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The BZ mechanism

In presence of an external magnetic field, a significant quantity
of energy could be extracted from a spinning black hole

Only one possibility among energy extraction ways (Hawking
effect, Penrose process, magnetic reconnection, ...)

Explains high energy phenomena as highly relativistic jets

Requires general relativistic magnetohydrodynamic modeling

P ≃ B2r4w2

c
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Why non-linear theories ? (I)

General electromagnetic Lagrangian governing the
surrounding plasma:

LNLED = f (X ), X ≡ 1
4FµνF µν = 1

2(B2 − E 2)

When LNLED = −X → Maxwell theory

Investigated in a wide range of contexts (optics, plasma,
nuclear physics, superconductors, astrophysics...)
[Delphenich(2006), Lundin et al.(2006)Lundin, Brodin, and Marklund,
Ohnishi and Yamamoto(2014), Panotopoulos(2021),
Garcia-Salcedo and Breton(2000)]

Non-linear effects arise in QED (but very tricky to test as
they require extremely high-energetic particles or extremely
high magnetic field)
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Why non-linear theories ? (II)

Cosmology (I): when coupled
to a gravitational field,
NLED theories can give the
necessary negative pressure
and enhance cosmic
inflation, as well as avoid
the Big Bang singularity

Cosmology (II): a non-linear
lagrangian brakes the
conformal invariance →
survival of primordial
magnetic fields
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A plethora of models...

[Övgün(2017)]
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An astrophysical application (I)

We apply some NLED models to the BZ mechanism, i.e. to a
SMBH, in order to find out if non-linear phenomena could exists

in such scenarios

Ingredients:

EM stress-energy tensor: T EM
µν = −L(X )gµν + LX FµρFνσgρσ

Generalized Maxwell equations: 1√
−g ∂µ

[√
−gLX F µν

]
= −Jν

Radial energy and angular momentum fluxes:

F (r)
E := T r

t , F (r)
L := −T r

ϕ
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An astrophysical application (II)

On the horizon, r+ = 1 +
√

1 − a2, in presence of a force-free,
magnetized, ideal plasma:

The energy flux becomes FE (θ) = −2L(r+)
X B2

r wr+(ΩH − w) sin2 θ

It will depend not only on the radial magnetic field Br , but
also on the other two components, namely Bθ and Bϕ

The extracted power (rate) is:

PNLED = 4π

∫ π/2

0
dθ

√
−gFE (θ)

→ Perturbative expansion in powers of "a"
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An astrophysical application (III)

Unknowns: {Br , Bθ, Bϕ, w} → only {Aϕ}

We solve the generalized Maxwell eqs. in the limit a << 0 using

Aϕ = A(0)
ϕ + a2A(2)

ϕ + O(a4)

Bϕ = aB(1)
ϕ + O(a3)

w = a w (1)
ϕ + O(a3)

The other components of B are

Br = − 1√
−g

(
∂θA(0)

ϕ + a2∂θA(2)
ϕ

)
, Bθ = 1√

−g

(
∂r A(0)

ϕ + a2∂r A(2)
ϕ

)
.

→
[ 1

sin θ

∂

∂r L(0)
X

(
1 − 2

r

) ∂

∂r + 1
r2

∂

∂θ

L(0)
X

sin θ

∂

∂θ

]
A0

ϕ = 0
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Results (I)

Assuming separated solutions: A(0)
ϕ = R(r) · U(θ) and L(0)

X = f (r) · g(θ)
For LNLED = −CX − γX δ: no monopole solutions and only δ = 2
makes sense !
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Results (II)
If Bθ is negligible, a very simple estimate is possible:

PNLED

P = −LX (X0)

where X0 := B2
0/2 and B0 ∼ √

σ0 is the magnetic strength.
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Primordial Magnetic Fields (I)

Galactic
Typical length ∼ 10 kpc
Typical strength ∼ 10−6 G

Intergalactic
Typical length ∼ 1 Mpc
Typical strength
10−15G < B < 10−9G
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Primordial Magnetic Field (II)

According to GR, primordial magnetic fields (PMF) decayed
adiabatically as

B(τ) ∼ 1
a(τ)2 → ρB = |B|2

8π
∝ 1

a4

This scaling is the same for every cosmic energy density in
the Universe

ργ ∼ 1
a4 → r .= ρB

ργ
≈ const

Observations tell us that r ≈ 1. Why ?

In order to explain this value, one needs a pregalactic seed
field with
r ≃ 10−34 (dynamo)
r ≃ 10−8 (compression)
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Cosmological Setup

Same eqs as before but source free (Jν = 0)

Conformally flat FRW metric:

ds2 = a2(η)
(

dη2 − dx2
)

= dt2 − a(t)dx2 (1)

The resulting field equation is

LX F ′′ +
(

∂0LX

)
F ′ = 0 (2)

Definition of the variable F := a2B with B := |B|

Long-wave approximation aL >> H−1 → kη << 1
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Tested Models (I)

(A) LNLED = −CX − γX δ

Same results of [Cuesta and Lambiase(2009)], i.e. δ < 2
(precisely 1.26-1.38)

(B) LNLED(X ) = − X
(βXα + 1)1/α

Tabella

MGUT TRH T∗ α

1016 109 1012 28.4
1017 1015 1015 15.1
1017 1017 1016 15.4

→ taking α ≃ 15, the power-law solution for the radiation era
goes like

F ∼ au with u ≃ {2, 63}
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Tested Models (II)

(C) LNLED = − Xe−αX

αX + β
→ does not allow power-law solutions

for F ! It reduces to a power-law one with δ = 2 (C = 1/β and
γ = −α/β) as long as β ≤ 1 and B ≪

√
2/α → not compatible with

the observation r ∼ 1

A Cosmological Confirmation ?
Our (analytical) results emphasize that the existence and the

behavior of non-linear electromagnetic phenomena strongly
depend on the model and the physical context, and that
power-law models LNLED = −CX − γX δ with δ ≤ 2 should be further
studied.
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Conlusions

We found the extracted power up to second order in a in
presence of NLED
Only LNLED = −CX − γX 2 is significant → paraboloidal solution
Noticeably able to extract more energy (∼ 103 × Maxwell)
More ’verticality’ of field lines: A(0)

ϕ ∼ r s(1 − cos θ) with s > 1
We also found an easy formula to estimate the power (w.r.t.
Maxwell), usable for all models !
Maybe a cosmological confirmation for non-linear terms in

the Early Universe

Future Directions

We assumed separable solutions → numerical simulations
Investigate higher perturbation orders → fast-spinning BHs
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Thanks for your attention
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