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Rather general quantum field theory

UV

IR

RG

Part 1

Part 2
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Part 1:
Integration of the conformal anomaly

4/32



Classical Weyl (conformal) symmetry

Local Weyl rescalings

gµν → g ′µν = e2σgµν Φ→ Φ′ = ewΦσΦ

The energy-momentum tensor

Tµν = − 2
√
g

δS

δgµν

Nöther identities of Diff and Weyl symmetries

∇µTµν = 0 Tµ
µ = 0
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Quantum Weyl (conformal) symmetry

From the path-integral

e−Γ =

∫
[dΦ] e−S

The renormalized EMT

〈Tµν〉 = − 2
√
g

δΓ

δgµν

Conformal anomaly coming from the renormalization

〈Tµ
µ〉 = beta terms + anomaly
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In two dimensions

For zero beta functions β = 0 the anomaly is

〈Tµ
µ〉 = aR

We want to integrate the anomaly, take gµν = e2σḡµν
√
gR =

√
ḡ(R̄ − 2∇̄2σ)

Using δ
δσΓ ∼ 〈T 〉, find Γind ⊂ Γ

Γind = a

∫
d2x
√
g
(
σR + σ∇2σ

)
On-shell in σ we get Polyakov’s

Γind =
a

4

∫
d2x
√
gR

1

−∇2
R
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In four dimensions

The anomaly is
〈Tµ

µ〉 = bW 2 + aẼ4 + a′2R

Having defined

Ẽ4 = E4 −
2

3
�R = E4 +∇α

(
−2

3
∇αR

)

The transformations

√
gẼ4 =

√
ḡ
(

˜̄E4 + 4∆̄4σ
) √

gW 2 =
√
ḡ W̄ 2

√
g�R = −1

4

δ

δσ

∫
d4x
√
gRµνRµν
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Four dimensional anomaly

We can integrate each term separately

Γ = Γconf [g ] +
a′1
12

∫
d4x
√
g R2 +

∫
d4x
√
g
(
b1W

2 + a1Ẽ4

) 1

∆4
Ẽ4

Applications

I Quantum field theory −→ C - and A-theorems

I Black holes −→ corrections to BH entropy

I Cosmology −→ expanding universe
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In general even d

The anomaly is conjectured (Cardy)

〈Tµ
µ〉 =

∑
i

biWi + aẼd +∇µJ µ

Such that
Ẽd = Ed +∇µVµ

The transformations

√
gẼd =

√
ḡ
(

˜̄Ed + d∆̄dσ
) √

gWi =
√
ḡW̄i

√
g∇µJ µ =

δ

δσ

∫
d4x
√
gLlocal(g , ∂g , · · · )
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d-dimensional anomaly

We can integrate each term separately

Γ = Γc [g ] +

∫
ddx
√
gLlocal +

∫
ddx
√
g
(
biWi + a1Ẽd

) 1

∆d
Ẽd

Main points

I Existence of Ẽd

I Existence of ∆d

I Ambiguities in Llocal
I Enumeration of Wi
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Conformal geometry
and the Fefferman-Graham ambient space
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Lightcone embedding in flat space

Move from Rd to Rd+2 on the lightcone

Y A = (Y µ,Y +,Y−) ηABY
AY B = 0 Y A ∼ λY A

Spacetime embedding in the lightcone

xµ → Y A = (Y µ,Y +,Y−) = Y +(xµ, 1,−x2)

Y A → xµ =
Y µ

Y +

Embedding Lorentz generates conformal on spacetime

(Y ′+)2ηµνdx
′µdx ′ν = (Y +)2ηµνdx

µdxν
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Fefferman-Graham ambient space

Use Cartesian coordinates, X 2 = 2t2ρ, t = X+

Y A → XA = (Xµ,X d+1,X d+2)
∗
= t
(
xµ,

1 + 2ρ− x2

2
,

1− 2ρ+ x2

2

)

The flat embedding metric

η̃ = ηABdx
AdxB

∗
= 2ρdt2 + 2tdtdρ+ t2ηµνdx

µdxν

In curved space: FG metric with RAB = 0, Lt∂t g̃ = 2g̃ and hµν(x , ρ = 0) = gµν

g̃ = g̃ABdx
AdxB

∗
= 2ρdt2 + 2tdtdρ+ t2hµν(x , ρ)dxµdxν
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Ambient Space in a nutshell

Ad+

1
~

ein
--------- t~

1 >

x
------

X
4+2

Inv
> L

RABD ->E
Was"s

Tr Capa

Pa
15/32



PBH diffeomorphisms

A diffeomorphism of the ambient

δζ g̃AB = Lζ g̃AB = ζC∂C g̃AB + g̃AC∂Bζ
C + g̃BC∂Aζ

C

If it preserves the form of the ambient metric

ζt = tσ(x) ζρ = −2ρσ(x) ζµ = ξµ(x) + · · ·

It generates Diff × Weyl on spacetime

δζhµν |ρ=0 = δζgµν = δσ,ξgµν = 2σgµν +∇µξν +∇µξν
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Ricci-flatness determines hµν

Expand in ρ

hµν(x , ρ) = gµν(x) + ρh(1)
µν +

1

2
ρ2h(2)

µν + · · ·

The coefficients find obstructions in even d

h(1)
µν = 2Pµν =

2

d − 2

(
Rµν −

R

2(d − 1)
gµν
)

h(2)
µν = − 2

d − 4
Bµν + 2PµσP

σ
ν

h(3)
µν =

2

(d − 6)(d − 4)
∇2Bµν + · · ·
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Ambient Laplacian

Scalar Laplacian of the embedding

−2g̃Φ = − 1

t2
2hΦ− 2

t
∂t∂ρΦ− 1

2t
∂tΦ−

d − 2

t2
∂ρΦ +

ρ

t2
h′µ

µ∂ρΦ

Consider an embedding scalar field

Φ = t∆ϕϕ(x)

The projection of the Laplacian gives Yamabe

−2g̃ (t∆ϕϕ(x))|ρ=0 = t∆ϕ−2
(
−2g −

R

2(d − 1)

)
ϕ

We can construct a family of powers of conformal GJMS Laplacians

P2nϕ(x) ≡ t−
2n+d

2 (−2g̃ )n(t
2n−d

2 ϕ)|ρ=0
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Conformal Laplacians

There are derivative and constant parts

P2nϕ(x) = ∆2n +
d − 2n

2
Q2n

Constant part transforms nicely: Q-curvatures in d = 2n

√
gQd =

√
ḡ(Q̄d + ∆̄dσ)

In fact we just found in d = 2n

Ẽd = dQd + conformal invariants
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A physicist proof of Cardy’s conjecture

The anomaly is best parametrized

〈Tµ
µ〉 =

∑
i

biWi + aQd +∇µJ µ

So that the integration is always possible

Γ = Γc [g ] +

∫
ddx
√
gLlocal +

∫
d4x
√
g (biWi + a1Qd)

1

∆d
Qd

I Ambient curvatures enumerate conformal invariants

I Scaling analysis dictates local anomaly (J µ is like a “virial” current)

I Ambiguities in defining ∆d come from embedding Riemann in d ≥ 6
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Part 2:
Wess-Zumino consistency conditions of Weyl symmetry
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The gauged Weyl group

Introduce an Abelian gauge potential

gµν → g ′µν = e2σgµν Sµ → S ′µ = Sµ − ∂µσ Φ→ Φ′ = ewΦσΦ

The gauged covariant derivative

∇̂µΦ = ∇µΦ + Lµ · Φ + wΦSµΦ

(Lµ)αβ =
1

2
(Sβδ

α
µ + Sµδ

α
β − Sαgβµ)

It transforms covariantly under Weyl

∇̂µΦ→ ∇̂′µΦ′ = ewΦσ∇̂µΦ
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Classical consequences

There is a new dilation current

Tµν = − 2
√
g

δS

δgµν
Dµ =

1
√
g

δS

δSµ

Gauged Weyl and Diff symmetries imply

Tµ
µ = ∇µDµ ∇̂µTµν + DµW

µν = 0

In flat space gµν → δµν and Sµ → 0 imply scale invariance with Jµ = Dµ

Tµ
µ = ∂µJµ ∂µT

µν = 0
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Renormalization with local couplings

Suppose S ⊃ −
∫
ddx
√
gλi (x)Oi and a finite renormalized path-integral

e−Γ =

∫
[dΦ] e−S

Currents source the expectation values

〈Tµν〉 = − 2
√
g

δΓ

δgµν
〈Dµ〉 =

1
√
g

δΓ

δSµ
〈Oi 〉 = − 1

√
g

δΓ

δλi

We expect [dΦ] to give an anomaly

〈Tµ
µ〉 = 〈∇µDµ〉+ beta terms + curvatures
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Local rg interpretation

Local scale transformation on the geometrical sources

∆W
σ =

∫ {
2σgµν

δ

δgµν
− ∂µσ

δ

δSµ

}

Local scale transformations caused by the rg beta functions

∆β
σ = −

∫
σβi

δ

δλi

The anomaly 〈Tµ
µ〉 − 〈∇µDµ〉 = · · · becomes

∆W
σ Γ = ∆β

σΓ + Aσ Aσ ⊃ {∂µλi ,R, Sµ · · · }
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Wess-Zumino consistency

Rewrite

∆σΓ = (∆W
σ −∆β

σ)Γ = Aσ

For Wess-Zumino’s consistency

[∆σ,∆σ′ ]Γ = 0

Consistency condition for the anomaly

(∆W
σ −∆β

σ)Aσ′ − (σ ↔ σ′) = 0
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Two dimensions

Most general parametrization of Aσ using R̂ = R − 2∇µSµ in d = 2

Aσ =
1

2π

∫
d2x
√
g
{
σ
βΦ

2
R̂ − σ

χij

2
∂µg

i∂µg j − ∂µσwi∂
µg i

+ σβΨ∇µSµ + σ
βS2
2
SµS

µ − ∂µσβS3 Sµ + σzi∂µg
iSµ
}

Apply Wess-Zumino’s

[∆σ,∆σ′ ]Γ =
1

2π

∫
d2x
√
g
(
σ∂µσ

′ − σ′∂µσ
)
Zµ = 0

Conditions among tensors and βi

Zµ = ∂µg
iYi + SµX = 0

Yi = −∂iβΨ + χijβ
j − βj∂jwi − w j∂iβj + zi

X = βS2 − βi∂iβS3 − ziβ
i
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(Ir)reversibility

Define a new charge

β̃Ψ = βΨ + wiβ
i + βS3

Using both Yi = 0 and Z = 0

µ
d

dµ
β̃Ψ = βi∂i β̃Ψ = χijβ

iβj + βS2

Reproduce standard local rg taking βΨ = βΦ, βS2 = βS3 = 0. β̃Ψ becomes Osborn’s β̃Φ

There is a scheme (Zamolodchikov’s) in which χij → Gij = |x |4 〈Oi (x)Oj(0)〉 > 0

µ
d

dµ
β̃Ψ > 0

In general: βS2 ≥ 0?
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A weird application: higher derivative scalar

Higher derivative free scalar is a CFT in flat space

L =
1

2
(∂2ϕ)2

Notice that 〈ϕ(x)ϕ(0)〉 ∼ |x |2 for ϕ primary, in contrast with (∂2
x )2〈ϕ(x)ϕ(0)〉 ∼ δ(x)

It does not admit a conformal action in d = 2 because of the obstruction

Sconf [ϕ, g ] = −1

2

∫
d2x
√
gϕ∆4ϕ

∆4ϕ = (∇2)2ϕ+ 2∇µ
(
Pµν∇νϕ+ · · ·

)
− (d − 4)

(
PµνPµν + · · ·

)
ϕ

Pµν =
1

d − 2

{
Rµν −

1

2(d − 1)
Rgµν

}
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Gauged higher derivative scalar

Assign the weight w(ϕ) = 4−d
2 → 1

S [ϕ, gµν , Sµ] = −1

2

∫
d2x
√
gϕ(∇̂2)2ϕ

It does exists in d = 2

(∇̂2)2ϕ = (∇2)2ϕ+ Bµν∇µ∂νϕ+ Cµ∂νϕ+ Dϕ

Bµν = 2gµνS
ρSρ − 4SµSν + 4∇(µSν)

Using heat kernel methods βS2 = 0, βΦ = 1
3 and βΨ = 4

3

Aσ =
1

2π

∫
d2x
√
gσ
{R

6
+∇µSµ

}
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Conclusions

I FG embedding is the natural framework to study the conformal anomaly

=⇒ Complete the proof of Cardy’s conjecture

I Local RG can be generalized to gauged Weyl symmetry

=⇒ Extend to d = 4 and study “scale vs conformal”
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Thank you for listening
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