Luca Fabbri

@

University of Genoa

DIRAC HYDRODYNAMICS

QGSKY - Quantum Universe, Genova,
October 5th-6th, 2023



General mathematical idea: complex functions written in polar form



General mathematical idea: complex functions written in polar form

Physical application: qguantum mechanics with density and velocity,
Schroedinger equation as quantum HJ and continuity (Madelung)



General mathematical idea: complex functions written in polar form

Physical application: qguantum mechanics with density and velocity,
Schroedinger equation as quantum HJ and continuity (Madelung)

Extension problem: with spin there might be the problem of covariance
(helicity and rotations, chirality and boosts)



General mathematical idea: complex functions written in polar form

Physical application: qguantum mechanics with density and velocity,
Schroedinger equation as quantum HJ and continuity (Madelung)

Extension problem: with spin there might be the problem of covariance
(helicity and rotations, chirality and boosts)

|

Jakobi and Lochak (1955) find the way: polar form of the spinor in covariant form

Every (regular) spinor can always be written as
h=c¢pe 2PTL!

o = O

where phi is the module and beta is the chiral angle
while L is a spinorial transformaion: DEFORMATION



\(livﬁ\é?eriant derivatives of spinors = V1) = 3#1/; +C 0
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\(ljvﬁ\ézrieriant derivatives of spinors = V1) = 8#1/)—}—(:'#1/)
Cp —_— %Ca'bﬂffab Jr?;Q"A#]I

Ingeneral L='0,L=10,("%0,,+iq0,£]

so we define Ou&ij —Cijp = Rijp
a(9,6—A,) =P,

The parameters combine with spin connection and gauge potential to become
longitudinal parts of R and P: real tensors

Then Vb= (—iV, Br+V,In¢l—iP,I1—1R;;,0")



Dirac equations (in general with torsion) YV = X W yF i —map =0
The last two after diagonalization become

V,n ¢2+RM“ —2PPu" 5%, pp0 +2ms,, sin =0
V,.6=2XW,+ %EWMRO‘”—QP”U[LSM] +2ms,, cos =0

The 8 Dirac equations are converted into 2 vectorial equations specifying all space-

time derivatives for both degrees of freedom

Relativistic spinning quantum mechanics with chiral angle, spin, density and velocity
Eur. Phys. J. C78, 783 (2018)



Advantages: 1 --- guantum mechanics as an incompressible fluid

We have the momentum P®=m cos Bu® +
+(V,uB/2— XW,+ 56 p00 RPTV Yult sol +
+(V,Ino+ %R‘upgg"’”)u‘j g elkna

de Broglie-Bohm interpretation extended to the relativistic case: visual QM

Found. Phys. 53, 54 (2023)
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Vanishing of Lie derivative on the spinor or its observables?
1
7(08) v Sruce!? ™7 =261 (P, —V,)

Vﬂ = iRijygszduch

General proof of no spherical symmetry for spinors
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Advantages: 3 --- QFT spin-sums

Zspin ’tﬂ@E (mI[—I—Pa’TG’)

generalized into the Michel-Wightman relations

i) = %(m]IqLPa'y“)(]I— SaYOTr)

and even more into = L1¢?e BT (T u,y) (e P — s,y )



Thank you :)



Additional Slides



Curvatures are defined so that [V, V] = %szwdijvainuy?/)

It is straightforward to demonstrate that ¢F., =—(V,P,—V,P,)
i _ i i i pk i pk
Ri,,=—(V,R,,~V,R, +R, R* —Ri, Rt )

Non-zero solutions of zero-Riemann equation describe inertial accelerations as
they are not gravitational acceleration: COVARIANT INERTIA



An example of non-zero curvatureless tensorial connection

R0 =1sin 0y
Ry, =—7|sin 0] Ry =1sin 60,
Ryypo=—r%cosfsin 6 R,99=—r(1+0g7)
Rorr =10,



A physical example for Hydrogen Atom (orbital 1S%%)

1+T
'L"Ix' _ 1 T.l"‘—lﬁ—c:mrﬁ—iml"'t _ 0
! V1+T ' ' icxcos

i sinfe'¥

with T=v1— a2 they give d=rT—lemamr(1 _ o2|sinf|?)7

3= —arctan (£ cos 0)

R0 =—arsin 6 cos 0| A(0) |2
R0 =—1(1-T|A(0)]?)

R,pp=—r|sin0]?

and defining A9 =1//1— a0

Ry, = —r2sinfcosf



Singular spinors: 1)1) =0

the spinor is

i =0

z/):%(lcos 5 — 7 sin

@

2

)L

_—0 O =



Singular spinors: dipole (Weyl) has field equations
R, U*=0
(—B,+2XW,£2P,)U*=0
[(_BH —|—2XWM:|:2PM)5MP&V _|_gp[aRy]]Up —0



Singular spinors: flagpole (Majorana) has field equations

(gO'[WBH:] o RME,L&O‘WH,)MWHJ =0
%(Bugudﬂ'hﬁ _|_ga[7rRh:])Mﬂ_R —29mlU% =0

or equivalently R UF—0
JUH =

B, U"=0
(=Bt 4 gelo RYDNU, 4+ 2mM7=0

Adv. Appl. Clifford Algebras 32, 3 (2022)



