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Chirality: the definition

Lord Kelvin (1893):
“I call any geometrical figure, or groups of 
points, chiral, and say it has chirality, if its 
image in a plane mirror, ideally realized, 
cannot be brought to coincide with itself.”

Greek word: χειρ (cheir) - hand



Light and electromagnetism

James C. Maxwell, 1831-1879

Michael Faraday, 1791-1867

Maxwell theory
is left-right 
symmetric



Gauge fields and topology

Gauge theories “live” in a fiber bundle space that 
possesses non-trivial topology (knots, links, twists,...) 

Möbius strip, the simplest nontrivial example of a fiber bundle

NB: Maxwell
electrodynamics
as a curvature
of a line bundle



Chern-Simons forms

What does it mean for a gauge theory? 



Chern-Simons theory

What does it mean for electromagnetism? 

Riemannian connection

Curvature tensor Field strength tensor

Gauge field
PhysicsGeometry

“magnetic helicity”



Chern-Simons form and 
circularly polarized light

How to describe the helicity of the circularly polarized light?

Magnetic helicity itself does not obey electric-magnetic symmetry
of Maxwell equations in vacuum:

We can however enforce this symmetry by introducing, in addition
to the magnetic helicity, the dual pseudovector gauge potential C.
In Coulomb gauge C is defined by: 

Heaviside, 1892
Larmor, 1897

Bateman, 1915



Optical helicity 
of the circularly polarized light

Electric-magnetic transformation

is induced by 

We can now define the optical helicity by adding CS terms for
A and C:

Candlin, 1965; Trueba,Ranada, 1996; Afanasiev,Stepanovsky, 1996; Cameron, Barnett, Yao, 2012



Optical helicity 
of the circularly polarized light

The optical helicity 

is invariant under electric-magnetic symmetry

It is a T-even, P-odd quantity that is conserved in the absence 
of interactions with chiral (P-odd) matter: 



Chern-Simons theory

What does it mean for electromagnetism? 

Riemannian connection

Curvature tensor Field strength tensor

Gauge field
PhysicsGeometry

“magnetic helicity”      Non-Abelian helicity
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“Topological foam” in QCD vacuum, (3+1) Dimensions
ITEP Lattice Group



Chirality	in	electrodynamics,	(3+1)D:
Maxwell-Chern-Simons	theory

Chiral current

Photons

DK, Ann.Phys. 325 (2010) 205



Chiral anomaly
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A

In classical background 
fields (E and B), chiral
anomaly induces a 
collective motion
in the Dirac sea

Adler; Bell, Jackiw; Nielsen, Ninomiya; …



Problem:

Derive the action describing a source of chirality 
descried by θ(x,t) for non-linear electrodynamics,
e.g. for Born-Infeld action:

Note: the BI action obeys the electric-magnetic symmetry

Applications include the generation of second harmonic in 
chiral nanotubes, see F.Qin, “Superconductivity in a chiral nanotube” 
Nature Comm. 2017;     WS2



Chirality in 3D:
the Chiral Magnetic Effect

chirality + magnetic field = current

16

spin
momentum

DK ‘04; 
DK, Zhitnitsky ‘07
DK,McLerran,
Warringa ’07;
Fukushima,
DK, Warringa ‘08Review: DK, arxiv:1312.3348 (Prog.Part.Nucl.Phys’14)



Early work on currents
in magnetic field due to P violation

(see DK, Prog.Part.Nucl.Phys. 75 (2014) 133
for a complete (?) list of references)
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A.Vilenkin (1980) “Equilibrium parity-violating current in a magnetic field”;
(1980) “Cancellation of equilibrium parity-violating currents”

G. Eliashberg (1983) JETP 38, 188
L. Levitov, Yu.Nazarov, G. Eliashberg (1985) JETP 88, 229

M. Joyce and M. Shaposhnikov (1997) PRL 79, 1193;
M. Giovannini and M. Shaposhnikov (1998) PRL 80, 22

A. Alekseev, V. Cheianov, J. Frohlich (1998) PRL 81, 3503



But: no current in equilibrium

C.N. Yang



Chiral Magnetic Effect
DK’04; K.Fukushima, DK, H.Warringa, PRD’08; 
Review and list of refs: DK, arXiv:1312.3348

Chiral chemical potential is formally 
equivalent to a background chiral gauge field:
In this background, and in the presence   of B, 
vector e.m. current is generated:

Compute the current through

The result: Coefficient is fixed by 
the axial anomaly, no 
corrections

19
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arXiv:1105.0385, PRL 



Systematics of anomalous conductivities

21

Vector
current

Axial
current

Magnetic field Vorticity



Chiral magnetic conductivity:
discrete symmetries

22

P-even
T-odd

P-odd

P-odd

P-odd
T-odd

P-odd effect!

T-even
Non-dissipative current!
(topologically protected)

cf Ohmic
conductivity:

T-odd,
dissipative

Effect persists in
hydrodynamics!

P – parity 
T – time reversal



CME as a new type of 
superconductivity

Fritz and Heinz London

~J ⇠ µ5
~B µ5 ⇠ ~E ~B t

~E|| ~B

CME:

London theory of superconductors, ‘35:

for
superconducting
current, tunable
by magnetic field!

~E ⇠ B�2 ~̇J

assume that chirality
is conserved:

DK, arXiv:1612.05677



Hydrodynamics and symmetries

• Hydrodynamics: an effective low-energy TOE. States 
that the response of the fluid to slowly varying 
perturbations is completely determined by 
conservation laws (energy, momentum, charge, ...)

• Conservation laws are a consequence of symmetries 
of the underlying theory 

• What happens to hydrodynamics when these 
symmetries are broken by quantum effects (anomalies 
of QCD and QED)?

24
Son, Surowka; Landsteiner, Megias, Pena-Benitez; Sadofyev, Isachenkov; Kalaydzhyan, Kirsch; DK, 
Yee; Zakharov; Jensen, Loganayagam, Yarom; Neiman, Oz;  ….



No entropy production from 
P-odd anomalous terms

25

DK and H.-U. Yee, 1105.6360; PRD

Mirror reflection:
entropy decreases ?

Decrease is ruled 
out by 2nd law of 
thermodynamics

Entropy grows

Allows to compute analytically 13 out of 18 
anomalous transport coefficients in 2nd order 
relativistic hydrodynamics



Conformally invariant 
Chiral magnetohydrodynamics

DK and H.-U. Yee, 1105.6360; PRD



Problem:
Derive the equations of Chiral Magnetohydrodynamics
for non-conformal fluids assuming that the breaking 
of conformal invariance is due to the scale anomaly,

In some SUSY theories with electric-magnetic duality, 
scale and chiral anomaly are related,
so this should reflect on hydrodynamics.

Why is this relevant?

@µs
µ = ✓µµ

s

µ = x⌫ ✓

µ⌫



Scale invariance

x ! e

�
x

s

µ = x⌫ ✓

µ⌫

@µs
µ = ✓µµ

Scale transformations (dilatations)
are defined by

Hermann Weyl
(1885-1955)

the corresponding 
dilatational current is 

It is conserved
(a theory is scale-invariant)
if the energy-momentum is
traceless: 



Scale invariance in QCD

The trace of the energy-momentum tensor in QCD
(computed in classical field theory) is

Two problems:

1. Potentially large contribution from heavy quarks to 
the masses of light hadrons

2. If we forget about heavy quarks, all hadron masses must 
be equal to zero in the chiral limit 

⇥↵
↵ =

X

l=u,d,s

ml q̄lql +
X

h=c,b,t

mh q̄hqh



Scale anomaly in QCD
The quantum effects (loop diagrams) modify
the expression for the trace of the energy-momentum tensor:

Running coupling -> dimensional transmutation -> mass scale

At small momentum transfer, heavy quarks decouple:

so only light quarks enter the final expression
SVZ ’78

Ellis, Chanowitz;
Crewther;
Collins, Duncan,
Joglecar; …

Gross, Wilczek;
Politzer



The proton mass

hP |✓µ⌫ |P i = 2PµP ⌫

hP |✓µµ|P i = 2M2

At zero momentum transfer, the matrix elements of 
the energy-momentum tensor are

so that the trace of the energy-momentum tensor
defines the masses of hadrons:

In the chiral limit, the entire mass is from gluons!



The proton mass
At finite quark mass, contribution from “sigma-terms”

can be extracted from pion-nucleon scattering or
measured on the lattice

Sometimes interpreted as either  

1. Contribution from quark masses
or
1. Contribution from chiral symmetry breaking

But the interpretation is more subtle

e.g. Y.-B.Yang et al
arXiv:1511.09089



The proton mass
The matrix elements over a hadron state 
have to be understood as the difference of the value of
the measured quantity in the hadron and in the vacuum,
e.g.

This difference results from the partial restoration of 
spontaneously broken chiral symmetry inside the hadron

hP |q̄q|P i = hP |
Z

d

3
x q̄(x)q(x)|P i � h0|q̄q|0iVP

e.g., Donoghue, Nappi ‘86



Partial restoration of chiral symmetry
inside the nucleon

Significant suppression of
the local quark condensate
by the confining flux tube!

Iritani, Cossu, Hashimoto
arXiv:1502.04845 PRD



Partial restoration of chiral symmetry
inside the nucleon

A possible mechanism
of chiral condensate 
suppression involves 
the chiral anomaly –

so the entire mass of 
the proton might originate
from anomalies –
scale and chiral !DK, Loshaj

PRD ‘14



The proton mass as a result of
the vacuum polarization induced by the 

presence of the proton

Polarization of the quark condensate;

numerically,  ~ 80 MeV using

Y.-B.Yang et al
arXiv:1511.09089

Polarization of the gluon field;

~ 90% of the proton’s mass ?



Dynamical chiral magnetic effect

H.-U. Yee, arXiv:0908.4189,
JHEP 0911:085, 2009;

A.Rebhan, A.Schmitt, S.Stricker JHEP 0905, 084 (2009), G.Lifshytz, M.Lippert, arXiv:0904.4772;.A. Gorsky, 
P. Kopnin, A. Zayakin, arXiv:1003.2293, A.Gynther, K. Landsteiner, F. Pena Benitez, JHEP 1102 (2011) 110; V. 
Rubakov, arXiv:1005.1888, C. Hoyos, T. Nishioka, A. O’Bannon, JHEP1110 (2011) 084; …

CME persists at strong coupling - hydrodynamical formulation?

D.K., H. Warringa
Phys Rev D80 (2009) 034028

Strong couplingWeak coupling

DK,
M.Stephanov,
H.-U.Yee.
1612.01674
PRD’17



DK, H.-U. Yee, 
arXiv:1012.6026 [hep-th];
PRD

The CME in relativistic hydrodynamics: 
The Chiral Magnetic Wave

38

Propagating chiral wave: (if chiral symmetry
is restored)

Gapless collective mode is the carrier of CME current in MHD:

CME                         Chiral separation

Electric

Chiral



The Chiral Magnetic Wave:
oscillations of electric and chiral charges

coupled by the chiral anomaly

39DK, H.-U. Yee,  Phys Rev D’11

In strong magnetic field, CMW 
propagates with the speed of light!

Chiral

Electric



Anomalous transport in real time
B

:axial charge :vector charge

40

Static U(1) magnetic field in z-dir

M. Mace, N. Mueller, S. Schlichting, S. Sharma, arxiv:1704.05887; PRD’17 
Chiral Magnetic Wave in real time!



Topology and QCD vacuum 

41

The instanton solutions in Minkowski space-time describe 
the tunneling events between the topological sectors of 
the vacuum marked by different integer values of 

   N
CS =   -2       -1        0         1          2 

instanton 

sphaleron 

Energy of 

gluon field 

N

CS

⌘
Z

d

3
xK

o
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D. Leinweber

Topological number fluctuations in QCD vacuum
(“cooled” configurations)
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Topological number fluctuations in QCD vacuum
ITEP Lattice Group
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Black hole

D.Son, 
A.Starinets
hep-th/
020505

Topological number diffusion at strong coupling
Chern-Simons number
diffusion rate
at strong coupling

NB: This 
calculation is  
analogous to 
the calculation 
of shear 
viscosity that 
led to the 
“perfect liquid”



The Chern-Simons diffusion rate in an 
external magnetic field 

45

G. Basar, DK, Phys Rev D, 
arXiv:1202.2161

strongly coupled N=4 SYM plasma in an external U(1)R

magnetic field through holography

weak field: 

strong field increases the rate:

dimensional reduction 



Anomalous transport induced 
by vorticity 

Consider a “hot” system (QGP, DSM) with

The chemical potential is then proportional to charge density:

the CME current is 

and the charge conservation                             leads to   

G.Basar, DK, H.-U.Yee, 
PhysRevB89(2014)035142



The Burgers’ equation

Exactly soluble by 
Cole-Hopf
transformation -

initial value problem,
integrable dynamics

describes shock 
waves, solitons, ...



CMHD

Y.Hirono, T.Hirano, DK, (Stony Brook – Tokyo), arxiv:1412.0311 
(3+1) ideal CMHD (Chiral MagnetoHydroDynamics)

BEST Theory Collaboration (DOE)

Electric charge Chiral charge



Quantized CME from 
knot reconnections

Consider a tube (unknot) of magnetic flux, with chiral fermions
localized on it. 
To turn it into a (chiral) knot, we need a magnetic reconnection.
What happens to the fermions during the reconnection?

Y. Hirono, DK, Y. Yin, 
PRL 117(2016) 172301Magnetic helicity is the measure

of “knottedness” of magnetic flux
- Chern-Simons 3-form



Changing magnetic flux through the area spanned by the tube
will generate the electric field (Faraday’s induction):

The electric field will generate electric current of fermions
(chiral anomaly in 1+1 D):

Y. Hirono, DK, Y. Yin, 
PRL 117(2016) 172301



Multiple magnetic reconnections leading to non-chiral knots 
do not induce net current (need to break left-right symmetry).

Helicity change per magnetic reconnection is

For N+ positive and N- negative crossings on
a planar knot diagram, the total magnetic helicity is:

The total current induced by reconnections
to a chiral knot: 

Y. Hirono, DK, Y. Yin, 
PRL 117(2016) 172301



Chirality transfer from 
fermions to magnetic helicity

52
Y. Hirono, DK, Y. Yin, Phys.Rev.D92 (2015) 125031

Chandrasekhar-
Kendall states
(ApJ, 1957)



Inverse cascade of magnetic helicity

53

Instability at k<          leads
to the growth
of magnetic
helicity

Inverse cascade:

Increase of
of magnetic
helicity reduces 

M.Joyce and M.Shaposhnikov, PRL 79 (1997) 1193;
R.Jackiw and S.Pi, PRD 61 (2000) 105015; 
A.Boyarsky, J.Frohlich, O.Ruchayskiy, PRL 108 (2012) 031301; 
PRD 92 (2015) 043004; 
H.Tashiro, T.Vachaspati, A.Vilenkin, PRD 86 (2012) 105033



Self-similar cascade of 
magnetic helicity driven by CME

Y. Hirono, DK, Y. Yin, Phys.Rev.D92 (2015) 125031;
N. Yamamoto, Phys.Rev.D93 (2016) 125016



Is there a way to observe CME 
in nuclear collisions at RHIC?

Relativistic ions create
a strong magnetic field:

H

DK, McLerran, Warringa ‘07
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Heavy ion collisions as a source of the strongest 
magnetic fields available in the Laboratory

DK, McLerran, Warringa, 
Nucl Phys A803(2008)227
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Heavy ion collisions: the strongest magnetic 
field ever achieved in the laboratory
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Evolution of magnetic field in full ideal MHD

arxiv:1609.03042



+

-

excess of positive
charge

excess of negative
charge

Electric dipole moment due to chiral imbalance

DK, hep-ph/0406125; Phys.Lett.B633(2006)260

Charge asymmetry w.r.t. reaction plane 
as a signature of chirality imbalance

Θ   Θ(x,t)



NB: P-even quantity (strength of P-odd fluctuations) 
– subject to large background contributions

S.Voloshin ‘04



arxiv:1610.00263

Background
everywhere?
(dAu at RHIC!)

Magnetic field
in pA?
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CMS: Surprising scaling of pA and AA results at different energies?

But: different
dependence on
rapidity difference
between α and β



63

Some comments:

1. The scaling is a challenge to both CME and background 
interpretations, since background scales as v2/N, and v2 is 
different (~ 30%?) in pA and AA at the same multiplicity. 
Even more challenging for RHIC vs LHC comparison.

2.   In pA, one expects much weakened, but non-zero 
correlations between magnetic field B and reaction plane
due to the gradient of nuclear density. For a black disk:

This configuration yields 
B orthogonal to the reaction plane;

Its contribution is suppressed by

(RN/RA)2
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This configuration yields 
B orthogonal to the reaction plane (RP);
Its contribution is suppressed by
(RN/RA)2

The proton is always much smaller than the nucleus… or is it?

The proton size grows with energy: 

Gribov diffusion; Shrinkage of diffraction peak. Even at LHC, 
still a relatively modest size growth [TOTEM: non-linear dependence]

But: the second term is due to the number of parton splittings –
in high multiplicity N events, can expect larger than average
size of the proton, 

Can this effect give a sizeable correlation between B and RP?



The growth of the proton size
at high energies

TOTEM Collaboration
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Can this effect give a sizeable correlation between B and RP?

Average
Multiplicity:

High
Multiplicity:

DK, UCLA Workshop 2017
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3. Even in pA collisions, vorticity has to be correlated 
with the reconstructed reaction plane:

Perhaps, the Chiral Vortical Effect (CVE)?

Can this be studied in high multiplicity pp collisions?
(small B, high vorticity, can check scaling expected for
background vs CVE)

Is there a different observable with a controlled initial state?
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The Chiral Magnetic Wave: controlling the initial state 

Y.Burnier, DK, J.Liao, H.Yee,
PRL 2011

Finite baryon density + CMW = electric quadrupole moment of QGP.

Signature - difference of elliptic flows of positive and negative pions
determined by total charge asymmetry of the event A: 

at A>0, v2(-) > v2(+);   at A<0, v2(+) > v2(-)
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arXiv:1504.02175
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ALICE Coll, Phys. Rev. C93 (2016) 044903

ALICE Coll. at the LHC



arxiv:1608.00982

Approved dedicated 2018 CME run at RHIC with 
Zr (Z=40), Ru (Z=44) isobars
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B field evolution
in transverse plane

CMHD with dynamical MHD magnetic field 
from ECHO-QGP: Y. Hirono, M. Mace, DK
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Anomalous viscous hydrodynamics 

Anomalous currents
as perturbations on
top of “conventional” (2+1)D
VISHNU viscous hydrodynamics;
background magnetic field.

Y.Jiang, S.Shi, Y.Yin, J.Liao,
Arxiv:1611.04586



Broader implications:
Dirac & Weyl semimetals





The discovery of Dirac semimetals 
– 3D chiral materials

Z.K.Liu et al., Science 343 p.864 (Feb 21, 2014)



CME in condensed matter: 

77

BNL - Stony Brook - Princeton - Berkeley

arXiv:1412.6543 [cond-mat.str-el] 

Nature Phys.
12 (2016) 550
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arXiv:1412.6543 (December 2014); Nature Physics 12, 550 (2016)
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Put the crystal in parallel E, B fields – the anomaly
generates chiral charge:

and thus the chiral chemical potential:
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so that there is a chiral magnetic current:

resulting in the quadratic dependence of CME
conductivity on B:

adding the Ohmic one – negative magnetoresistance
Son, Spivak, 2013
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Nature Physics 12, 550 (2016)





Negative MR in TaAs2

Y.Luo et al, 1601.05524

Towards the room temperature CME



Nonlocal chiral transport

C.Zhang et al, Nature Comm.’17                      S.Parameswaran et al,
DOI: 10.1038/ncomms13741                                   PRX4, 031035 (2014)



CME as a new type of 
superconductivity

Fritz and Heinz London

~J ⇠ µ5
~B µ5 ⇠ ~E ~B t

~E|| ~B

CME:

London theory of superconductors, ‘35:

for
superconducting
current, tunable
by magnetic field!

~E ⇠ B�2 ~̇J

assume that chirality
is conserved:

DK, arXiv:1612.05677



CME in Dirac metals
G.Monteiro, A.Abanov, DK,
arXiv:1507.05077; PhysRevB

What is 
the origin of
positive MR
in weak field?



Quantum oscillations 
in CME conductivity

S.Kaushik, DK,
arXiv:1703.05865



Chiral photonics

Nano Letters, 2017 

Response of surface states 
grows linearly in B!

Rotation of light polarization on
axion domain walls in the Universe?



Plasmons (collective excitations) in 
Dirac semimetals have THz frequency range

DK, R. Pisarski, H.-U. Yee,
PRL(2015); arXiv:1412.6106

Chiral photonics

R. Chen et al, “Optical spectroscopy 
of 3D Dirac semimetal ZrTe5”
arXiv:1505.00307



Summary

Chirality

Quantum
fields

Strings
holography

Fluid dynamics

Nuclear
physics

Particle
physics

Condensed
matter
physics

Real-world
applications

Cosmology Astrophysics



Reviews:
DK, K. Landsteiner, A. Schmitt, H.U.Yee (Eds), 
“Strongly interacting matter in magnetic fields”,
Springer, 2013; arxiv:1211.6245

DK, “The chiral magnetic effect and anomaly-induced transport”, 
Prog.Part.Nucl.Phys. 75 (2014) 133; arxiv: 1312.3348

DK, “Topology, magnetic field and strongly interacting matter”,
arxiv: 1501.01336; Ann. Rev. Nucl. Part. Science (2015)

DK, J.Liao, S.Voloshin, G.Wang, “Chiral magnetic and vortical effects 
in high-energy nuclear collisions: A status report” Prog. Part. Nucl. 
Phys. 88 (2016) 1


