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Cosmic-ray diffusion in turbulent magnetic field

O DU(t) =~ <X,'Xj>/At
e MC simulations

Credits: Xu and Yan, ApJ 2013
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Diffusion-tensor coefficients

* Spatial diffusion-tensor coefficients related to the velocity correlation function
through a time integration [Taylor (1922); Green (1951); Kubo(1957)]:

t
Dy (1) = /O at’ (o (1)

e Aim: calculate (vo;v;(t)) given any turbulence 6B on top of a mean field By
* Equation of motion: 9vi(t)/at = 6Q € v; (t)0bk (t) + Qo €k vj(t)bok
s §Q =c?Z|e|6B/E: turbulent-related gyrofrequency
» Qg =c®ZlelBo/E: mean field-related gyrofrequency
e 5by(t) = 5bk(x(t)): k-th component of the magnetic field, expressed in units of 6B, at
the spatial coordinate x(t) of the particle at time ¢



Equation of motion — Auxiliary variable

e Mean field oriented in the z direction, By = Bou,
* Equation of motion: 9vi(t)/at = 6Q € V; (t)0bk (1) + Qo € V(1) Okz
» Expansion: infinite number of Dyson series mixing powers of 6B and By

e Alternative: auxiliary variable v;(t) = R,.IT 1 (Qot)w;(t), with Rj the matrix elements of
the rotation matrix around Z [Plotnikov, Pelletier, & Lemoine, A&A 532 (2011) A68]

* Given that 9R;" (Q0t)/ot = Qoe,-sz,;j1 (Qot),

ow;(t)

o = 0Q Rin(Qot) emn bk, (Qotw) (1)

* No additional input w.r.t. the pure turbulence case



Dyson series

* First iterative solution:
t ’ ’ 4 ’ — ’
(Wi (1)) = Wiy +6Q €mnx J dt'Rim(Qot")(w;(t)6bi (') R, (Qot”)
* Dyson series:

th-1

0 t t4
<V,'O (t)> = Vo,'0 +Z 59” 6,'0,'1/'1 €j oo+ v 6,'”71,'”]',7 Vo,',7 /dt1 /dtz' OO0 dtn<5bj1 (t1) - 6bjn (tn)>
= 0 0 0

* Wick theorem: expectation value in the integrand expressed in terms of all possible
permutations of products of contractions of pairs of (6b;, (;,)0bj, (%))
* Using the Ansatz (6b;, (;,)0bj, (;,)) = @(tj, — ;) diri/3:

ad 592 P t t1 fgp_1
<W,'0(t)> =W0i0+Z(T) W(),'Zp/O dt1 </O dtg"-'/o dtgp Z l—[(p(tj—tg)
p=1

pairings j<{

(R/',-,1k, (Q0t)Ri,_ (Qofz)/?,;;,-, (901}')3;,/.1,-5 (Qotr) — Ri_y (0t) Rk, (Qotf)/:f;;}j (Qotj)R;;.,jf (Qol‘f))
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Diagrammatic representation

e Rules:

* “free propagator”: u(® (t) =1

* contraction of a pair (b;, (f,)0bj, (t;,)) identified as an “interaction”

* dashed lines — integrations over the ordered times crossing the continuous line
* For instance (with 0 <t, <f; <t < c0):

l"—\\\ 592 t
— = / dt1/ dt (Ri0k1 (Qot1)Riyk, (Qot2) Ry (Qot)R,,) . (Qoto)
02 ot tip 3 Jo 0

Rlok1(90t1)Rl1k2(QOt2)Rk (Qof1)Rk (Qot2) |¢(t —12),

* Dyson series:

.= .+
0,i t,j 0,i t,j 0,i



Partial summation of Dyson series

* Include all possible ways to have one nested loop in unconnected diagrams
(Kraichnan propagator [Kraichnan, JIMP 2 (1961) 124]):

MVWWWWA

=] + .
0j ti 0j ti 0j tb t ¢ti

¢ Include all possible nested and crossed diagrams:

= + L + I ! \ \
0,/ t,i 0,f t,i 0,j b v ti 0, ty t3 to 4 t,i

e Approximation:

~ + A + MAMWWWMIWWWN——— -
0,j ti 0, j



2-pt correlation function of the experienced magnetic field

» Formal expression:
(6b;(1)6b;(0)) = // dkdk’ (8b;(k)ob;(k")) (e *1))

« Expansion of (€%*()) as a Dyson series:

' n t t
<elk-x(t)>:Z%A ot /0 dto((k-v(t))... (k-v(t))

n>0
* n-point correlation function substituted for the sum of all possible contractions of
pairs:
((k-v(t1)) (k-V(t2)) = (KZ)(V(t)) - V(ta)) — k?c?e™ /¢

e Hence, with the heuristic expression &(k) = vP/ke,

t t
<eik-x(t)>0 ~1— (kC)2/ dt1 / ! dtz e—(H —t2)/ £ (k) <eik-X(t—t1)>o
0 0



2-pt correlation function of the experienced magnetic field

¢ MC simulations

¢ Numerous features not accounted for in

various approaches (e.g. QLT)
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Parallel diffusion

¢ First iteration:

1 26Q2 Wy, (s

L [¢(x) cosQox] (s),
¢ Second iteration:

2
w(s) =+~ Z2XE M) 1140 (0o cos 20x] (5
2
+2((SQ2) W, (s)

3 L

©(x1+x2)p(x2 +x3)

(Wz(x1))o{Wz(x2))o(Wz(X3))o cosQo(x1 —x3) | (S).
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Parallel diffusion
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Perpendicular diffusion
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Conclusions

* Physical solution provided by partial summation schemes

« Convenient way to get dependencies in E, B2, Bg, etc. compared to heavy MC
campaigns

* Main features captured in the gyro-resonant and high-rigidity regimes

* Details in Astrophys.J. 920 (2021) 2, 87 and arXiv:2406.00361 (to appear in Phys.
Rev. D)
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Truncation of the series?
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e Summation of all terms up to some order Kp,x?

» Series absolutely convergent for all ¢, very many terms required for t > 3/(26Q?7) [e..
Kraichnan, JMP 2 (1961) 124]

* — combinatorics that determines the number of occurrence of each diagram rapidly

non-tractable
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Partial summation

» Simplest scheme: Bourret propagator [Bourret, NCim 26 (1962) 3833]
* — substitute the “mass operator” in the Dyson equation for unconnected

contributions:

* — sum of unconnected diagrams

» NB: exact solution in the case of white-noise process (cancellation of nested/crossed
diagrams) [Plotnikov, Pelletier, & Lemoine, A&A 532 (2011) A68]

* Decoupling in Laplace-transform space (change of variables = x +Xx1 +Xo,
t =X1+Xz, o =x2): UM (p) =p- %Qz%

« Inverse transform: u(t) = 25e~A/67 (/7 — 1), with A = 3+ V9 —24725Q2,

B=A-3,and C=+/1-8725Q2/3

+ — nonphysical oscillations around 0 for t > 3/(26Q?1) 16
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