵s(µQ0)

⇡

⇥
(Pgj ⌦ dh/g)(z;µQ0)

⇤
, (21)

CD

h/j
⌘ 1

ND

h/j

"
dh/j(z;µQ0)�AD

h/j
(z;µQ0) ln

✓
µQ0

mDh,j

◆
�BD

h/j
(z;µQ0) ln

✓
µQ0

mDh,j

◆
ln

✓
Q2

0

µQ0mDh,j

◆
,

�AD,g

h/j
(z;µQ0) ln

✓
µQ0

mDh,g

◆
+

↵s(µQ0)

2⇡

8
<

:
X

jj0

�j0j [Cj
0
/j

� ⌦ dh/j0 ](z;µQ0) + [Cg/j

� ⌦ dh/g](z;µQ0)

9
=

;

#
. (22)

7

where

Pqq(z) = Pq̄q̄(z) = CF


1 + z2

(1� z)+
+

3

2
� (1� z)

�
, (23)

Pgq(z) = CF

1 + (1� z)2

z
, (24)

Cq/q

� (z) = 2Pqq(z) ln z + CF (1� z)� CF

⇡2

12
�(1� z) , (25)

Cg/q

� (z) = 2Pgq(z) ln z + CF z , (26)

ND

h/j
⌘ 2⇡ z2

Z 1

0
dkTkT Dcore,h/j(z, zkT;Q

2
0) . (27)

For the TMD pdfs, the expressions are similar,

finpt,i/p(x,kT;µQ0 , Q
2
0) =

1

2⇡

1

k2T +m2
fi,p

"
Af

i/p
(x;µQ0) +Bf

i/p
(x;µQ0) ln

Q2
0

k2T +m2
fi,p

#

+
1

2⇡

1

k2T +m2
fg,p

Af,g

i/p
(x;µQ0)

+ Cf

i/p
fcore,i/p(x,kT;Q

2
0) , (28)

with the corresponding abbreviations

Af

i/p
(x;µQ0) ⌘

X

ii0

�i0i
↵s(µQ0)

⇡

⇢⇥
(Pi0i ⌦ fi0/p)(x;µQ0)

⇤
� 3CF

2
fi0/p(x;µQ0)

�
, (29)

Bf

i/p
(x;µQ0) ⌘

X

i0i

�i0i
↵s(µQ0)CF

⇡
fi0/p(x;µQ0) , (30)

Af,g

i/p
(x;µQ0) ⌘

↵s(µQ0)

⇡

⇥
(Pig ⌦ fg/p)(x;µQ0)

⇤
, (31)

Cf

i/p
⌘ 1

Nf

i/p

"
fi/p(x;µQ0)�Af

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
�Bf

i/p
(x;µQ0) ln

✓
µQ0

mfi,p

◆
ln

✓
Q2

0

µQ0mfi,p

◆
,

�Af,g

i/p
(x;µQ0) ln

✓
µQ0

mfg,p

◆
+

↵s(µQ0)

2⇡

(
X

ii0

�i0i[Ci/i
0

� ⌦ fi0/p](x;µQ0) + [Ci/g

� ⌦ fg/p](x;µQ0)

)#
. (32)

where

Pig(x) = TF

⇥
x2 + (1� x)2

⇤
, (33)

Ci/i

� (x) = CF (1� x)� CF

⇡2

12
�(1� x) , (34)

Cg/p

� (x) = 2TFx(1� x) , (35)

Nf

i/p
⌘ 2⇡

Z 1

0
dkTkT fcore,i/p(x,kT;Q

2
0) (36)

In Eq. (28), fcore,i/p(x,kT;Q2
0) parametrizes the core peak of the TMD pdf. (We remind the reader that it is to be

understood that all explicit perturbative parts in this paper are calculated to lowest order in ↵s.)
To extend the TMD pdf and ↵ parametrizations above to account for the bT ⌧ 1/Q0 region, we transform to

transverse coordinate space and use Eq. (92) of [16] and its analog for the TMD pdf,

D̃h/j(z, bT;µQ0 , Q
2
0) = D̃inpt,h/j(z, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (37)

f̃i/p(x, bT;µQ0 , Q
2
0) = f̃inpt,i/p(x, bT;µQ0

, Q
2
0)E(Q0/Q0, bT) . (38)

RG IMPROVEMENTS 
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6

so the full (underlined, in the notation of Ref. [16]) kernel is

K̃(bT;µQ0) =
2↵s(µQ0

)CF

⇡

"
K0(bTmK) + ln

 
mK

µ
Q0

!#
�
Z

µQ0

µQ0

dµ0

µ0 �K(↵s(µ
0)) . (17)

The nonperturbative model parameter in K̃(bT;µQ0) is mK . The bar on top of Q0 and µ
Q0

is the symbol introduced

in [16] to indicate that this is a scale that is fixed to Q0 at large bT, but which transitions to ⇠ 1/bT behavior as
bT ! 0. The role of the “scale transformation function”, Q0, is analogous to that of b⇤ in the usual CSS treatment,
and its exact choice is, in principle, arbitrary. We will continue to use the choice for Q0 from Ref. [16]. We provide
the expression in Appendix A of this paper. We remark that it is possible to consider other types of nonperturbative
behavior for the CS kernel within the approach of Ref. [16], including recent calculations in lattice QCD (see for
instance Refs. [22–25]).

III. TMD PARTON DENSITY & FRAGMENTATION FUNCTIONS

For constructing parametrizations of the quark and antiquark TMD pdfs and ↵s, we repeat the steps in Sec.VI
of Ref. [16]. We continue to use the additive structure from the examples in Ref. [16] to interpolate between a
nonperturbative core and the perturbative tail. The first terms transition into the fixed O (↵s(µ)) tail calculation of
the TMD at large kT, while the last term is a non-perturbative “core” that describes the peak at very small kT. The
core term is further constrained by an integral relation analogous to Eq. (2), which determines its overall normalization
factor Ch/j .

Thus, for the input quark ↵

Dinpt,h/j(z, zkT;µQ0 , Q
2
0) =

1

2⇡z2
1

k2T +m2
Dh,j

"
AD

h/j
(z;µQ0) +BD

h/j
(z;µQ0) ln

Q2
0

k2T +m2
Dh,j

#

+
1

2⇡z2
1

k2T +m2
Dh,g

AD,g

h/j
(z;µQ0)

+ CD

h/j
Dcore,h/j(z, zkT;Q

2
0) , (18)

where Dcore,h/j(z, zkT;Q2
0) is a parametrization of the peak of the TMD ↵ to be specified later. To compactify

notation, we have dropped the (n, dr) superscripts that were used in [16], but we have included a hadron label h
and j 2 u, d, s, c, . . . labels for parton flavors and anti-flavors. AD, BD, and CD are abbreviations for the following
expressions,

AD

h/j
(z;µQ0) ⌘

X

jj0

�j0j
↵s(µQ0)

⇡

⇢⇥
(Pjj0 ⌦ dh/j0)(z;µQ0)

⇤
� 3CF

2
dh/j0(z;µQ0)

�
, (19)

BD

h/j
(z;µQ0) ⌘

X

jj0

�j0j
↵s(µQ0)CF

⇡
dh/j0(z;µQ0) , (20)

AD,g

h/j
(z;µQ0) ⌘

↵s(µQ0)

⇡

⇥
(Pgj ⌦ dh/g)(z;µQ0)

⇤
, (21)

CD

h/j
⌘ 1

ND

h/j

"
dh/j(z;µQ0)�AD

h/j
(z;µQ0) ln

✓
µQ0

mDh,j

◆
�BD

h/j
(z;µQ0) ln

✓
µQ0

mDh,j

◆
ln

✓
Q2

0

µQ0mDh,j

◆
,

�AD,g

h/j
(z;µQ0) ln

✓
µQ0

mDh,g

◆
+

↵s(µQ0)

2⇡

8
<

:
X

jj0

�j0j [Cj
0
/j

� ⌦ dh/j0 ](z;µQ0) + [Cg/j

� ⌦ dh/g](z;µQ0)

9
=

;

#
. (22)
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FIG. 8: Comparison of the TMD functions in the HSO approach and their large-kT behavior predicted by pQCD. The bands
show the variation of the TMD pdf of Eq. (28) (left) and the TMD ↵ Eq. (18) (right), with respect to mass parameters, using
the Gaussian ansatzes of Eq. (43). The range of masses indicated in the labels are the same as those used to obtained the red
band in the left panel of Fig. 6. The dot-dashed lines show the pQCD calculation of Eq. (42) for the TMD pdf (left), and that
of Eq. (41) for the TMD ↵ (right). The correct behavior for the models, has been imposed from the onset in Eq. (41) Eq. (42),
through the A and B coe�cients. This is indeed a necessary condition for the agreement of the TMD cross section and the
asymptotic term in the left panel of Fig. 6.

transverse momentum perturbative tails. Such analyses can then be related directly to specific regions of observable
transverse momentum in experimental data, in the spirit of, for example, the discussion of Fig. 17 in [8]. Ultimately,
one hopes to infer, from the extracted correlation functions, information about the underlying nonperturbative physics.
To see an example of where this will be useful, consider Ref. [85], which describes a treatment of intrinsic transverse
momentum in a field theoretic chiral constituent quark model where the chiral symmetry breaking scale is large
relative to the constituent quark mass. The HSO approach discussed in this paper is ideally suited for connecting
this and similar descriptions to SIDIS data in the context of a complete TMD factorization treatment. Notice in
particular that the additive model we constructed in Secs. (III)–(IV) aligns naturally with the Gaussian-plus-tail
type of description in Ref. [85]. More generally, adopting an HSO approach enables us to begin to ask more specific
and detailed phenomenological questions about the adequacy of specific theories of nonperturbative small transverse
momentum behavior.

The elements necessary for these and other studies designed to identify separate perturbative and nonperturbative
structures are in place now, and extensions to higher orders in ↵s are straightforward, given existing results in the
literature.
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FIG. 2: SIDIS di↵erential cross section (absolute value) in the standard approach, within di↵erent approximations for the
structure functions: FTMD

ST (solid red line), FASY
ST (dashed blue line) and FFO

ST (dot-dashed black line). The chosen kinematics
roughly correspond to regions accessible by the COMPASS experiment and the EIC. The TMD term is calculated with the
quadratic model for the g-functions of Eq. (78), at fixed values for the small-mass parameters MF = MD/z = 0.1GeV, and
we have used the b⇤ prescription of Eq. (75) with bmax = 1.0GeV�1. We consider the cross section at two values of the input
scale Q0, and no TMD evolution is performed. Left: The cross section is shown for Q0 = 4.0GeV. Right: The cross section is
shown for Q0 = 20.0GeV. For visibility, the bottom panels show the same curves as the top, but with a vertical linear scale
and a reduced range of qT. Note that, despite the small values of the mass parameters, the three approximations never overlap
in the intermediate region of transverse momentum, m ⌧ qT ⌧ Q.

Eq. (15) with the parametrizations in Eq. (18) and Eq. (28). That is, we use

⇥
fj/p, Dh/j

⇤
!

Z
d2bT
(2⇡)2

e�iqT·bT f̃j/p(x, bT;µQ0 , µ
2
Q0

) D̃h/j(z, bT;µQ0 , µ
2
Q0

)

⇥ exp

(
K̃(bT;µQ0) ln

✓
Q2

Q2
0

◆
+

Z
µQ

µQ0

dµ0

µ0


2�(↵s(µ

0); 1)� ln
Q2

µ02 �K(↵s(µ
0))

�)
, (83)
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FIG. 4: SIDIS di↵erential cross section (absolute value) in the HSO approach, comparing di↵erent approximations for the
structure functions: FTMD

HSO (solid red line), FASY
HSO (dashed blue line) and FFO as in Eq. (86) (dot-dashed black line). For

comparison, the same kinematics have been used as in Fig. 2. The TMD term is calculated with the Gaussian models of
Eqs. (43)–(50), with appropriate constraints as in Eq. (18) and Eq. (28). These models essentially determine the g-functions,
similar to Eq. (78) in the standard approach, but with the correct treatment of the large-kT behavior and the implementation
of integral relations. To allow for a meaningful comparison, we use the same values for the small-mass parameters MF =
MD/z = 0.1GeV as in Fig. 2. The masses appearing in Eq. (18) are set to mDh,j = mDh,g = MD, and those in Eq. (28) to
mfi,p = mfg,p = MF. We compute the cross section at the same two values for the input scale Q0 considered in Fig. 2. Left:
The cross section for Q0 = 4.0GeV. Right: The cross section for Q0 = 20.0GeV. Note the improvement in the consistency of
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IV. TRANSVERSE MOMENTUM DISTRIBUTIONS

At the frontier of hadron structure studies is the three-dimensional (3D) structure of the nucleon. Both the confined
motion and the spatial distribution (see Section III) of quarks and gluons inside a bound nucleon characterize its 3D
internal structure, which is an immediate consequence of QCD dynamics. To probe such 3D internal structure one
utilizes physical observables with two-scales; a large momentum transfer Q that ensures localization of the probe and
manifestation of the particle nature of quarks and gluons, plus an additional well-measured soft momentum scale qT
associated, for instance, with the transverse motion of quarks and gluons. Such two scale measurements provide much
more sensitivity to the details of hadron’s internal structure and to details of the inner mechanism of confinement
in QCD. The distributions that encode both the longitudinal momentum fraction carried by the parton, x, and the
transverse motion, kT are called Transverse Momentum Dependent distribution (TMD PDFs) and fragmentation
functions (TMD FFs), or collectively TMDs [113–115].

Recently a great deal of progress was made in understanding the properties of TMDs from both the theoretical
advances [116–123] and phenomenological studies from global fits [124–132]. A crucial ingredient in our exploration
of hadron structure are experimental measurements provided by various facilities around the world [133], such as
Tevatron at Fermilab [134], HERMES at DESY [135], the LHC at CERN with its collider and fixed target [136, 137],
COMPASS experiments [138], RHIC at BNL [139, 140], Jefferson Lab [141], BELLE at KEK [142], Electron-ion
collider in China [143],etc. The EIC will provide essential information, with the promise to dramatically improve the
precision of various measurements, and to enable the exploration of the role of the sea quarks and the gluons in a
polarized nucleon [33, 144–146].

Guiding and understanding the future experimental measurements will require a laborious and meticulous analysis
of the data, new approaches and new methods in the theoretical treatment and in the phenomenological extraction of
TMDs. The EIC Theory Alliance will provide an essential framework for guiding and organizing the broad theoretical
and phenomenological efforts needed to tackle the challenges and opportunities provided by the future EIC. Research
directions supported by the EIC Theory Alliance will also ensure that US remains at the forefront in studies of the
inner 3D structure of matter.

Important theoretical topics for studies relevant to enabling the full potential of the EIC to be reached include:

• Rigorous theoretical exploration of bench mark TMD observables as well as new experimental observables related
to TMD physics. This exploration includes studies of leading and sub-leading contributions to Semi-Inclusive
Deep Inelastic Scattering process, individuation of the set of observables that allow precise extraction of the 3D
structure for quarks and gluons.

• Theoretical and phenomenological exploration of QCD factorization theorems and expanding the region of their
applicability, for instance by inclusion of power corrections in qT /Q. A crucial ingredient will be matching
collinear factorization (ΛQCD ≪ qT ∼ Q) and TMD factorization (ΛQCD ! qT ≪ Q) in the overlap region
ΛQCD ≪ qT ≪ Q in a stable and efficient way. Such a matching is needed for our ability to describe the
measured quantities, differential in transverse momentum, in the widest possible region of phase space. In
turn, this will lead to a much more reliable understanding of both collinear and TMD related functions and
uncertainties in their determinations.

• Exploring the QCD factorization theorem and phenomenology for distributions related to TMD-like Generalized
TMDs (GTMDs). These distributions extend our understanding of multidimensional hadronization and can arise
in exclusive processes like double Drell-Yan [147–150], as well as being probed by exclusive diffractive processes
that are sensitive to small-x gluon GTMDs and gluon saturation [151–153].

• Development of theoretical methods to address various open issues is crucially needed, including: advancing
new methods for perturbative calculations, developing formalism and calculations for TMD power corrections,
the need to design new observables that can improve the comparison between theory and experiment, and a full
exploration of the best way to parameterize nonperturbative TMDs. Methods used to tackle these problems
include effective theories, nonperturbative and computational methods in QCD, and feedback from carrying out
fits to experimental data.

• Creation of extraction frameworks that include modern techniques and methods from statistics (such as Bayesian
statistical methods) and computer science (such as Artificial Intelligence and Machine Learning). Extraction
frameworks are critical for phenomenological studies of TMDs. There exist already several frameworks such
as NangaParbat2 of the MAP Collaboration, JAM Collaboration3, and arTeMiDe4. These publicly available

2 https://github.com/MapCollaboration/NangaParbat
3 https://github.com/JeffersonLab/jam3d/
4 https://github.com/VladimirovAlexey/artemide-public
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FIG. 3: The x vs. Q
2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).

Table II summarizes all the DY datasets included in our analysis. For some DY datasets the experimental
observable is given within a fiducial region. This means that kinematic cuts on transverse momentum pT ` and
pseudo–rapidity ⌘` of the single final-state leptons are enforced (values reported in the next–to–last column
of Tab. II). For more details we refer the reader to Ref. [7]. The second column of Tab. II reports, for each
experiment, the number of data points (Ndat) that survive the kinematic cuts. The total number of DY data
points considered in this work is 484. Note that for E605 and E288 at 400 GeV we have excluded the bin in
Q containing the ⌥ resonance (Q ' 9.5 GeV).

As can be seen in Tab. II, the cross sections are released in di↵erent forms: some of them are normalized to the
total (fiducial) cross section while others are not. When necessary, the required total cross section � is computed
using the code DYNNLO [35, 36] with the MMHT14 collinear PDF set, consistently with the perturbative order
of the di↵erential cross section (see also Tab. I). More precisely, the total cross section is computed at NLO for
NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.

B. SIDIS

The identification of the TMD region in SIDIS is not a trivial task and may be subject to revision as new
data appears and the theoretical description is improved, as discussed in dedicated studies [38, 94, 95].

First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)

with fixed parameters c1 = 0.2, c2 = 0.5 and c3 = 0.3. This choice is more restrictive than a similar one made
in Ref. [5], but less restrictive than the one made in Ref. [22]. It allows for many data points with |PhT | ⌧ Q

but also with 0.2Q < |qT | < Q. In Sec. IV, we will discuss variations of the baseline SIDIS cut in Eq. (54) that
give phenomenological support to our choice.

As for the datasets included in the present analysis, the main di↵erence with Ref. [5] is that we include the
new release of COMPASS data [68]. In this dataset, the vector–boson contributions have been subtracted. For
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2 coverage spanned by the experimental data considered in this analysis (see also Tab. II and

Tab. III).
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NNLL accuracy, and NNLO for N3LL� accuracy. The values of the total cross sections at di↵erent orders can
be found in Table 3 of Ref. [7]. For the ATLAS dataset at 13 TeV, the value of the fiducial cross section is
694.3 pb at NLO and 707.3 pb at NNLO.
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First of all, a cut in the virtuality Q of the exchanged photon is necessary to respect the condition Q � ⇤QCD

needed for perturbation theory to be applicable. In this way also mass corrections and higher twist corrections
can be neglected. In this work, we require that Q > 1.4 GeV. Studies of SIDIS in collinear kinematics employ
similar cuts [29, 96].

In order to restrict ourselves to the SIDIS current fragmentation region and interpret the observables in terms
of parton distribution and fragmentation functions, we apply a cut in the kinematic variable z by requiring
0.2 < z < 0.7. The lower limit is the same used in the study of collinear fragmentation functions [29, 96]. We
used a slightly more restrictive upper limit, to avoid contributions from exclusive channels and to focus on a
region where the collinear fragmentation functions have small relative uncertainties.

For what concerns the cut on transverse momentum, our baseline choice is

|PhT | < min
⇥
min[c1 Q, c2 zQ] + c3 GeV, zQ

⇤
, (54)

with fixed parameters c1 = 0.2, c2 = 0.5 and c3 = 0.3. This choice is more restrictive than a similar one made
in Ref. [5], but less restrictive than the one made in Ref. [22]. It allows for many data points with |PhT | ⌧ Q

but also with 0.2Q < |qT | < Q. In Sec. IV, we will discuss variations of the baseline SIDIS cut in Eq. (54) that
give phenomenological support to our choice.

As for the datasets included in the present analysis, the main di↵erence with Ref. [5] is that we include the
new release of COMPASS data [68]. In this dataset, the vector–boson contributions have been subtracted. For
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FINAL (PERSONAL) REMARK

( HOPEFULLY, EVENTUALLY)

A: THE FUTURE EIC DATA _____WAS SUCCESSFULLY PREDICTED


