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THEOREME I'EXISTENCE POUR CERTAINS SYSTEMES
D'EQUATIONS AUX DERIVEES PARTIELLES NON
LINEAIRES.
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Sobolev Wavefront Set and

Non-Smooth WDOs.



H® — wavefront set :
(p.€) ¢ WF(u) = [ (1+IxPYl@u()lPd"x < oo

@(p) #0

(P,é) ¢ VVFS(U) > uc ft;d(pag)

= - = = wac
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Properties:

-WF*(u) c T*(M)\{0}

- WFs(u) =0 < ue€Hj,
Example: WF*(xp1) C N*S!

1 (xy) €D = {(xy) R :x? +y? <1}
XDl =
0 else
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Non-smooth symbols
A symbol p(x,§) € C7S5(R" x R") if and only if,

1D8p(-, )| < Cal€)"™ 7 for |a| > 0.

[0 =)
Mles =30 Ty 7€ 0D

[Fllerers = lIfllcx + max | Dl cos
p:
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Non-smooth VDO
The VDO op(p) associated to p(x,§) € C"S(; is

(op(p)u)(x) = [, €™“p(x, €)a(&)d¢
Mapping properties:
op(p) : H*"" — H?

for —7(1—-9)<s< .
> 0 loses regularity; m < 0 gains regularity.
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Symbol decomposition: p(x,&) € C7S[

p(x. &) =p*(x,&) + p°(x,€)
———— ———
smooth non-smooth, but lower order

p#(X7 f) € 51,5

pP(x, &) e CTSLC;_”S; 6 € (0,1)
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Example:The Klein-Gordon Operator

pKG(taX7£07£) ( §0 +hU(X)£ gj)—i_l ( U[(X))&—FFH
hY € C7, p(t,x,&,&) € CT- 1527
op(pkG) = O — Ap + m? := Pyg
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Example: The KIein—Gordon“Operator
Pra(tx,€0,€) = (=€0® + W (x)&i&) +i -0 (W h(x))& + m?

H(t,x,60,8)
Char(PKG) = {(t,X,fo,f) € T*M\{O} : H(tv)(vfo,g) = 0}

Xy = (0geH, 0cH, —0¢H, —0xH)
A single flow line in Char(Pkg) is called a null bicharacteristic
strip.

13/26



The bicharacteristic relation C is defined as:

C = {(%,£,7,7) € Char(Pxc) x Char(Pxg),
()?,5) and (¥, 1) lie on the same null bicharacteristic strip}

where X = (t,x),fz (£0,€), 7 = (s,¥), 7 = (n0,m)-
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The bicharacteristic relation C is defined as:

C = {(%,&,7.7) € Char(Pxs) x Char(Pxe),
()?,5) and (¥, 1) lie on the same null bicharacteristic strip}
where X = (tax)aé:: (£0a§)7)7 = (S>y)7ﬁ = (770,77)
()?’57.)7777) 6 C <1:>
3 null geodesic v such that

7(‘9) = )?7g('7’;>’/)|T;M = E,’S/(b) :yvg('7%)|7},l\/l =1
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Propagation of singularities. (Taylor)

Let Pxo(x, &) € C1SPy, 7 a null bicharacteristic
strip, V' a neighbourhood of ~.

If v e D'(X) solves

Pkgv = f <= PﬁGV:gizf—PﬁcV

If g € H7_(V), 7(0) € WF™1(v) then
v e WFT(v).
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Adiabatic Ground States
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A quasifree state wy is an adiabatic state of order
N if its two-point function A,y satisfies for all
s<N+3

WF"(Ap)C CT

ct ={(&&y.me >0 >0},

where
WF'(Aon) == {(%,&: 7, =) € T*(Mx M); (%,&,7,7) € WF(An)}
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Ground State

Ultrastatic setting: M =R x X, X compact

ds? = dt® — h;(x)dx'dx’

Klein-Gordon operator: Oy — A, + m?

The ground state, w,, is completely determined by
its two-point function

i)\/(tfs)
Pltxsy) =y S oIob)
leN /
The eigenvalues of —Ap¢ + m* are {A\?};cn and the
set of eigenvectors {¢;}.
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(Schrohe,- '22) Let (M, g) be a C™ ultrastatic
spacetime with T > 2, dim M = 4 and wg) the
two-point function of the ground state. Then
WF’_%”_E(wg))C C™ for every € > 0

If the spacetime is smooth, then the ground states
are adiabatic states of infinite order (Hadamard

states).
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For any € > 0

WF=2=#7(w?)) C Char(Pkg) x Char(Pike).

W,

<

<

Idea: ConsiderP,(;GX)wQ) =0, op(%) Char(pﬁc) = Char(Pkq)
KG
and mapping properties of pKG
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(Positivity) For all s € R,
WFs (W) c {(%,€,7,7) € T*(M x M); & > 0}

I
S

We define F : R+ 7]0,e1] € C — D'(X x M) for e > 0 by

F(z) = F(t.e) = 3 e HMN e ®g,(x) ().

Then, F is holomorphic and lim._,o F = wg).
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Let (X,7) € M x M be such that X and § are not causally related,
ie. % ¢ J(7). Then (%,€,5,7) ¢ WF 27 (w{).

Tk

\/

Idea: w® , O the set of pairs of causally separated points, “flip"
G 12

map p(X,¥) = (¥,X), p*w(Gz)\Q = wg)lg, wavefront set of the

pullback. Ny := {(t,x,&o,§) € Char(Pkg); £&o > 0}
Ne x NS WEE (0 g) = W27 ("o
C o WF 24 (W@ g) € p*(Ny x No) = N- x Ny
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If (%, €, %,71) € WF=3+™¢(w$?) for & > 0. Then ij = €.

Let (%,&,%,7) € WF3~t7(w@)) with 7 # A then
s s = —3 etr -3 _etr=0
(V(ng)apy(x:n)) € WF™2 + (W(G2)) (wa(G2) e H 2 + )

~Z

Exists {t1} x ¥ where Mv(X,&) = (t1, w1), My(X,7) = (t1, wo) are
causally separated !

Then 7j = A, X € R.

From (0 + 85)w(c_;2) = 0 (stationary) we have A = —1.

{h}x%
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Proof of the Theorem: Let (X,£,§,—1j) € WngfeJrT(w(Gz)) then
s £ v > —3 etr

(1(%.8). (7. =) € WF~ 377 ()

(tla w1, X, tla W177X) € WF~2— T WE; )

Define
50\) = {M( ) = N(v(%,8)(\) A € (—o0, ti]
Y2(A) == =N(y(7, =M)(AN)) = N(v(7,n)(A)) A € (t1,00)

where —v, denotes the curve with opp05|te orientation.
This implies (X, &, 7,7 € C. Hence, WF’_’_E+T( (2)) cC.
Combining this with positivity and (0; + Os)w(G) = 0 we obtain

WF/—%—E-H’(wg)) C C+. Thank you.
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Let {¢;;j =0,1,...} be a Littlewood-Paley partition of unity on
R”, i.e., a partition of unity 1 =377, where 9 =1 for [{| <1
and g = 0 for |¢] > 2 and ¥;(€) = 1o(2€) — 1o(21€). The
support of ¢;, j > 1, then lies in an annulus around the origin of
interior radius 2/ and exterior radius 211/,

Given p(x,§) € C"S and v € (0,1) let

(x,€) = ZJQP(X §)1i(€)- (1)
j=0

Here J. is the smoothing operator given by (Jf)(x) = (¢(eD)f)(x)
with ¢ € C§°(R"), ¢(&) = 1 for |¢] < 1, and we take ¢; = 2777,
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WF_%_E(wéz)) = () for every € > 0.

For
U(t, 57Xa.y) = Zj7k ujk(ta S)¢j(x)¢k(y) with ujk = (U, qu & ¢k>

u € H(R? x ¥2)

= > | (& + 5+ A7+ 2)°I(Fupy(€o,mo)|Pdéodno < oo},
kR
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1

WF_E_E(wéz)) = () for every € > 0.

For
U(t, 57Xa.y) = Zj7k ujk(ta S)¢j(x)¢k(y) with ujk = <U, qu & ¢k>

u € H5(R? x ¥2)

= > | (& + 5+ A7+ 2)°I(Fupy(€o,mo)|Pdéodno < oo},
kR

e M(t=3) o (x
T P1(x)Pi(y)

wéz)(t,x; s,y)=

IeN A
C c’
(2))2 < < <
g HH/;%_G(MXM) - z/: (e =~ 2 e <

/ Weyl's law
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