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This talk will be mostly about new ideas to solve CFT’s. 

Typically there is no simplifying limit

In a presence of a global symmetry, however, there can be 
sub-sectors of the CFT where anomalous dimension and OPE 
coefficients simplify



• There is a semiclassical technique to study the 
sectors of the CFT with fixed Noether charge Q. 
In these sectors the physics is described by a 
semiclassical configuration and has simple EFT 
description.

Take home message

The example of a symmetry is a global symmetry with the 
simplest example of a U(1) complex scalar model

�Q
You can compute correlators of the charged operators, say 
composite operator     (x). In this talk we will study 2-pt 
functions but one can go beyond



Part 1: global symmetry
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Bring field insertions to the exponent 

For perturbation theory works (expand around)
� = 0
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Field insertions are sources for the Noether current 



• E.O.M. can be solved perturbatively but technically 
challenging  

• If we are at the fixed point, however, we can use 
the power of conformal invariance
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In a CFT

Physical critical exponents



�Q =
X

k=�1

�k(�0Q)

Qk

We expect scaling dimensions to take the form:

�k is (k+1)-loop correction to the saddle point equation
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In general, we can expand these functions      ‘s for small and 
large value of the argument
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Semiclassical computation
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• ne QFT to the perturbative fixed point

• Tune QFT to the (perturbative) fixed point (WF or BZ type) 

• Map the theory to the cylinder  

• Exploit operator/state correspondence for the 2-point 
function to relate anomalous dimension to the energy                                                                                          

• To compute this energy, evaluate expectation value of the 
evolution operator in an arbitrary state with fixed charge Q

Semiclassical method

h�̄Q(xf )�
Q(xi)iCFT =

1

|xf � xi|2��Q

Badel, Cuomo, Monin, Rattazzi 2019

E = ��Q/R

Working in the double 
scaling limit : � ! 0, Q ! 1, �Q = fixed



Rd : (r,⌦d�1) R⇥ Sd�1 : (⌧,⌦d�1)

Weyl map : r = Re⌧/R
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• Weyl map and operator/state correspondence
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To study system at fixed charge thermodynamically we have:

H ! H + µQ  𝜇 is chemical potential

• To compute this energy, evaluate expectation value of the 
evolution operator in an arbitrary state with fixed charge Q

hQ|e�HT |Qi T!1
= N̄e�E�QT

as long as there is overlap between |Q>  and the ground 
state, the latter will dominate for  T ! 1
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SeffR = E�1R = ��1
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⇡(x)p
2f

S = S(�0) +
1

2
(�� �0)

2S00(�0) + . . .Leading quantum 
correction:

S(2) =

Z T/2

�T/2
d⌧

Z
d⌦d�1

⇣1
2
(@r)2 +

1

2
(@⇡)2 � 2iµr@⌧⇡ + (µ2 �m2)2

⌘

!2
±(`) = J2

l + 3µ2 �m2 ±
q
4J2

l µ
2 + (3µ2 �m2)2

J2
l = `(`+ d� 2)/R2

 One relativistic (Type I) Goldstone boson (the conformal mode=phonon) 
and one massive state and their excitations



�0 =
R

2

1X

`=0

n`

⇥
!+(`) + !�(`)

⇤

�0 = �3�⇤Q

(4⇡)2
+

�2
⇤Q

2

2(4⇡)4
+ · · ·

�0 = [↵+

5

24

log

⇣�⇤Q

8⇡2

⌘4/3
] + [� � 5

36

log

⇣�⇤Q

8⇡2

⌘2/3
] + · · ·

�Q ⌧ 1 :

�Q � 1 :

Energy= sum of zero point energies
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Regimes
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EFT for phonon (superfluid phase) in large-Q limit :

Hellerman, Orlando, Reffert, Watanabe 2015

Large charge expansion, historically

Started with d=3       -model with global U(1) symmetry��4
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Generalisations

• O(N) model (in different dimensions) 

• Litim-Sannino (UV BZ fixed point) 

• Yukawa interactions 

• …..



Part 2: local symmetry
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Can we apply these methods to 3d local U(1) model?

Semiclassical computation on the cylinder can be carried out 
BUT  

what would be the physical meaning of it in the flat space?

Dµ� = (@µ + ieAµ)�



is not gauge-invariant and vanishes due to the Elitzur’s theorem (1975)

But, in flat space: h�̄Q(xf )�
Q(xi)iflatCFT

We compute energy  
                     which is gauge-independent quantity based on

h�̄Q(xf )�
Q(xi)icylinderCFT

E = ��Q/R

our computation should correspond to 
gauge-invariant correlator in flat space

But which one? The choice is not unique



Dirac proposal:
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Schwinger proposal:
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Wilson line on the shortest path connecting x and x’

with the external current before “squeezed” into an infinitely thin 
line along the shortest path connecting x and x’

Schwinger and Dirac correlators lead to different physical 
results, in particular, different critical exponents

Gauge-dependent Gauge-independent

Landau gauge
�Dirac

�Q�perturbative
�Q

Traceless gauge

Kleinert et al ’03, ’05.  1-loop check
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• Compute                         via Feynman diagrams in 
arbitrary linear gauge 

• Compare with         from energies                      on the 
cylinder and look for the match

Our strategy

E = ��Q/R��Q

E = ��Q/R �Dirac
�Q

Our work

�Schwinger
�Q , ..?,

�perturbative
�Q

Doing this we hope to learn to which gauge-invariant 
correlator in flat space our energies correspond to



S =

Z
d

D
x

✓
1

4
Fµ⌫F

µ⌫ + (Dµ�)
†
Dµ�+

�(4⇡)2

6
(�̄�)2

◆

�⇤ =
3

20

⇣
19✏± i

p
719✏

⌘
, a⇤g =

3

2
✏

D = 4� ✏

Perturbative WF fixed point at 1-loop reads

Map to the cylinder

ag =
e2

(4⇡)2

S =

Z
d

D
x

p
�g

✓
1

4
Fµ⌫F

µ⌫ + (Dµ�)
†
D

µ
�+m

2
�̄�+

�(4⇡)2

6
(�̄�)2

◆

m2 = (D � 2)2/4 with radius of the cylinder R=1 

complex!



State-operator correspondence
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Spectrum of fluctuations

scalars : r,⇡, A0, h Ai = Bi + Ci Ci = rih

vectors : Bi
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Determinant factorizes with gauge-independent dispersion relations:
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 cancels out in the final result due to contribution from Z^{-1}⇠
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The MSbar renormalized result reads
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Explicit 3-loop gauge-dependent result for 

�Q

and ``fit'' all coefficients Ckl in
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We compute 3-loop AD for        for fixed  Q=2,3,4 in D = 4� ✏
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In Landau gauge we find perfect agreement for the leading 
and subleading terms with large-Q results!



E = ��Q/R �Dirac
�Q

Our work

Can we understand deeper why?

�⇠ = ��A⇠

1. When gauge-fixing parameter considered as running 
parameter, Landau gauge emerges as a FP of the RG since 

2. Schwinger correlator does not lead to long-range order  
and decays to zero 

while Dirac correlator does
Frohlich et al‘81

Kennedy et al‘85

 3. Correlators of    (x) in Landau gauge can be 
interpreted as that of 

�
�nl(x)
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The field insertions act as sources for the current 

This is precisely the constraint for the external current in Dirac’s proposal 
(for n=1)
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Jµ = �(x� xf )� �(x� xi)

�Dirac(~r) ⌘ e�i
R
d3r0 ~Ecl(~r

0�~r)· ~A(~r0)�(~r)

In fact, original Dirac’s proposal (1955)

r · ~Ecl = �(~r) classical electric field corresponding 
to a point charge at the origin



Physical meaning of             : creation operator of a charged particle dressed with a 
coherent state of photons describing its Coulomb field.

�nl(x)

�

nl

(x) ⌘ e

�ie

R
d

D
zJ

0
µ(z�x)Aµ(x)

�(x)

Covariant generalisation

These are the lowest-lying  operators 
with charge Q corresponding to the 

energies we have computed



Conclusions on Part 2

• We showed that the large-charge expansion can be applied 
also to gauge theories where the relevant gauge-invariant 
observables are in general non-local 

• We demonstrated that the non-local operators             are the 
lowest-lying operators with charge Q well-defined at criticality. 
In particular, this signals that            is the relevant order 
parameter for long-range order in superconductors and it is 
automatically selected by the large charge approach 

• We computed         to the next-to-leading order in the large-
charge expansion and all orders in the loop expansion. 
Moreover, we explicitly calculate the full three-loop           in 
perturbation theory and find perfect agreement with our 
semiclassical result. 

• Test dualities between different CFTs in their charged sectors 

�nl(x)

��Q

��Q

�nl(x)



Other directions/aspects

• We can add Yukawa and non-Abelian gauge interactions 

• Large order behaviour of the series (resurgence) 

• Higher correlation functions, OPE coefficients,…. 

• Condensed matter applications (superconductors, superfluids,..) 

• Inhomogeneous ground state (operators with spin/derivatives) 

• Test dualities between different CFTs in their charged sectors 

• Global charged corresponding to generalised global symmetry? 

• ….



Thank you!



Originally U(1) Abelian phi^4-model at the Wilson-Fisher real fixed point in 4-𝛆 dimensions 

Quartic Yukawa Gauge

U(N)xU(M)O(N) d=4 Banks-Zaks FP

complex

6-𝛆

d=4 asymptotically safe model

Scalar QED
NJLY model

O(N) model with cubic interactions

Extending the method 




