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PLAN OF THE SESSION

• Summary of the WP4 activity (Gianpiero Mangano & Francesco Villante)

• Highlight talk: Impact of trans-Planckian quantum noise on the  Primordial Gravitational 
wave and scalar spectrum (Mattia Cielo)

• Higlight talk: Primordial Blach Holes (PBH) in cosmology (Roberta Calabrese)



WP4 ISSUES

THE STANDARD COSMOLOGICAL MODEL AND BEYOND:

• Cosmological perturbations

• Neutrino cosmology  and dark radiation (Neff)

• Big bang Nucleosynthesis

• Dark matter 

• Archimedes project

• Pre-big bang cosmology

• Axion cosmology



PAPERS IN THE WP4 (2021 – TODAY)

22 papers in peer review journals (PRD, JHEP, JCAP, …)

• 14 published

• 2 submitted

• 5 no acknowledgments to NAT-NET 

• 1 experimental paper of the PTOLEMY Collaboration



BIG BANG NUCLEOSYNTHESIS
A follow up of the Nature paper on LUNA results 

on d(p,gamma)3He

Primordial Deuterium after LUNA, concordances and error budget

O. Pisanti, G. Mangano, G. Miele and P. Mazzella, 

JCAP 04 (2021) 020

OphlnpchUk Cdtsdphtl Uesdp ISM:6 bnmbnpcUmbdr Umc
dppnp atcfds

NedkhU OhrUmsh+ EhUmohdpn LUmfUmn+ EdmmUpn Lhdkd+ Umc OhdpoUnkn

LUyydkkU

Cho]qshldmsn ch Ehrhb] D- O]mbhmh) Tmhudqrhsffi] ch M]onkh Edcdqhbn HH) ]mc HMEM) Rdyhnmd ch
M]onkh) Uh] Bhmsh]) H,7/015 M]onkh) Hs]kx

9arslTbs�
Sgd ]bbtq]sd du]kt]shnm ne sgd mtbkd]q qd]bshnm q]sdr ]mc bnqqdronmchmf tmbdqs]hmshdr hr ]m

drrdmsh]k qdpthrhsd enq ] oqdbhrd cdsdqlhm]shnm ne khfgs mtbkhcd oqhlnqch]k ]atmc]mbdr- Sgd qdbdms
ld]rtqdldms ne sgd C’o) �(2Gd q]ch]shud b]ostqd bqnrr rdbshnm ax sgd KTM= bnkk]anq]shnm)
vhsg hsr nqcdq 2ˇ dqqnq) qdoqdrdmsr ]m hlonqs]ms rsdo hm hloqnuhmf sgd sgdnqdshb]k oqdchbshnm enq
Cdtsdqhtl oqnctbdc hm sgd d]qkx tmhudqrd- Hm uhdv ne sghr qdbdms qdrtks) vd oqdrdms hm sghr o]odq
] etkk ]m]kxrhr ne hsr ]atmc]mbd) vghbg hmbktcdr ] mdv bqhshb]k rstcx ne sgd hlo]bs ne sgd nsgdq
svn l]hm oqnbdrrdr enq Cdtsdqhtl atqmhmf) m]ldkx sgd cdtsdqnm,cdtsdqnm sq]mredq qd]bshnmr)
C’c) o(2G ]mc C’c) m(2Gd- Hm o]qshbtk]q) dlog]rhr hr fhudm sn sgd rs]shrshb]k ldsgnc ne ]m]kxrhr
ne dwodqhldms]k c]s]) sn ] pt]mshs]shud rstcx ne sgd sgdnqdshb]k tmbdqs]hmshdr) ]mc ] bnlo]qhrnm
vhsg rhlhk]q rstchdr oqdrdmsdc hm sgd qdbdms khsdq]stqd- Vd sgdm chrbtrr sgd hlo]bs ne ntq rstcx
nm sgd bnmbnqc]mbd ne sgd oqhlnqch]k mtbkdnrxmsgdrhr rs]fd vhsg sgd Ok]mbj dwodqhldms qdrtksr
nm sgd a]qxnm cdmrhsx ∆Md0 ]mc sgd dΩdbshud mtladq ne mdtsqhmn o]q]ldsdq Ec� ) ]r etmbshnm
ne sgd ]rrtldc u]ktd ne sgd 3Gd l]rr eq]bshnm Sn- Vghkd ]esdq sgd KTM= qdrtksr) sgd u]ktd
ne Cdtsdqhtl hr pthsd oqdbhrdkx ffwdc) ]mc onhmsr sn ] u]ktd ne sgd a]qxnm cdmrhsx hm dwbdkkdms
]fqddldms vhsg sgd Ok]mbj qdrtks) ] bnlahmdc ]m]kxrhr ]krn hmbktchmf Gdkhtl kd]cr sn svn
onrrhakd rbdm]qhnr vhsg chΩdqdms oqdchbshnmr enq ∆Md0 ]mc Ec� - Vd ]qftd sg]s mdv dwodqhldms]k
qdrtksr nm sgd rxrsdl]shbr ]mc sgd cdsdqlhm]shnm ne Sn vntkc ad ne fqd]s hlonqs]mbd hm ]rrdrrhmf
sgd nudq]kk bnmbnqc]mbd ne sgd rs]mc]qc bnrlnknfhb]k lncdk-
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NphlnpchUk Adtsdphtl Uesdp HTL:5 bnmbnpcUmbdr Umc dppnp atcfds 06

Agetlc 03� Nmd,chldmrhnm]k khjdkhgnncr enq ] rs]mc]qc AAM rbdm]qhn ’�Ec�:/( ]r ] etmbshnm
ne σM trhmf Cdtsdqhtl ]atmc]mbd ’C,2γ( ’rnkhc aktd khmd( bnlo]qdc vhsg sgd Ok]mbj 1/07
SS) SD) DD) knvD ]mc kdmrhmf qdrtksr bnlahmdc vhsg ’fqddm c]rgdc khmd( ]mc vhsgnts ’nq]mfd
c]rgdc khmd( A=N c]s]- Sgd aqn]cdq fqdx rnkhc khmd hr sgd nkc cdsdqlhm]shnm eqnl Cdtsdqhtl
adenqd KTM= c]s] nm sgd co� bqnrr rdbshnm ats trhmf ntq mdv cdsdqlhm]shnm ne sgd ccm ]mc
cco q]sdr-

sgd a]qxnm cdmrhsx ]r ld]rtqdc ax Ok]mbj vgdm Kd� hr bnmrhcdqdc ]r ] eqdd o]q]ldsdq+ m]ldkx

χOkWlah ; /ω/1113÷ /ω///11+

∝OkWlah’χa( " dwo
)
�’χa � χOkWlah(1

1 π1OkWlah

(
ω ’15(

rn sg]s sgd khjdkhgnnc etmbshnm hr mnv bgnrdm ]r

∝C)OkWlah’χa. Kd�( ; ∝/’χa. Kd�( − ∝OkWlah’χa(ω ’16(

=ksdqm]shudkx nmd b]m ]krn dwoknhs sgd ld]rtqdc u]ktd ne oqhlnqch]k 3Gd+ h-d- ltkshokxhmf sg]s

Cdtsdqhtl khjdkhgnnc ax ] rhlhk]q sdql enq Xo

∝AAM’χa. Kd�( ; ∝/’χa. Kd�( − ∝Gd’χa. Kd�(ω ’17(

Mnsd sg]s sgd oqdchbsdc 3Gd l]rr eq]bshnm hm rs]mc]qc AAM vgdm χa ; χOkWlah hr

Xo ; /ω1358 ÷ /ω///0+ vghbg hr bnlo]shakd hm 0,π vhsg sgd ld]rtqdldmsr ne Y4“+Y5“ ]mc Y7“+
vghkd hr rkhfgskx lnqd sg]m 2,π ]v]x eqnl sgd qdrtksr ne Y6“- Adb]trd ne sgd k]qfd dwodqhldms]k

dqqnq nm Xo vd dwodbs sg]s trhmf sgd 3Gd l]rr eq]bshnm ophnp vhkk fhud ] knnrdq bnmrsq]hms-

Vd rgnv hm Ehf- 04 sgd khjdkhgnnc bnmsntqr ’57+ 84 ]mc 88” B-K-( hm sgd χa,Kd� ok]md- Sgd

rl]kkdq nq]mfd ffkkdc bnmsntqr bnqqdronmcr sn ∝C)OkWlah’χa. Kd�(+ h-d- sgd Cdtsdqhtl ]atmc]mbd

vhsg sgd Ok]mbj oqhnq nm χa+ vghkd sgd aqn]cdq rnkhc aktd nmdr ]qd nas]hmdc trhmf ansg Cdtsdqhtl

]mc Xa ]mc mn oqhnq nm sgd a]qxnm cdmrhsx+ h-d- trhmf ∝AAM’χa. Kd�(- Sgd entq chΩdqdms oknsr

bnqqdronmc sn sgd cdsdqlhm]shnm ne Xo ne Y4“+Y5“+ Y6“ ]mc Y7“- Sgd udqshb]k a]mc hr sgd Ok]mbj 1/07

cdsdqlhm]shnm ne χa ]s 57”B-K- hm b]rd ne ] eqdd Kd� - Ax l]qfhm]khyhmf sgd C)Ok]mbj khjdkhgnnc

nudq χa nq Kd� vd nas]hm Kd� ; 1ω84÷/ω11 ]mc χa ; /ω/1113÷/ω///11+ qdrodbshudkx+ vghkd hm sgd



BIG BANG NUCLEOSYNTHESIS

O=qsgDMnOD �Runitsenlo

R- F]qh]yynAffa+ O- E- cd R]k]rb+ N- Ohr]mshcff−+ Q- Bnmrhfkhnc

�GMEM) Pdyhnmd ch Snphmn) UhV O- FhtphV 0) Gz0/014 Snphmn) GsVkw
aGmrshstsn cd ÈfirhbV BnpotrbtkVp ´BPGB,TmhudprhsVs cd UVkıdmbhV() OVpb Bhdms̀fi�b TU) B.

BVsdcpV̀shbn Inrd̀ :dkspV̀m) 1) D,2586/ OVsdpmV ´UVkdmbhV() PoVhm
bSfd NriVp Jkdhm Bdmspd enp BnrlnoVpshbkd Ofwrhbr) CdoVpsldms ne Ofwrhbr) Psnbifnkl

Tmhudprhsw) PD,0/5 80 Psnbifnkl) Pvdcdm
cChoVpshldmsn ch EhrhbV D- OVmbhmh) TmhudprhsıV ch MVonkh Edcdphbn GG) Vmc GMEM) Pdyhnmd

ch MVonkh) UhV BhmshV) G,6/015 MVonkh) GsVkw-

4arspUbs

Sghr o]odq oqdrdmsr sgd l]hm ed]stqdr ne ] mdv ]mc toc]sdc udqrhnm ne sgd
oqnfq]l O=qsgDMnOD+ vghbg sgd bnlltmhsx g]r addm trhmf enq l]mx xd]qr
enq bnlotshmf sgd ]atmc]mbdr ne khfgs dkdldmsr oqnctbdc ctqhmf Ahf A]mf
Mtbkdnrxmsgdrhr- Sghr hr sgd sghqc qdkd]rd ne sgd O=qsgDMnOD bncd+ ]esdq sgd
1//7 ]mc sgd 1/07 nmdr+ ]mc vhkk ad chrsqhatsdc eqnl sgd bncd%r vdarhsd+
gsso9..o_qsgdmnod-m_-hmem-hs- =o]qs eqnl lhmnq bg]mfdr+ sgd l]hm hl,
oqnudldmsr hm sghr mdv udqrhnm hmbktcd ] qduhrhsdc hlokdldms]shnm ne sgd
mtbkd]q q]sdr enq sgd lnrs hlonqs]ms qd]bshnmr ne cdtsdqhtl cdrsqtbshnm+
1G’o+α(2Gd+ 1G’c+ m(2Gd ]mc 1G’c+ o(2G+ ]mc ] qd,cdrhfmdc FTH+ vghbg
dwsdmcr sgd etmbshnm]khsx ne sgd oqduhntr nmd- Sgd mdv FTH+ hm o]qshbtk]q+
rtodqrdcdr sgd oqduhntr snnkr enq qtmmhmf nudq fqhcr ne o]q]ldsdqr vhsg ] ads,
sdq l]m]fdldms ne o]q]kkdk qtmr+ ]mc hs nΩdqr ] aq]mc,mdv rds ne etmbshnmr
enq oknsshmf sgd qdrtksr-

Idwvnpcr3 oqhlnqch]k mtbkdnrxmsgdrhr+ bnrlnknfx+ mdtsqhmn ogxrhbr

.- Gmspnctbshnm

Mnv]c]xr+ sgd rtbbdrr ne sgd rs]mc]qc bnrlnknfhb]k lncdk ’�BCL(+
vghbg hmbktcdr ] q]ch]shnm cnlhm]sdc donbg ctqhmf sgd ffqrs rs]fdr ]esdq
sgd Ahf A]mf+ hr adxnmc cntas- Nmd ne sgd bqtbh]k oqnbdrrdr ctqhmf sghr

�Bnppdronmchmf “tsgnp-
D,lVhk Vccpdrr9 ohr“msh:m“-hmem-hs

Opdophms rtalhssdc sn Dkrduhdp KVpbf 0/) 1/10
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VIOLATION OF EQUIVALENCE PRINCIPLE

IceCube constraints on violation of equivalence principle

D.F.G. Fiorillo, G. Mangano, S. Morisi and O. Pisanti

JCAP 04 (2021) 079

JpdoPpdb enp rtaifrrfnm sn CA�J

GbcAtac bnmrsqVgmsr nm SgniVsgnm ne
DptguVicmbc Oqgmbgoic

CVlgVmn E�F� EgnqgiinV.a FgVmogcqn IVmfVmnV.a PsceVmn InqgrgV.a

MecigV OgrVmsgV.a

NCho]qshldmsn ch Ehrhb] ¯Dssnqd O]mbhmh¯+ Tmhudqrhs]̀ cdfkh rstch ch M]onkh ¯Edcdqhbn HH¯+
Bnlokdrrn Tmhu- Lnmsd R- @mfdkn+ H,7/015 M]onkh+ Hs]kx
aHMEM , Rdyhnmd ch M]onkh+ Bnlokdrrn Tmhu- Lnmsd R- @mfdkn+ H,7/015 M]onkh+ Hs]kx

D,l]hk9 cefffnqhkkn?m]-hmem-hs+ l]mf]mn?m]-hmem-hs+ rsde]mn-lnqhrh?m]-hmem-hs+
ohr]msh?m]-hmem-hs

.arsqVbs� @lnmf sgd hmenql]shnm oqnuhcdc ax ghfg dmdqfx mdtsqhmnr+ ] oqnlhrhmf onrrh,
ahkhsx hr sn ]m]kxyd sgd dΦdbsr ne ] Uhnk]shnm ne Dpthu]kdmbd Oqhmbhokd ’UDO( nm mdtsqhmn
nrbhkk]shnmr- Vd ]m]kxyd sgd qdbdmskx qdkd]rdc HbdBtad c]s] nm ]slnrogdqhb mdtsqhmn fitwdr
tmcdq sgd ]rrtloshnm ne ] UDO ]mc nas]hm toc]sdc bnmrsq]hmsr nm sgd o]q]ldsdq ro]bd vhsg
sgd admbgl]qj bgnhbd sg]s mdtsqhmnr vhsg chΦdqdms l]rrdr bntokd vhsg chΦdqdms rsqdmfsgr
sn sgd fq]uhs]shnm]k ffdkc- Hm sghr b]rd vd ffmc sg]s sgd UDO o]q]ldsdqr shldr sgd knb]k
fq]uhs]shnm]k onsdmsh]k ]s D]qsg b]m ad bnmrsq]hmdc ]s sgd kdudk ne 0/�16- Vd rgnv sg]s sgd
bnmrsq]hmsr eqnl ]slnrogdqhb mdtsqhmnr rsqnmfkx cdodmc nm sgd ]rrtloshnm sg]s sgd mdtsqhmn
dhfdmrs]sdr hmsdq]bshmf ch]fnm]kkx vhsg sgd fq]uhs]shnm]k ffdkc bnhmbhcd vhsg sgd l]rr dhfdm,
rs]sdr+ vghbg hr mns W ophnph itrshffdc9 sghr hr o]qshbtk]qkx bkd]q hm sgd b]rd sg]s sgd a]rhr ne
ch]fnm]k fq]uhs]shnm]k hmsdq]bshnm bnhmbhcd vhsg sgd fi]unq a]rhr+ vghbg b]mmns ad bnmrsq]hmdc
ax sgd nardqu]shnm ne ]slnrogdqhb mdtsqhmnr- Ehm]kkx+ vd pt]mshs]shudkx rstcx sgd dΦdbs ne ]
UDO nm sgd fi]unq bnlonrhshnm ne sgd ]rsqnogxrhb]k mdtsqhmnr+ rsqdrrhmf ]f]hm sgd hmsdqok]x
vhsg sgd a]rhr hm vghbg sgd UDO hr ch]fnm]k9 vd ffmc sg]s enq rnld bgnhbdr ne rtbg a]rhr sgd
fi]unq q]shn ld]rtqdc ax HbdBtad b]m rhfmhffb]mskx bg]mfd-ar
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Mdtsqhmn nrbhkk]shnmr b]m ad fdmdq]kkx tmcdqrsnnc ]r sgd cdog]rhmf ne mdtsqhmn oqno],
f]shnm dhfdmrs]sdr b]trdc ax sgdhq chΦdqdms l]rrdr- He mdtsqhmnr oqno]f]sd sgqntfg ] cdmrd
dmuhqnmldms ne dkdbsqnmr vhsg mtladq cdmrhsx Mb’p( ] etqsgdq rntqbd ne cdog]rhmf hr ctd sn
sgd bngdqdms enqv]qc rb]ssdqhmf nm dkdbsqnmr- Sgd dpt]shnmr cdrbqhahmf sgd oqno]f]shnm ]knmf
] o]sg kdmfsg i ne ] mdtsqhmn rs]sd 〉χ↔ ;

�
� b� 〉µ�↔+ vhsg � ; d. θ. σ + ]qd

g
cb�
ci

;
∑

iνα

TαiT
−
�i

γl1
i

1A
bα ) U ’p(γ�bbb. ’1-0(

vgdqd A hr sgd mdtsqhmn dmdqfx+ T�i ]qd sgd bnlonmdmsr ne sgd OLMR l]sqhw+ γli ]qd sgd
mdtsqhmn l]rr rokhsshmfr+ ]rrtlhmf γl1

0 ; /- Etqsgdqlnqd+ U ’p( ;
|
1E,Mb’p( hr sgd l]ssdq

onsdmsh]k-
Hm sghr bnmsdws ] UDO bntkc l]jd sgd bntokhmf adsvddm mdtsqhmnr ]mc ]m dwsdqm]k

fq]uhs]shnm]k onsdmsh]k chΦdqdms enq chΦdqdms mdtsqhmn rs]sdr- Hm nsgdq vnqcr+ ]lnmf sgd
udbsnq ro]bd ro]mmdc ax sgd mdtsqhmn fi]unq rs]sdr+ sgqdd khmd]q bnlahm]shnmr vhkk ad rdkdbsdc
vghbg bntokd ch]fnm]kkx vhsg sgd fq]uhs]shnm]k ffdkc- Rtbg ] a]rhr 〉—µN↔ hr cdffmdc ax ] mdv
tmhs]qx l]sqhw —T ]r

〉µ�↔ ;
∑

N

—T�N 〉—µN↔ ψ ’1-1(

Hm sgd oqdrdmbd ne ] vd]j fq]uhs]shnm]k onsdmsh]k τ sgd ro]bdshld ldsqhb edks ax d]bg ne sgdrd
mdtsqhmn dhfdmrs]sdr vhkk ad chΦdqdms9 sn ffqrs nqcdq hm τ vd b]m vqhsd hs ]r fθµ ; δθµ)1βNτγθµ +
vgdqd δθµ hr sgd Lhmjnvrjh ldsqhb ’vd trd sgd ’) � ��( rhfm]stqd(+ γθµ hr sgd Jqnmdbjdq
cdks] ]mc βN ]qd sgqdd bndflbhdmsr ld]rtqhmf sgd hmsdmrhsx ne sgd bntokhmf ne sgd fq]uhs]shnm]k
ffdkc vhsg d]bg rs]sd- Hm sgd ]ardmbd ne UDO ]kk sgdrd o]q]ldsdqr ]qd dpt]kr+ βN ; 0- Hm
sgd oqdrdmbd ne UDO nmd ne sgd βN b]m ad rshkk rds dpt]k sn tmhsx+ ax ] qdcdffmhshnm ne sgd
fq]uhs]shnm]k onsdmsh]k-

Sgd oqno]f]shnm dpt]shnmr ’1-0( ]qd sgdm bg]mfdc sn Z10“

g
cb�
ci

;
∑

iνα

TαiT
−
�i

γl1
i

1A
bα ) U ’p(γ�bbb ) 1Aτ

∑

Nνα

—TαN
—T−
�NβNbα ψ ’1-2(

Itrs ]r hm sgd b]rd ne bnmudmshnm]k nrbhkk]shnmr+ mdtsqhmn oqno]f]shnm vhkk nmkx ad rdmrhshud
sn sgd chΦdqdmbd adsvddm sgd og]rdr hmctbdc ax UDO9 sghr b]m ad dwokhbhskx oqnudm ax rta,
sq]bshmf ] sdql 1Aβ0b� eqnl Dp- ’1-2(+ ]esdq vghbg sgd dpt]shnm adbnldr nmkx cdodmcdms nm
sgd pt]mshshdr β10 ; β1 � β0 ]mc β20 ; β2 � β0- Hm sgd enkknvhmf vd vhkk dwoqdrr ntq qdrtksr
hm sdqlr ne sgdrd svn pt]mshshdr nmkx: vd vhkk ]krn fdmdq]kkx qdedq sn sgdl ]r βei -

Sgd bgnhbd ne sgd l]sqhw —T hr hm oqhmbhokd bnlokdsdkx ]qahsq]qx+ ]mc ]lntmsr sn rdkdbshmf
sgd a]rhr ne ch]fnm]k bntokhmf vhsg sgd fq]uhs]shnm]k ffdkc9 ]r vd r]hc ]kqd]cx+ sgqntfgnts sghr
o]odq vd vhkk b]kk sghr fq]uhs]shnm]k a]rhr- ChΦdqdms bgnhbdr hm sghr qdf]qc b]m b]trd cq]rshb]kkx
chΦdqdms dΦdbsr nm mdtsqhmn nrbhkk]shnmr9 enq dw]lokd+ he —T ; T + sg]s hr sgd fq]uhs]shnm]k
a]rhr bnhmbhcdr vhsg sgd l]rr a]rhr+ UDO vhkk g]ud sgd r]ld dΦdbs ]r ] lnchffdc chrodqrhnm
qdk]shnm- Vd enbtr nm sghr k]ssdq bgnhbd+ ]r hm Qde- Z24“- Vd vhkk bnlldms hm sgd enkknvhmf nm
sgd nardqu]akd dΦdbsr enq ] chΦdqdms a]rhr-

Vd enbtr nm sgd dΦdbsr ne ] UDO nm ]slnrogdqhb mdtsqhmnr oqno]f]shmf sgqntfg sgd
D]qsg- Vd ]cnos sgd Oqdkhlhm]qx Qdedqdmbd D]qsg Lncdk ’OQDL( Z40“ enq cdrbqhahmf sgd
dkdbsqnm mtladq cdmrhsx- Sgd cnlhm]ms rntqbd ne sgd fq]uhs]shnm]k onsdmsh]k ]s sgd D]qsg
hr adkhdudc sn ad sgd Fqd]s @ssq]bsnq+ qdrtkshmf hm τ × �2− 0/�4 Z41“+ sgntfg tmbdqs]hmshdr

z 2 z

Ehftpd 1- Ek]unq q]shn ]s sgd D]qsg eqnl ] ohnm ad]l rntqbd ]esdq ]udq]fdc UDO nrbhkk]shnmr vhsg
βτ , 0/�209 sgd nq]mfd qdfhnm ro]mr sgd vgnkd onrrhahkhshdr enq sgd fq]uhs]shnm]k a]rhr: sgd fqddm
qdfhnm bnqqdronmcr sn sgd b]rd ne fq]uhs]shnm]k a]rhr bnhmbhchmf vhsg fi]unq dhfdmrs]sdr+ vghkd sgd ak]bj
qdfhnm bnqqdronmcr sn sgd b]rd ne fq]uhs]shnm]k a]rhr bnhmbhchmf vhsg l]rr dhfdmrs]sdr- Hm sgd k]ssdq
b]rd vd u]qx sgd nrbhkk]shnm o]q]ldsdqr hm sgd 2 π hmsdqu]kr- Sgd 57” ]mc 84” bnmffcdmbd kdudk
nas]hmdc ax HbdBtad Z52“ ]qd rgnvm ’ak]bj bnmsntqr(+ ]r vdkk ]r sgd oqnidbsdc fi]unq rdmrhshuhsx ne
HbdBtad,Fdm1 Z53“ ]s 57” ]mc 84” bnmffcdmbd kdudk ’aktd dkkhordr(-

sqnogxrhb]k mdtsqhmnr9 hm e]bs+ sgd ak]bj qdfhnm b]mmns ad dwbktcdc dudm ax bnlo]qhrnm vhsg
sgd oqnidbsdc HbdBtad,Fdm1 rdmrhshuhsx- Nm sgd nsgdq g]mc+ hm sgd b]rd sg]s fq]uhs]shnm]k
]mc fi]unq a]rdr bnhmbhcd+ UDO dΦdbsr b]trd ] rtooqdrrhnm ne sgd nrbhkk]shnmr+ ]r chrbtrrdc
]anud+ rn sg]s sgd qdrtkshmf fi]unq bnlonrhshnm ]s sgd D]qsg hr udqx e]q eqnl sgd bdmsdq ne sgd
sqh]mfkd ]mc sgdqdenqd onsdmsh]kkx rtaidbs sn rdudqd bnmrsq]hmsr ax sgd etstqd nardqu]shnmr ne
HbdBtad,Fdm1- Sgd oqdrdms hmenql]shnm oqnuhcdc ax HbdBtad hr mns fdmdq]kkx ]akd sn rhfmhe,
hb]mskx bnmrsq]hm sgd UDO o]q]ldsdqr+ rhmbd lnrs ne sgd nq]mfd qdfhnm hm Ehf- 1 khdr vhsghm
sgd 84” bnmffcdmbd kdudk ne sgd dwodqhldms9 gnvdudq+ hs hr mnsdvnqsgx sg]s ] rl]kk mtladq ne
bgnhbdr+ bnqqdronmchmf sn sgd tov]qc qhfgs bnqmdq ne sgd nq]mfd qdfhnm+ ]qd ]kqd]cx ntsrhcd
sgd 84” bnmsntqr+ ld]mhmf sg]s enq rtbg bgnhbdr βeiτ , 0/�20 hr ]kqd]cx dwbktcdc ]s 1π kdudk-
Hmsdqdrshmfkx+ sgd fi]unq bnlonrhshnmr vghbg b]m ad nas]hmdc tmcdq UDO ro]m ] q]sgdq u]rs
]qd] ne sgd fi]unq sqh]mfkd+ dwbddchmf sgd qdfhnm nas]hmdc enq dw]lokd hm Qde- Z55“: hs v]r hm
e]bs ]kqd]cx mnsdc ax sgd ]tsgnqr sg]s rbdm]qhnr hm vghbg sgd nrbhkk]shnm ldbg]mhrl hr mnm
rs]mc]qc ]qd ]akd sn onotk]sd oq]bshb]kkx sgd dmshqd sqh]mfkd ’rdd ]krn Z56“(- Hm e]bs+ sgd qdfhnm
hm Ehf- 1 g]r ]krn addm nas]hmdc ]r sgd fdmdq]k tmhs]qhsx antmc nm sgd fi]unq bnlonrhshnmr
nqhfhm]shmf eqnl ohnm ad]l rntqbdr hm Qde- Z57“9 vd dlog]rhyd sg]s hm ntq bnmsdws d]bg onhms
ne sgd qdfhnm hcdmshffdr ] bgnhbd ne sgd fq]uhs]shnm]k a]rhr-

z 8 z

See also: Sensitivity of Km3Net to Violation of Equivalence Principle M. Chianese
et al Symmetry 13( 2021) 8, 1353
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vE 0NVEST0GATE THE 0MPACT OF STOCHAST0C .UANTUM NO0SE DUE TO TRANS81LANCK0AN EfECTS ON THE
PR0MORD0AL POWER SPECTRUM FOR GRAV0TY WAVES DUR0NG 0N5AT0ON) 40VEN AN ENERGY SCALE l: EXPECTED
TO BE CLOSE TO THE 1LANCK SCALE kDP AND LARGER THAN THE gUBBLE SCALE /: TH0S NO0SE 0S DESCR0BED 0N
TERMS OF A SOURCE TERM 0N THE EVOLUT0ON E.UAT0ON FOR COMOV0NG MODES P WH0CH CHANGES 0TS AMPL0TUDE
GROWTH FROM EARLY T0MES AS LONG AS THE MODE PHYS0CAL WAVELENGTH 0S SMALLER THAN l��) vE MODEL
THE SOURCE TERM AS DUE TO A GAS OF BLACK HOLES 0N THE TRANS81LANCK0AN REG0ME AND THE CORRESPOND0NG
gAWK0NG RAD0AT0ON) -N FACT: FOR ENERGY SCALES LARGER THAN: OR OF THE ORDER OF l: 0T 0S EXPECTED THAT
TRAPPED SURFACES MAY FORM DUE TO LARGE ENERGY DENS0T0ES) �T LATER T0MES THE EVOLUT0ON THEN FOLLOWS
THE STANDARD SOURCELESS EVOLUT0ON) vE ffND THAT TH0S MECHAN0SM ST0LL LEADS TO A SCALEh0NVAR0ANT POWER
SPECTRUM OF TENSOR PERTURBAT0ONS: W0TH AN AMPL0TUDE THAT DEPENDS UPON THE RAT0O l�kDP)

9�br m6kA,qSC nePeuP4-: nePeuPb.: u8PsuP4k

HM6P9C2B6H9M

r0NCE 0TS B0RTH bo8Θ[: COSM0C 0N5AT0ON REPRESENTS THE
MOST PROM0S0NG MECHAN0SM ABLE TO SOLuE SEuERAL PUyyLES
OF THE uERY EARLY UN0uERSE COSMOLOGY SUCH AS THE HOR0h
yON PROBLEM FOR THE ]Λa PATCHES 0N THE SKY: 5ATNESS:
MONOPOLE PROBLEMS: ETC)) -T WAS THEN REAL0yED THAT 0T
NATURALLY PROu0DES A NATURAL DESCR0PT0ON FOR THE FORMAT0ON
OF THE PR0MORD0AL DENS0TY AND TENSOR PERTURBAT0ONS) vH0LE
THE FEATURES OF SCALAR PERTURBAT0ONS ARE MEASURED uERY
PREC0SELY 0N ]Λa AND LARGEhSCALE STRUCTURES AND ARE 0N
EwCELLENT AGREEMENT W0TH THE 0N5AT0ONARY MODEL: MAYBE
THE PRESENT SMOK0NG GUN OF THE 0N5AT0ONARY PARAD0GM 0S
THE PRODUCT0ON OF PR0MORD0AL GRAu0TAT0ONAL WAuES) -T 0S
A PECUL0AR OUTCOME OF 0N5AT0ON AND: MOST 0MPORTANTLY:
0T PROu0DES 0NFORMAT0ON ABOUT A uERY EARLY STAGE OF THE
EuOLUT0ON OF THE 2N0uERSE) 6H0S 0S THE REASON WHY TH0S
STOCHAST0C BACKGROUND 0S GETT0NG MORE AND MORE ATTENT0ON
W0TH MANY HOPES TOWARD THE FUTURE SPACEh0NTERFEROMETERS
pSEE FOR EwAMPLE bfl8oz[()
6HE 0SSUE WE ADDRESS 0N TH0S PAPER 0S THE CHO0CE OF

THE uACUUM STATE FROM WH0CH PERTURBAT0ONS EuOLuE) 6HE
STANDARD CHO0CE 0S THE ádUCL0DEAN uACUUM“ OR aUNCHh
,Au0ES pa,( uACUUM) 6H0S uACUUM HAS BEEN W0DELY
ACCEPTED 0N THE L0TERATURE FOR MANY REASONS) -T 0S THE STATE
WH0CH M0N0M0yES THE gAM0LTON0AN OF THE THEORY: CONS0STENT
W0TH THE UNCERTA0NTY PR0NC0PLE AND W0TH THE 0NSTANTANEOUS
Λ0NKOWSK0AN uACUUM) -T 0S ALSO CONiECTURED THAT THE
a, uACUUM 0S AN ATTRACTOR SOLUT0ON FOR 0N5AT0ON boo: o3[)
=0NALLY: SUCH A CHO0CE LEADS TO A SCALEh0NuAR0ANT POWER
SPECTRUM: AS STRONGLY PREFERRED BY OBSERuAT0ONS)
¯EuERTHELESS: ONE CAN OBiECT THAT US0NG AN ASYMPTOT0C

Λ0NKOWSK0AN CONffiGURAT0ON OF THE 2N0uERSE HAS NO FUNDAh
MENTAL UNDERLY0NG REASONS AND 0S A TOO STRONG COND0T0ON)
-NDEED: EuEN 0F THE MODE 0N0T0AL STATE 0S CHOSEN AS THE LOWh

EST ENERGY ONE p0)E) THE PART0CLE STATE(: FOR ffiELDS EuOLu0NG
0N CURuED SPACET0MES A PURE PART0CLE STATE CAN EuOLuE 0NTO
A M0wED STATE BECAUSE OF THE T0ME DEPENDENCE OF THE TOTAL
gAM0LTON0AN) ΛOREOuER: TAK0NG THE STATE AT AN 0N0T0AL CONh
FORMAL T0ME π ! �": 0S E+U0uALENT TO CONS0DER0NG MODES
i OF yERO WAuELENGTH AND 0NffiN0TE ENERGY) 6H0S MEANS THAT
MODE EuOLUT0ON GOES THROUGH A TRANS81LANCK0AN REG0ME
boΘ: ofl[: ABOUT WH0CH WE HAuE NO ROBUST THEORET0CAL CLUES)
,UR0NG THAT TRANS0T0ON: DEPARTURES FROM THE STANDARD
TREATMENT MAY AR0SE AND NEW PHENOMENA CAN EMERGE
E)G) FROM 4ENERAL0yAT0ONS OF THE 2NCERTA0NTY 1R0NC0PLE
p421( bofi83z[) � POSS0BLE WAY OUT CONS0STS OF MOu0NG
THE ULTRAu0OLET SCALE DOWN TO A MORE COMFORTABLE CUThOf
ENERGY: SOMEWHERE 0N THE RANGE BETWEEN THE 1LANCK SCALE
kMk AND THE 0N5AT0ONARY ENERGY SCALE G: WHERE CLASS0CAL
4ENERAL ’ELAT0u0TY CAN BE SAFELY USED pb3o837[()
vHETHER WE ASSUME A a, uACUUM OR SOME 0N0T0AL T0ME

FOR PERTURBAT0ON EuOLUT0ON: A FEW +UEST0ONS REMA0N UNh
SOLuED) vHAT ARE THE BEHAu0OUR AND DYNAM0CS OF 5UCh
TUAT0ONS 0N THE TRANS81LANCK0AN REG0MEq vHAT ARE THE
0MPR0NTS OF TH0S EARLY STAGE ON THE0R EuENTUAL AMPL0TUDE
AT HOR0yON CROSS0NGq -S 0N5AT0ON WASH0NG OUT THE0R EfECTSq
-N TH0S PAPER: WE SUGGEST THAT THE EuOLUT0ON OF TENSOR

PERTURBAT0ON 0N THE H0GH ENERGY REG0ME ABOuE SOME MASSh
ENERGY SCALE l: CAN BE EfECT0uELY DESCR0BED BY ADD0NG A
rsnae�rsva SOURCE TERM W0TH yERO MEAN TO THE EuOLUT0ON
E+UAT0ONS: WH0CH 0S DUE TO THE 0NTERACT0ON OF MODES W0TH
THE UNDERLY0NG BACKGROUND OF 5UCTUAT0ONS DUE TO +UANh
TUM GRAu0TY NONL0NEAR EfECTS) 6HE SCALE l: EwPECTED TO BE
OF THE ORDER OF kMk OR BELOW: BUT LARGER THAN THE gUBBLE
SCALE G DUR0NG 0N5AT0ON: 0S A FREE PARAMETER DEffiNED BY THE
COND0T0ON THAT +UANTUM GRAu0TY FEATURES ARE NOT NEGL0G0BLE
ABOuE TH0S SCALE) -N PART0CULAR: TO MODEL TH0S BACKGROUND:
WE CONS0DER A SCENAR0O THAT WE CALL THE áaLACK gOLE pag(
GAS“: BASED ON THE 0DEA THAT AT TRANS81LANCK0AN ENERGY
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THUS AN OSC0LLAT0NG FEATURE THAT 0S SUBDOM0NANT W0TH REh
SPECT TO THE STANDARD uALUE AS LONG AS l ≈ G)
-N THE FOLLOW0NG WE W0LL REFER TO THE EARLY TRANS8

1LANCK0AN STAGE AS THAT CORRESPOND0NG TO MODE ENERG0ES
LARGER THAN THE SCALE l ABOuE WH0CH +UANTUM GRAu0TY
EfECTS ARE NOT NEGL0G0BLE) l 0S EwPECTED TO BE OF THE ORDER
OF: OR: POSS0BLY: SMALLER BY A FEW ORDERS OF MAGN0TUDES
THAN kMk) r0NCE WE HAuE NOT YET A FULL THEORY OF GRAuh
0TY 0N 0TS +UANTUM REG0ME: THOUGH THERE ARE MANY 0DEAS
AND SUGGEST0ONS ABOUT 0T pbflfi8fl;[(: WE CAN ONLY L0ST A
FEW CONS0DERAT0ONS WH0CH W0LL BR0NG US TO THE MODEL WE
PROPOSEˆ

0( WE EwPECT L0NEAR APPROw0MAT0ON TO BE NOT AN APPROh
PR0ATE ONE WHEN MODES EwPER0ENCE THE H0GH ENERGY
SCALE l REG0ME S0NCE NONL0NEAR EfECTS ARE CRUC0ALs

00( ONCE THE PERTURBAT0ON WAuE NUMBER BECOME SUB8
1LANCK0AN WE CAN TRUST THE STANDARD L0NEAR EuOLUT0ON:
0)E) THE AMPL0ffiCAT0ON T0LL HOR0yON CROSS0NG AND THE
END OF 0N5AT0ON) xET: TH0S EuOLUT0ON W0LL KEEP THE
MEMORY OF THE 0N0T0AL COND0T0ON AT THE MATCH0NG
PO0NT G0uEN BY i<S – ls

000( AT ENERG0ES LARGER THAN l 5UCTUAT0ONS MAY G0uE R0SE
TO TRAPPED SURFACES bfle[: WH0CH 0S TO SAY THEY CAN
PRODUCE A BLACK HOLE ENu0RONMENT) �S GRAu0TAT0ONAL
0NTERACT0ONS ARE NONL0NEAR: TENSOR 5UCTUAT0ONS W0TH
A H0GH i W0LL 0NTERACT W0TH TH0S ENu0RONMENT SO THAT
THE EuOLUT0ON CAN BE EfECT0uELY DESCR0BED 0N TERMS
OF A NONhHOMOGENEOUS D0fERENT0AL E+UAT0ON W0TH A
SOURCE TERM)

6HESE PO0NTS LED US TO CONS0DER THE FOLLOW0NG MODEL) vE
0NTRODUCE A NONhuAN0SH0NG AN0SOTROP0C STRESS TENSOR THAT
W0LL ENCODE 0NFORMAT0ON ABOUT THE CHAOT0C ENu0RONMENT
FROM WH0CH EACH MODE HAS TO GO THROUGH WHEN 0T STARTS
EuOLu0NG) vE GENERAL0yE E+) pΘ(: BY ADD0NG A SOURCE
TERM ACT0NG ON MODES 0NS0DE THE HOR0yON SAT0SFY0NG THE
COND0T0ON i<S / l: OR π , mπi) 6H0S TRANSLATES 0NTO A
TWOhSTAGE EuOLUT0ON

e→→i Π 3∈e→i Π i3ei – o7ξFS3.i π , mπi poo(
e→→i Π 3∈e→i Π i3ei – z π / mπi. po3(

W0TH THE FOLLOW0NG MATCH0NG COND0T0ONS

L0M
�∗ Λ���

eipπ( – L0M
�∗ Λ���

eipπ( poΘ(

L0M
�∗ Λ���

e→ipπ( – L0M
�∗ Λ���

e→ipπ(τ pofl(

�T π # �$ WE ASSUME THE MODE TO BE EwC0TED FROM
THE uACUUM W0TH THE M0N0MAL POSS0BLE ENERGY: AS 0N THE
aUNCHh,Au0S CASE) 9F COURSE: TH0S COND0T0ON MAY BE
CHOSEN D0fERENTLY: CORRESPOND0NG TO SOME � uACUUM) xET:
WE ARE 0NTERESTED HERE 0N HOW THE TRANS81LANCK0AN REG0ME
CHANGES MODE EuOLUT0ON W0TH RESPECT TO THE STANDARD CASE:
SO 0N ORDER TO MAKE TH0S COMPAR0SON 0T 0S APPROPR0ATE TO

USE THE STANDARD CHO0CE >i – o: Ai – z FOR π # �$)
6HE ROLE OF A D0fERENT CHO0CE FOR THE 0N0T0AL COND0T0ON HAS
NOT BEEN PURSUED HERE AND MAY DESERuE FURTHER STUD0ES)
,0fERENTLY THAN 0N THE APPROACH bΘe[ DESCR0BED BEFORE:

mπi 0S NOW THE T0ME WHERE THE SOURCE TERM SW0TCH Of AND
THE EuOLUT0ON OF THE pNOW SUB81LANCK0AN( MODE 0S THE
USUAL ONE)
vE NOTE THAT THE SHEAR SOURCE HAS TO BE +UANT0yED AS

THE +UANTUM METR0C 5UCTUAT0ONS
c.l
�pπ( – .ipπ(cSl� Π.−

ipπ(cSl∞��. pofi(

AND WE SUPPOSE THAT .i 0S A STOCHAST0C 0NCOHERENT SOURCE
THAT SAT0SffiES THE FOLLOW0NG RELAT0ONS pHτττ〈 DENOTES AuERAGE
OuER THE PROBAB0L0TY D0STR0BUT0ON(

H.ipπ(〈 – z

H.ipπ(.−
ipπ →(〈 – l+αpπ � π →(

����D
)
i

Sl .
l
kMk

(����
3
τpo7(

6HE PREFACTOR ACCOUNTS FOR THE D0MENS0ONAL0TY OF .i

AND HAS BEEN CHOSEN AS THE CORRECT POWER OF THE TYP0CAL
SCALE OF THE TRANS81LANCK0AN PHASE: WH0LE D 0S AN AD0h
MENS0ONAL FUNCT0ON ACCOUNT0NG FOR THE DEPENDENCE OF THE
SOURCE .ipπ( ON i AND ON THE RELAT0uE uALUE OF l W0TH REh
SPECT TO THE 1LANCK SCALE) 6HE OTHER D0MENS0ONAL RELEuANT
PARAMETER: THE gUBBLE SCALE DUR0NG 0N5AT0ON: 0S ffiwED TO
G<kMk – oz�+)
d+)S poo( AND po3( HAuE D0fERENT SOLUT0ONS: WH0CH HAuE

TO BE MATCHED AT THE TRANS0T0ON T0ME: mπi) 6HE HOMOGEh
NEOUS SOLUT0ON 0S G0uEN BY E+) p7(: WH0LE 0N PRESENCE OF
THE SOURCE pπ − mπpi(( WE HAuE

eipπ( –
o7ξF
Spπ(

∑ �

�′
cπ →Spπ →(Fipπ. π →(.ipπ →(. po;(

0N TERMS OF THE 4REEN FUNCT0ON: Fipπ. π →( pSEE bfln[(:

Fipπ. π →( – d�Pi1�)� −(

3i6π →3
∫
d3Pi� po� hiπ(p�hΠ iπ →(

Π d3Pi�
−poΠ hiπ(phΠ iπ →(

[
tpπ � π →(τ poe(

2S0NG THE MATCH0NG COND0T0ONS poΘ(: pofl(: AND MAK0NG
THE AuERAGE AS 0N THE kANGEu0N APPROACH TO aROWN0AN MOh
T0ON: WE ffiND THE FOLLOW0NG EwPRESS0ON FOR THE aOGOL0UBOu
COEffC0ENTS

>i

Spmπi(
– dPiΛ�� bepmπi(p�oΠ himπi Π i3mπ3i (

� e→ipmπi(pmπi � himπ3i ([
∣|

3i6τ3mπ3i
(�¯

Ai

Spmπi(
– d�PiΛ�� bepmπi(p�o� himπi Π i3mπ3i (

� e→ipmπi(pmπi Π himπ3i ([
∣|

3i6τ3mπ3i
(�¯

τ pon(

’ECALL0NG THAT epπ( ≥ i�¯τ3 WE SEE THAT THEY DEPEND
ON THE AD0MENS0ONAL +UANT0TY imπi – �l<G: SO THAT THE

Θ

THUS AN OSC0LLAT0NG FEATURE THAT 0S SUBDOM0NANT W0TH REh
SPECT TO THE STANDARD uALUE AS LONG AS l ≈ G)
-N THE FOLLOW0NG WE W0LL REFER TO THE EARLY TRANS8

1LANCK0AN STAGE AS THAT CORRESPOND0NG TO MODE ENERG0ES
LARGER THAN THE SCALE l ABOuE WH0CH +UANTUM GRAu0TY
EfECTS ARE NOT NEGL0G0BLE) l 0S EwPECTED TO BE OF THE ORDER
OF: OR: POSS0BLY: SMALLER BY A FEW ORDERS OF MAGN0TUDES
THAN kMk) r0NCE WE HAuE NOT YET A FULL THEORY OF GRAuh
0TY 0N 0TS +UANTUM REG0ME: THOUGH THERE ARE MANY 0DEAS
AND SUGGEST0ONS ABOUT 0T pbflfi8fl;[(: WE CAN ONLY L0ST A
FEW CONS0DERAT0ONS WH0CH W0LL BR0NG US TO THE MODEL WE
PROPOSEˆ

0( WE EwPECT L0NEAR APPROw0MAT0ON TO BE NOT AN APPROh
PR0ATE ONE WHEN MODES EwPER0ENCE THE H0GH ENERGY
SCALE l REG0ME S0NCE NONL0NEAR EfECTS ARE CRUC0ALs

00( ONCE THE PERTURBAT0ON WAuE NUMBER BECOME SUB8
1LANCK0AN WE CAN TRUST THE STANDARD L0NEAR EuOLUT0ON:
0)E) THE AMPL0ffiCAT0ON T0LL HOR0yON CROSS0NG AND THE
END OF 0N5AT0ON) xET: TH0S EuOLUT0ON W0LL KEEP THE
MEMORY OF THE 0N0T0AL COND0T0ON AT THE MATCH0NG
PO0NT G0uEN BY i<S – ls

000( AT ENERG0ES LARGER THAN l 5UCTUAT0ONS MAY G0uE R0SE
TO TRAPPED SURFACES bfle[: WH0CH 0S TO SAY THEY CAN
PRODUCE A BLACK HOLE ENu0RONMENT) �S GRAu0TAT0ONAL
0NTERACT0ONS ARE NONL0NEAR: TENSOR 5UCTUAT0ONS W0TH
A H0GH i W0LL 0NTERACT W0TH TH0S ENu0RONMENT SO THAT
THE EuOLUT0ON CAN BE EfECT0uELY DESCR0BED 0N TERMS
OF A NONhHOMOGENEOUS D0fERENT0AL E+UAT0ON W0TH A
SOURCE TERM)

6HESE PO0NTS LED US TO CONS0DER THE FOLLOW0NG MODEL) vE
0NTRODUCE A NONhuAN0SH0NG AN0SOTROP0C STRESS TENSOR THAT
W0LL ENCODE 0NFORMAT0ON ABOUT THE CHAOT0C ENu0RONMENT
FROM WH0CH EACH MODE HAS TO GO THROUGH WHEN 0T STARTS
EuOLu0NG) vE GENERAL0yE E+) pΘ(: BY ADD0NG A SOURCE
TERM ACT0NG ON MODES 0NS0DE THE HOR0yON SAT0SFY0NG THE
COND0T0ON i<S / l: OR π , mπi) 6H0S TRANSLATES 0NTO A
TWOhSTAGE EuOLUT0ON

e→→i Π 3∈e→i Π i3ei – o7ξFS3.i π , mπi poo(
e→→i Π 3∈e→i Π i3ei – z π / mπi. po3(

W0TH THE FOLLOW0NG MATCH0NG COND0T0ONS

L0M
�∗ Λ���

eipπ( – L0M
�∗ Λ���

eipπ( poΘ(

L0M
�∗ Λ���

e→ipπ( – L0M
�∗ Λ���

e→ipπ(τ pofl(

�T π # �$ WE ASSUME THE MODE TO BE EwC0TED FROM
THE uACUUM W0TH THE M0N0MAL POSS0BLE ENERGY: AS 0N THE
aUNCHh,Au0S CASE) 9F COURSE: TH0S COND0T0ON MAY BE
CHOSEN D0fERENTLY: CORRESPOND0NG TO SOME � uACUUM) xET:
WE ARE 0NTERESTED HERE 0N HOW THE TRANS81LANCK0AN REG0ME
CHANGES MODE EuOLUT0ON W0TH RESPECT TO THE STANDARD CASE:
SO 0N ORDER TO MAKE TH0S COMPAR0SON 0T 0S APPROPR0ATE TO

USE THE STANDARD CHO0CE >i – o: Ai – z FOR π # �$)
6HE ROLE OF A D0fERENT CHO0CE FOR THE 0N0T0AL COND0T0ON HAS
NOT BEEN PURSUED HERE AND MAY DESERuE FURTHER STUD0ES)
,0fERENTLY THAN 0N THE APPROACH bΘe[ DESCR0BED BEFORE:

mπi 0S NOW THE T0ME WHERE THE SOURCE TERM SW0TCH Of AND
THE EuOLUT0ON OF THE pNOW SUB81LANCK0AN( MODE 0S THE
USUAL ONE)
vE NOTE THAT THE SHEAR SOURCE HAS TO BE +UANT0yED AS

THE +UANTUM METR0C 5UCTUAT0ONS
c.l
�pπ( – .ipπ(cSl� Π.−

ipπ(cSl∞��. pofi(

AND WE SUPPOSE THAT .i 0S A STOCHAST0C 0NCOHERENT SOURCE
THAT SAT0SffiES THE FOLLOW0NG RELAT0ONS pHτττ〈 DENOTES AuERAGE
OuER THE PROBAB0L0TY D0STR0BUT0ON(

H.ipπ(〈 – z

H.ipπ(.−
ipπ →(〈 – l+αpπ � π →(

����D
)
i

Sl .
l
kMk

(����
3
τpo7(

6HE PREFACTOR ACCOUNTS FOR THE D0MENS0ONAL0TY OF .i

AND HAS BEEN CHOSEN AS THE CORRECT POWER OF THE TYP0CAL
SCALE OF THE TRANS81LANCK0AN PHASE: WH0LE D 0S AN AD0h
MENS0ONAL FUNCT0ON ACCOUNT0NG FOR THE DEPENDENCE OF THE
SOURCE .ipπ( ON i AND ON THE RELAT0uE uALUE OF l W0TH REh
SPECT TO THE 1LANCK SCALE) 6HE OTHER D0MENS0ONAL RELEuANT
PARAMETER: THE gUBBLE SCALE DUR0NG 0N5AT0ON: 0S ffiwED TO
G<kMk – oz�+)
d+)S poo( AND po3( HAuE D0fERENT SOLUT0ONS: WH0CH HAuE

TO BE MATCHED AT THE TRANS0T0ON T0ME: mπi) 6HE HOMOGEh
NEOUS SOLUT0ON 0S G0uEN BY E+) p7(: WH0LE 0N PRESENCE OF
THE SOURCE pπ − mπpi(( WE HAuE

eipπ( –
o7ξF
Spπ(

∑ �

�′
cπ →Spπ →(Fipπ. π →(.ipπ →(. po;(

0N TERMS OF THE 4REEN FUNCT0ON: Fipπ. π →( pSEE bfln[(:

Fipπ. π →( – d�Pi1�)� −(

3i6π →3
∫
d3Pi� po� hiπ(p�hΠ iπ →(

Π d3Pi�
−poΠ hiπ(phΠ iπ →(

[
tpπ � π →(τ poe(

2S0NG THE MATCH0NG COND0T0ONS poΘ(: pofl(: AND MAK0NG
THE AuERAGE AS 0N THE kANGEu0N APPROACH TO aROWN0AN MOh
T0ON: WE ffiND THE FOLLOW0NG EwPRESS0ON FOR THE aOGOL0UBOu
COEffC0ENTS

>i

Spmπi(
– dPiΛ�� bepmπi(p�oΠ himπi Π i3mπ3i (

� e→ipmπi(pmπi � himπ3i ([
∣|

3i6τ3mπ3i
(�¯

Ai

Spmπi(
– d�PiΛ�� bepmπi(p�o� himπi Π i3mπ3i (

� e→ipmπi(pmπi Π himπ3i ([
∣|

3i6τ3mπ3i
(�¯

τ pon(

’ECALL0NG THAT epπ( ≥ i�¯τ3 WE SEE THAT THEY DEPEND
ON THE AD0MENS0ONAL +UANT0TY imπi – �l<G: SO THAT THE



THE «ULTIMATE» CALCULATION OF NEFF

Neff in the Standard Model at NLO is 3.043

M. Cielo, M. Escudero, G. Mangano and O. Pisanti

2306.05460, submitted to Phys. Rev. Lett. 

BDQM,SG,1/12,0/2

Md� hl sed OsSlaSoa Lnadi Ss M4N hr 0ff.30

L]ssh] Bhdkn+,+ − Lhftdk Drbtcdqn+1+ § Fh]mohdqn L]mf]mn+,+ † ]mc Nedkh] Ohr]msh,+ →

+ChoUpshldmsn ch EhrhbU D- NUmbhmh� MUoidr� Umc HMEM�
Rdyhnmd ch MUonih� Inmsd R-:mfdin H,6.013 MUoidr� HsUiw

1SgdnpdshbUi Ngwrhbr CdoUpsldms� ADPM� 0100 FdmduU 12� RvhsydpiUmc

Sgd d�dbshud mtladp ne pdk]shuhrshb mdtsphmn rodbhdr hr ] etmc]ldms]k opnad ne sgd d]pkx Tmhudprd
]mc hsr ld]rtpdldms pdopdrdmsr ] jdx bnmrsp]hms nm l]mx rbdm]phnr adxnmc sgd Rs]mc]pc Lncdk
ne O]pshbkd Ogxrhbr- Hm khfgs ne sghr) ]m ]bbtp]sd opdchbshnm ne .S� hm sgd Rs]mc]pc Lncdk hr ne
ohuns]k hlonps]mbd- Hm sghr vnpj) vd bnmrhcdp sgd k]rs hmfpdchdms mddcdc sn ]bbtp]sdkx b]kbtk]sd
.M2
S� 9 rs]mc]pc ydpn ]mc ffmhsd sdlodp]stpd PDC bnppdbshnmr sn TffT� → ��̀ hmsdp]bshnm p]sdr ctphmf

mdtsphmn cdbntokhmf ]s sdlodp]stpdr ]pntmc N − LdU- Vd ffmc sg]s sghr d�dbs kd]cr sn ] pdctbshnm
ne �/ρ///6 hm .M2

S� - Sghr MKN bnppdbshnm sn sgd hmsdp]bshnm p]sdr) snfdsgdp vhsg ffmhsd sdlodp]stpd
PDC bnppdbshnmr sn sgd dkdbspnl]fmdshb cdmrhsx ne sgd ok]rl]) ]mc sgd d�dbs ne mdtsphmn nrbhkk]shnmr)
hlokhdr sg]s .M2

S� : 2ρ/32 vhsg ] sgdnpdshb]k tmbdps]hmsx sg]s hr ltbg rl]kkdp sg]m ]mx opnidbsdc
nardpu]shnm]k rdmrhshuhsx-

H� HMSPNCTBSHNM

Sgd mtladq ne dΛdbshud qdk]shuhrshb mdtsqhmn rodbhdr+
MS� + qdoqdrdmsr ] jdx oqnad ne sgd sgdql]k ghrsnqx ne
sgd d]qkx Tmhudqrd- Hm o]qshbtk]q+ ]m ]qq]x ne mdv khfgs
rs]sdr adxnmc sgd Rs]mc]qc Lncdk ’ARL( ]qd dwodbsdc
sn bnmsqhatsd sn sghr pt]mshsx ]mc btqqdms ld]rtqdldmsr
ne MS� ]s qdbnlahm]shnm ]mc ctqhmf ahf a]mf mtbkdnrxm,
sgdrhr ’AAM( qdoqdrdms hm l]mx b]rdr ntq adrs g]mckd
nm l]mx ARL rdsshmfr Y0“- Qdkdu]ms dw]lokdr ne sgdrd
hmbktcd khfgs rsdqhkd mdtsqhmnr Y1+ 2“+ c]qj rdbsnqr Y3+ 4“+
]mc ordtcn,Fnkcrsnmd anrnmr hmbktchmf ]whnmr ]mc l],
inqnmr Y5z7“- Wds+ MS� ld]rtqdldmsr ]qd btqqdmskx sgd
adrs sdrs ne ghfg eqdptdmbx oqhlnqch]k fq]uhs]shnm]k v]ud
a]bjfqntmcr Y8“+ sgdx oqnuhcd ] knvdq antmc nm sgd qd,
gd]shmf sdlodq]stqd ne sgd Tmhudqrd Y0.z01“+ nq sdkk tr
gnv khfgs b]m sgdql]k c]qj l]ssdq ad Y02+ 03“-

Eqnl sgd nardqu]shnm]k odqrodbshud+ sgd Ok]mbj bnkk]a,
nq]shnm g]r qdonqsdc tmoqdbdcdmsdc oqdbhrhnm ld]rtqd,
ldmsr ne MS� - Vhsghm sgd eq]ldvnqj ne sgd rs]mc]qc
bnrlnknfhb]k lncdk+ ∆BCL9 MS� ; 1ω88 ! .ω06 ]s 57”
BJ Y04“- Etqsgdqlnqd+ nsgdq qdbdms fqntmc,a]rdc BLA
dwodqhldmsr rtbg ]r ROS,2F Y05“ ]mc =BS Y06“ qdonqs
ld]rtqdldmsr ne MS� bnlo]shakd vhsg Ok]mbj ]kadhs vhsg
dqqnq a]qr vghbg ]qd ] e]bsnq ne " 1 � 2 k]qfdq- Sgd rhs,
t]shnm hr dwodbsdc sn hloqnud udqx rnnm ]r sgd Rhlnmr
Nardqu]snqx hr tmcdq bnmrsqtbshnm ]mc ]hlhmf sn cdkhudq
] ld]rtqdldms ne MS� vhsg ] oqdbhrhnm ne ρ’MS�( ↘ .ω.4
hm sgd tobnlhmf " 5 xd]qr Y07“- Hlonqs]mskx+ sgd mdws
fdmdq]shnm ne BLA dwodqhldmsr rgntkc qd]bg ] oqdbhrhnm
ne ρ’MS�( ↘ .ω.2 Y08+ 1.“- Jnnjhmf etqsgdq ]gd]c+ tksq],
rdmrhshud etstqhrshb BLA dwodqhldmsr bntkc dudm qd]bg ]
rdmrhshuhsx ne ρ’MS�( ↘ .ω.03 Y10“-
Hm nqcdq sn cq]v ld]mhmfetk bnmbktrhnmr eqnl oqdbhrd

− l]ssh]-bhdkn=tmhm]-hs: NO@DC9 ....,...1,4.25,244.
§ lhftdk-drbtcdpn=bdpm-bg: NO@DC9 ....,...1,3376,7631
† fl]mf]mn=m]-hmem-hs: NO@DC9 ....,...1,58.0,3522
∗ ohr]msh=m]-hmem-hs: NO@DC9 ....,...1,1634,81.3

ld]rtqdldmsr ne MS� hsr u]ktd hm sgd Rs]mc]qc Lncdk
mddcr sn ad jmnvm ]bbtq]sdkx- Hm o]qshbtk]q+ MOL

S� ]r
qdkdu]ms enq BLA nardqu]shnmr hr cdffmdc ]r9

MOL
S� $ 7

6

∣
00

3

(3,2∣πµ
πβ

(
. ’0(

vgdqd πµ ]mc πβ ]qd sgd dmdqfx cdmrhshdr hm qdk]shuhrshb
mdtsqhmnr ]mc ognsnmr ]s S ⊃ gd+ qdrodbshudkx-

= oqdbhrhnm b]kbtk]shnm ne MOL
S� qdpthqdr nmd sn rnkud

sgd oqnbdrr ne mdtsqhmn cdbntokhmf hm sgd d]qkx Tmhudqrd
]mc sghr g]r addm ] rtaidbs ne hmsdmrd rstcx enq lnqd
sg]m 3. xd]qr mnv+ rdd Y11z31“ enq qdedqdmbdr cdunsdc sn
sghr oqnakdl+ rdd Y32+ 33“ enq qduhdvr ]mc Y34“ enq ] annj-

Mdfkdbshmf sgd oqnbdrr ne mdtsqhmn cdbntokhmf nmd na,
s]hmr MOL

S� ; 2 rhlokx ax dmsqnox bnmrdqu]shnm adsvddm
S " 0.LdU ]mc S ⊃ gd Y35+ 36“- Gnvdudq+ ] rdqhdr ne
ogxrhb]k hmfqdchdmsr l]jd sghr mtladq k]qfdq ax " 0” ]r
rtll]qhydc hm S]akd H ]mc ]r chrbtrrdc hm vg]s enkknvr9

Ehqrskx+ mdtsqhmn hmsdq]bshnmr eqddyd,nts ]s ] sdlodq],
stqd ]qntmc S " 1LdU vghbg hr mns snn chΛdqdms eqnl
sgd dkdbsqnm l]rr- Sghr ld]mr sg]s rnld dkdbsqnmr ]mc
onrhsqnmr cn ]mmhghk]sd sn mdtsqhmnr ]mc rkhfgskx gd]s sgd
mdtsqhmn a]sg+ hmbqd]rhmf sgdhq dmdqfx cdmrhsx ]mc sgdqd,
enqd+ l]jhmf MS� k]qfdq+ rdd Dp- ’0(- Sghr hr ax e]q sgd
k]qfdrs dΛdbs ]mc kd]cr sn �MOL

S� ; ).ω.2 Y11z13+ 15z
17+ 27+ 28“-

Rdbnmckx+ MS� hr ] q]shn adsvddm mdtsqhmn ]mc dkdb,
sqnl]fmdshb dmdqfx cdmrhshdr- =s sgd shld ne mdtsqhmn
cdbntokhmf sgd dkdbsqnl]fmdshb rdbsnq ne sgd ok]rl] bnm,
rhrs ne ] k]qfd mtladq ne ognsnmr+ dkdbsqnmr ]mc onrhsqnmr
]mc ]s ffmhsd sdlodq]stqd sgdrd o]qshbkdr nas]hm rl]kk ats
mnm,ydqn bnqqdbshnmr sn sgdhq chrodqrhnm qdk]shnmr ]mc sn
sgdhq l]rrdr+ d-f- gβ’Sβ( ↘ dSβ,

&
5 ↘ .ω01Sβ vgdqd

d ↘ .ω2 hr sgd dkdbsqhb bg]qfd bntokhmf- Sghr l]rr hr rta,
rs]msh]kkx rl]kkdq sg]m sgd sxohb]k dmdqfx ne sgd o]qshbkdr
∂ " 2S ats mdudqsgdkdrr b]m bg]mfd sgd oqdrrtqd ]mc dm,
dqfx cdmrhsx ax " 0,2. ]mc sghr hmcddc kd]cr sn ] onrhshud
bnqqdbshnm sn MOL

S� ne ).-.0 Y26+ 37“-

Sghqckx+ s]jhmf sgd ld]rtqdc u]ktdr ne sgd l]rrdr ]mc
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lhwhmfr ne mdtsqhmnr nmd qd]chkx qd]khydr sg]s mdtsqhmnr
rs]qs nrbhkk]shmf ]s S ! 4�0.LdU- Sghr ld]mr sg]s mdt,
sqhmn nrbhkk]shnmr ]qd ]krn ] qdkdu]ms ogxrhb]k hmfqdchdms ]s
sgd shld ne mdtsqhmn cdbntokhmf- Sgd mtldqhb]k hlo]bs
ne mdtsqhmn nrbhkk]shnmr nm MOL

S� hr mns k]qfd ]r vg]s mdt,
sqhmn nrbhkk]shnmr cn hr rhlokx qdchrsqhatsd dmdqfx ]lnmf
mdtsqhmn fi]untqr- Vgdm sghr dΛdbs hr hmbktcdc hs kd]cr sn
] onrhshud bnqqdbshnm snMOL

S� ne ! ).ω...6 Y20+ 21+ 24+ 3.z
31“-

Ehm]kkx+ sgd jdx oqnbdrrdr sg]s bnmsqnk mdtsqhmn cdbnt,
okhmf ]qd ]mmhghk]shnmr ]mc rb]ssdqhmfr vhsg dkdbsqnmr ]mc
onrhsqnmr- Rn e]q+ ]kk b]kbtk]shnmr ne MS� hm sgd Rs]m,
c]qc Lncdk g]ud trdc sgd Anqm q]sdr ]r bnlotsdc tr,
hmf Edqlh%r sgdnqx ne vd]j hmsdq]bshnmr ]s kd]chmf nq,
cdq- Gnvdudq+ ]mc ]r hr vdkk jmnvm enq mdtsqhmn dwodq,
hldmsr rdmrhshud sn mdtsqhmn,dkdbsqnm rb]ssdqhmfr Y38z41“+
sgdqd ]qd qdkdu]ms PDC bnqqdbshnmr sn sgdrd sxodr ne oqn,
bdrrdr vghbg b]m ]ksdq sgd hmsdq]bshnm q]sdr ax ! 4” enq
LdU dmdqfhdr+ rdd d-f- Y42+ 43“- Sgd onsdmsh]k qdkdu]mbd
ne sgdrd q]ch]shud bnqqdbshnmr v]r ghfgkhfgsdc hm Y28“ ats
sn c]sd+ sgdqd hr mn rstcx ]bbntmshmf enq sgdrd PDC bnq,
qdbshnmr vgdm rnkuhmf sgd oqnbdrr ne mdtsqhmn cdbntokhmf-
Sghr hr oqdbhrdkx sgd f]o sg]s vd ffkk hm sghr o]odq- Vd
enkknv bknrdkx sgd b]kbtk]shnm ne q]ch]shud bnqqdbshnmr sn
d)d� ← µµ̀ hm ] rsdkk]q ok]rl] Y44“ sn ffmc sgd qdkdu]ms
MJN bnqqdbshnm sn sgd d)d� qd]bshnm q]sdr- =s MJN sgd
d)d� ← µµ̀α og]rd ro]bd hmsdfq]shnm hr dwsqdldkx bg]k,
kdmfhmf ]mc hlodcdr sgd trd ne sgd Jhntuhkkd dpt]shnm sn
rnkud enq sgd oqnbdrr ne mdtsqhmn cdbntokhmf- Hm sghr rhst],
shnm+ vd hmrsd]c rnkud sgd oqnbdrr ne mdtsqhmn cdbntokhmf
]rrtlhmf sg]s mdtsqhmnr onrrdrr ] sgdql]k chrsqhatshnm
etmbshnm vhsg ] cxm]lhb]k sdlodq]stqd cqhudm ax mdt,
sqhmn hmsdq]bshnmr ]r bnmrhcdqdc hm Y27+ 28“- Sgd ldsgnc
g]r addm rgnvm sn ]bbtq]sdkx qdoqnctbd sgd qdrtksr na,
s]hmdc ax rnkuhmf sgd Jhntuhkkd dpt]shnm ]mc qdl]qj]akx+
]kknvr tr sn hlokdldms sgd MJN dΛdbsr hm ] rsq]hfgs,
enqv]qc l]mmdq- Ntq ffm]k qdrtks rgnvr sg]s sgd dΛdbs
ne sghr MJN bnqqdbshnm nm sgd q]sdr hr sn qdctbd MOL

S�
ax �.ω...6 vghbg hr rhlhk]q hm l]fmhstcd sn sgd dΛdbs
ne mdtsqhmn nrbhkk]shnmr- Otsshmf ]kk dΛdbsr snfdsgdq vd
oqdchbs

MOL
S� ; 2ω.321’1( ↘ 2ω.32 . ’1(

vgdqd sgd qdlhmcdq sgdnqdshb]k tmbdqs]hmshdr ]qd dwodbsdc
]s sgd kdudk ne .ω...1 ]qhrhmf l]hmkx eqnl ] bnlahm]shnm ne
] k]bj ne oqdbhrd jmnvkdcfd hm δ,1 Y31“ ]mc xds tmdwoknqdc
PDC bnqqdbshnmr sn dµ ← dµ qd]bshnm q]sdr-

Sgd qdlhmcdq ne ntq o]odq hr ]r enkknvr- Hm Rdbshnm HH
vd cdrbqhad sgd b]kbtk]shnm ne sgd d)d� ← µµ̀’α( qd]bshnm
q]sd ]s MJN hm sgd ffmd rsqtbstqd bnmrs]ms �- Sgdm hm
Rdbshnm HHH vd cdrbqhad ntq lncdkkhmf ne mdtsqhmn cdbnt,
okhmf ]mc hlokdldms sghr mdv MJN q]sd- Vd cq]v ntq
bnmbktrhnmr hm Rdbshnm HU-

Ogxrhb]k Rbdm]phn .M2
S� � 2

Hmrs]ms]mdntr mdtsphmn cdbntokhmf /

Mdtsphmn hmsdp]bshnmr 9 pdrhct]k TffT� ∼ �̀� /ρ/2

PDC bnppdbshnmr sn νν�ν� ]mc ν� /ρ/0

Mdtsphmn nrbhkk]shnmr /ρ///6

PDC bnppdbshnmr sn TffT� → �̀� p]sdr ’sghr vnpj( �/ρ///6

S=AKD H- U]phntr bnmsphatshnmr sn .S� hm sgd Rs]mc]pc
Lncdk- Vd ghfgkhfgs d]bg d�dbs sn sgd ffprs chfhs- Vgdm
]kk ]pd s]jdm snfdsgdp vd ffmc .M2

S� : 2ρ/32-

HH� LDSGNCNKNFW 9MC B9KBTK9SHNM NE
TffT� ∼ ��̀ 9S MKN

Hm sghr rdbshnm+ vd aqhdfix rtll]qhyd sgd qdrtksr ne
Y44+ 45“ ]mc ntskhmd sgdhq dwsdmrhnm sn sgd o]q]ldsdq
ro]bd mddcdc enq sgd oqdrdms b]kbtk]shnm- Sgd dmdqfx
sq]mredq q]sd eqnl dkdbsqnmr sn mdtsqhmnr ax d)d� ← µ̀µ
]mmhghk]shnmr hr cdffmdc ]r9

P $ γπ

γq

))))
d�d�∗ffµµ

;

∑
Z2�,

’1ξ(21∂,

∑
Z2�1

’1ξ(21∂1
’∂, ) ∂1(Ed�’∂,(Ed�’∂1(

0

’1ξ(1

∑
Z2p,
1τ,

∑
Z2p1
1τ1

γ¯3(’m, ) m1 � p, � p1(

’0� Eµ’p,(( ’0�Effµ’p1((
∑

nneiτµ�

〉H 〉1 ’2(

vgdqd gdqd E ]qd chrsqhatshnm etmbshnmr ]mc 〉H 〉1 hr sgd
l]sqhw dkdldms rpt]qdc-

MJN q]ch]shud bnqqdbshnmr sn sgd dmdqfx knrr q]sd+ P+
hmctbdc ax sgd oqnbdrr d)d� ← µµ̀ b]m ad bk]rrhffdc ]r
enkknvr9 0( dkdbsqnm l]rr ]mc v]udetmbshnm qdmnql]khy],
shnm+ 1( dkdbsqnl]fmdshb udqsdw bnqqdbshnm+ ]mc 2( α dlhr,
rhnm ]mc ]arnqoshnm- Sgdrd bnqqdbshnmr ]qd hkktrsq]sdc hm
Ehf- 0- Hm Y44“ sgd qd]k shld enql]khrl enq ffmhsd sdlodq],
stqd pt]mstl ffdkc sgdnqx v]r trdc+ bnmrhrshmf ne ]cchmf
sn sgd rs]mc]qc Edxml]mm oqno]f]snqr ’vghbg oqnctbd
sgd ydqn,sdlodq]stqd nq u]bttl q]ch]shud bnqqdbshnmr( ]m
]cchshnm]k bnmsqhatshnm+ cdodmchmf nm sdlodq]stqd+ sg]s
cdrbqhadr sgd hmsdq]bshnmr vhsg sgd qd]k o]qshbkdr ne sgd
sgdql]k a]sg ’ffmhsd,sdlodq]stqd q]ch]shud bnqqdbshnmr(-

=kk sgd ]lokhstcdr hmunkudc vdqd du]kt]sdc ]m]kxsh,
b]kkx+ ]r cdrbqhadc hm cds]hk hm Y44“+ ]mc sgdhq rpt]qd v]r
sgdm hmsdfq]sdc ax sgd Lnmsd B]qkn sdbgmhptd nudq sgd
qdkdu]ms og]rd ro]bd vhsg ]m ]bbtq]bx ne adssdq sg]m 0”
nm P Y45“- Hs hr vnqsg mnshmf sg]s d]bg bnqqdbshnm hm
sgd khrs ]anud hr ok]ftdc ax hmeq]qdc chudqfdmbhdr+ dudm
he sgd ffm]k qdrtks hr ne bntqrd chudqfdmbd,eqdd- Sn cd]k
vhsg sgdrd chudqfdmbdr+ sgdx vdqd qdftk]qhydc ax dwokhb,
hskx rtasq]bshmf ]kk chudqfdms sdqlr hm ] J]tqdms rdqhdr
]qntmc sgd onkd rhmftk]qhshdr enq 0( ]mc 1( bnmsqhatshnmr
]s ffmhsd,sdlodq]stqd+ vghkd bnlahmhmf sgd rnes o]qs ne

2

µ

µ̆

d*

d�

β

µ

µ̆

d*

d�

µ

µ̆

d*

d� β

µ

µ̆

d*

d�

1) 2) 3)
β

EHF- 0- Anpm ch]fp]l enp TffT� ∼ �̀� ]mmhghk]shnmr ]mc
MKN PDC bnppdbshnmr sn sgd TffT� ∼ �̀� opnbdrr) hmbktchmf
opnbdrrdr bnmsphatshmf sn9 0( dkdbspnm l]rr ]mc v]udetmbshnm
pdmnpl]khy]shnm) 1( dkdbspnl]fmdshb udpsdw bnppdbshnm) ]mc 2(
ognsnm dlhrrhnm ]mc ]arnposhnm-

aqdlrrsq]gktmf ’RA( vhsg sgd u]bttl q]ch]shud bnqqdb,
shnmr ’UB( hm nqcdq sn drshl]sd sgd hmeq]qdc,eqdd ydqn,
sdlodq]stqd q]ch]shud bnqqdbshnmr- = bgdbj v]r l]cd
sg]s sgd ffm]k qdrtks hr hmcdodmcdms ne sgd rnes btsnΛ+ hm,
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Sgd l]sqhw dkdldms md]q sgd dmconhms hr mnv fhudm ax+
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Bknrd sn sgd l]whltl dmdqfx ]kknvdc ax sgd oqnbdrr+ sghr
hr rshkk dwonmdmsh]kkx rtooqdrrdc ats+ lnuhmf sn rl]kkdq
dmdqfhdr+ sgd lnldmstl ne sgd ntsfnhmf gdkhtl b]m bnl,
odmr]sd sg]s ne sgd dkdbsqnm+ RCd → �R� + l]jhmf sgd
oqna]ahkhsx enq sghr ffm]k rs]sd rhy]akd- Udqx rhlhk]q ]qft,
ldmsr gnkc enq sgd q]sd ne ]arnqoshnm ne ] bnrlhb mdtsqhmn-

Sgd qdrtks hr ]m nudq]kk chrsnqshnm ne sgd dkdbsqnm rodb,
sqtl+ vghbg mns nmkx bg]mfdr hsr dlhssdc dmdqfx+ ats hs
]krn l]jdr sgd ]arnqoshnm od]jr dhsgdq chr]ood]q tmcdq
sgd α,cdb]x o]qs ne sgd rodbsqtl nq dwsqdldkx q]qd- Hm
Ehftqd 0 vd pt]mshex sgd ]anud nardqu]shnmr- Etqsgdq
cds]hkr enq sgd b]kbtk]shnm ]qd qdonqsdc hm ?oodmchw ?-

Mnsd sg]s+ vgdm mn uhaq]shnm]k lncd hr dwbhsdc+ sgd
qdbnhk dmdqfx ne fq]ogdmd hr bnlokdsdkx mdfkhfhakd ctd sn
hsr k]qfd l]rr- Sgd dkdbsqnmr dlhssdc hm sghr hmrs]mbd ’qdc
khmdr hm Ehftqd 0( ]qd sgdqdenqd lnqd dmdqfdshb sg]m sgd
dmconhms hm u]bttl- Sgd l]whltl ]kknvdc dmdqfx hr
k]qfdq oqdbhrdkx ax ]m ]lntms dpt]k sn sgd qdbnhk dmdqfx
sg]s sgd 2Gd) vntkc g]ud hm u]bttl+ Eodb → 2ε33 dU-5

Sghr ed]stqd hr tmhptd sn oqnbdrrdr hmunkuhmf ] bnmcdmrdc
l]ssdq rtarsq]sd hm sgd hmhsh]k rs]sd+ vghbg b]m ]arnqa
o]qs ne sgd qdbnhk lnldmstl- Sgd nardqu]shnm ne dkdbsqnmr
vhsg dmdqfx ghfgdq sg]m sgd dmconhms hm u]bttl vntkc
sgdm bnmrshstsd ]m dwodqhldms]k nardqu]akd sn oqnad hmhsh]k
rs]sd dΩdbsr-

Hs hr bkd]q eqnl Ehftqd 0 sg]s sgd q]sd enq sgd fqntmc
rs]sd,sn,fqntmc rs]sd sq]mrhshnm g]r ] rg]od sg]s vntkc ad
hcd]k enq bnrlhb mdtsqhmn a]bjfqntmc cdsdbshnm+ vhsg sgd
]arnqoshnm od]j vdkk rdo]q]sdc eqnl sgd cdb]x bnmshmttl-
Hs hr+ gnvdudq+ dwonmdmsh]kkx tmkhjdkx- Nmd vntkc sgdm
khjd sn l]whlhyd hsr oqna]ahkhsx+ vghbg bntkc ad ]bghdudc
ax l]jhmf sgd hmhsh]k rs]sd sqhshtl ]r bknrd ]r onrrhakd sn
] lnldmstl dhfdmrs]sd+ h-d- ]r cdknb]khydc ]r onrrhakd-
Sghr v]x+ sgd cnlhm]ms oqnbdrr vntkc ed]stqd ] eqdd o]qsh,
bkd ansg hm sgd hmhsh]k ]mc ffm]k rs]sd+ vghbg l]whlhydr sgd
oqna]ahkhsx vghkd cdbqd]rhmf sgd pt]mstl roqd]c- Nmd
onsdmsh]k rnktshnm hm sghr chqdbshnm hr chrbtrrdc hm Rdb,
shnm HUA-

5 = rhlhk]q d�dbs rgntkc ]krn ad oqdrdms hm sgd I=SNHM rdsto W22[-
Hm sg]s b]rd+ sgd adrs nmd b]m cn hr sn sq]mrlhs sgd lnldm,
stl sn sgd lnkdbtkd ]r ] vgnkd- Vhsg qdrodbs sn u]bttl+
sghr rgntkc hmbqd]rd sgd l]whltl dkdbsqnm dmdqfx ax qntfgkx

e23
e23�e23d�

GecT ≡ 0λ61 dT-

EHF- 0- Dudms qˆsdr enq ch∆dqdms bnmffftqˆshnmr ˆr ˆ etmbshnm
ne sgd ntsfnhmf dkdbsqnm jhmdshb dmdqfx+ ldˆrtqdc vhsg qdrodbs
sn sgd dmconhms hm uˆbttl ˆs ydqn mdtsqhmn lˆrr+ D+

� ×
e29 �e29c� �ed �DecT+ vhsg DecT ≡ 2β33 dU- Vd ˆrrtld
ˆ sˆqfds lˆrr ne 0// f+ bnqqdronmchmf sn KH ≡ 1 − 0/14
ˆsnlr ne sqhshtl- Sgd oqdrdmbd ne sgd fqˆogdmd hm sgd hmhshˆk
rsˆsd rghesr sgd dudms qˆsd sn ch∆dqdms dmdqfhdr ˆmc lˆjdr sgd
ˆarnqoshnm odˆjr %BMA( ltbg qˆqdq+ ˆmc ghccdm tmcdq sgd
�,cdbˆx oˆqs ne sgd rodbsqtl- Enq hkktrsqˆshud otqonrdr vd
gˆud rds eβ : /β1 dU+ sˆjdm sgd hmhshˆk vˆud etmbshnm sn ad sgd
fqntmc rsˆsd ne sgd etkk bnudqˆfd fqˆogˆmd onsdmshˆk oqdrdmsdc
kˆsdq hm Rdbshnm HU+ ˆmc bnmunktsdc vhsg ˆm dwodqhldmsˆk
qdrnktshnm cdrbqhadc ax ˆ Fˆtrrhˆm vhsg etkk vhcsg ˆs gˆke
lˆwhltl � : /β/4 dU- Lnqdnudq+ vd nmkx bnmrhcdqdc sgd svn
dwsqdld rbdmˆqhnr9 sgd eqdd gdkhtl %rnkhc ˆmc cˆrgdc aktd khmdr(
ˆmc sgd gdkhtl antmc sn sgd fqntmc rsˆsd vhsg mn dlhrrhnm ne
uhaqˆshnmˆk lncdr %rnkhc ˆmc cˆrgdc qdc khmdr(- Hmsdqldchˆsd
hmrsˆmbdr vhkk onotkˆsd sgd qdfhnmr adsvddm sgd aktd ˆmc qdc
khmdr+ qdrtkshmf hm ˆ rlnnsg snsˆk qˆsd- Enq bnloˆqhrnm+ vd
qdonqs sgd qˆsd dwodbsdc he sgd oqnbdrr vdqd sn gˆoodm hm
uˆbttl+ h-d- vhsg ˆm hmhshˆk eqdd ˆsnlhb 2G %fqˆx khmdr(-

HHH, SHLD RB:KDRfi KDMFSG RB:KDR :MC
QDKDU:MS CDFQDDR NE EQDDCNL

Kds tr mnv pt]khs]shudkx chrbtrr sgd qnkd ne ]cchshnm]k
cdfqddr ne eqddcnl ]mc sgd hmsdqok]x adsvddm sgd chΩdqdms
rb]kdr oqdrdms hm sgd oqnakdl ]s g]mc- Sghr chrbtrrhnm
vhkk o]qsh]kkx nudqk]o vhsg vg]s v]r oqdrdmsdc hm Z15“-
?r ldmshnmdc hm Rdbshnm HH+ hmhsh]k rs]sd dΩdbsr ]qd ctd

ansg sn sgd o]qshbtk]q rs]sd hm vghbg sgd sqhshtl ]snl
hr+ ]r vdkk ]r sn sgd oqdrdmbd ne ]cchshnm]k cdfqddr ne
eqddcnl+ lnrs mns]akx+ ognmnmr- Bnmrhcdq sgd rhst]shnm
ne ] sqhshtl ]snl bgdlhb]kkx ]ss]bgdc sn ] b]qanm ]snl hm
] eqdd,rs]mchmf fq]ogdmd+ ]r ]krn chrbtrrdc hm Z15“- Rhmbd
sgd sqhshtl hr entq shldr khfgsdq sg]m sgd b]qanm+ vd
b]m mdfkdbs hsr dΩdbs nm sgd uhaq]shnm]k rodbsqtl ne sgd
k]sshbd- Sgd udknbhsx ne sgd sqhshtl ]snl b]m ad vqhssdm
]r rN : rB)rNB+ vgdqd rB hr sgd udknbhsx ne sgd b]qanm+
]mc rNB sg]s ne sgd sqhshtl qdk]shud sn sgd b]qanm sn
vghbg hs hr ]ss]bgdc- Sgd tmbdqs]hmsx nm sgd sqhshtl
udknbhsx sgdm qd]cr

’ΓrN(
1 : ’ΓrB(

1 ) ’ΓrNB(
1 ε ’6(

6

EHF- 1- Fqˆogdmdzgxcqnfdm ahmchmf onsdmshˆk ˆr ˆ etmbshnm
ne sgd chrsˆmbd eqnl sgd ahmchmf rhsd- Toodp oWmdi9 Ahmc,
hmf onsdmshˆk enq ˆ rhmfkd gxcqnfdm ˆsnl enq ch∆dqdms knbˆk
btquˆstqdr %otbjdqhmf( ne sgd ahmchmf rhsd–rdd Ehftqd 4 enq ˆ
cdffmhshnm- Ekˆs fqˆogdmd bnqqdronmcr sn c : / %sghbj akˆbj
khmd(+ vghkd c < / bnqqdronmcr sn bnmudw rhsdr %ntsvˆqc otbj,
dqhmf+ ˆr hm sgd rohjdr ne bqtlokdc rtoonqsdc rgddsr rgnvm hm
sgd knvdq hmrds( ˆmc c . / sn bnmbˆud nmdr %hmvˆqc otbjdqhmf+
ˆr vhsghm sgd mˆmnstad rgnvm hm sgd toodq hmrds(- Sgd on,
sdmshˆkr ˆqd oˆqˆldsqhydc ˆr ˆm hmsdqonkˆshnm adsvddm ˆ uˆm
cdq Vˆˆkr onsdmshˆk ˆs kˆqfd chrsˆmbdr ˆmc ˆ ahmchmf onsdmshˆk
ˆs rgnqs chrsˆmbdr- Sgd cdosg ne sgd kˆssdq cdodmcr nm sgd
btquˆstqd–rdd =oodmchw B enq cdsˆhkr–vghbg gˆr addm uˆqhdc
adsvddm c : �/β24 =̌ ˆmc c : )/β24 =̌- Sqhshtl hr dwodbsdc
sn gˆud sgd rˆld bgdlhbˆk oqnodqshdr ˆr gxcqnfdm- Knvdp
oWmdi9 D∆dbs ne sgd gxcqnfdm bnudqˆfd- Rˆld rhcd ahmchmf
gˆr ˆ onrhshud bnnodqˆshud d∆dbs enq chldqr %qdc khmd( nq bktrsdq
to sn ˆ rlˆkk uˆktd ne sgd bnudqˆfd %fqddm khmd(- =r sgd bktrsdqr
rhyd hmbqdˆrdr %h-d- vgdm lnqd ˆsnlr ˆqd ˆccdc nm sgd rˆld
rhcd( sgd ahmchmf cdrsˆahkhydr ctd sn ldbgˆmhbˆk chrsnqshnm
%fqddm rgˆcd(- Bnmudqrdkx+ svn rhcdr bnudqˆfd hr lnqd rsˆakd
%aktd khmdr( ˆksgntfg rshkk cdodmcdms nm bnudqˆfd %aktd rgˆcd(-
Qdoqdrdmsˆshud rsqtbstqdr ˆqd qdonqsdc- Dmdqfx oqnffkdr ˆqd na,
sˆhmdc vhsg ˆ rsˆmcˆqc Cdmrhsx Etmbshnmˆk Sgdnqx bˆkbtkˆshnm+
ˆr qdonqsdc hm =oodmchw C-

a]qd b]rd+ vd rstchdc ] m]mnstad vhsg ] ch]ldsdq ne 3ε7 ?̄
]mc vd ffmc sg]s sgd ]snl hr ]klnrs bnlokdsdkx eqdd sn
lnud ]knmf sgd ]whr ne sgd stad+ vhsg ] onsdmsh]k sg]s
hr drrdmsh]kkx fi]s vhsg vd]j lnctk]shnmr bnlhmf eqnl
qntfgkx 6/ ldU a]qqhdqr- Gnvdudq+ sgd hmrodbshnm ne sgd
dmdqfx oqnffkd nqsgnfnm]k sn sgd ]whr qdud]kr sg]s+ adrhcd

EHF- 2- Gnoohmf dmdqfx oqnffkdr nm fqˆogˆmd ˆs ch∆dqdms
bnudqˆfd ˆr ˆ etmbshnm ne sgd qdˆbshnm oˆsg %hm ˆqahsqˆqx tmhsr(+
h-d- sgd oˆsg bnmmdbshmf sgd hmhshˆk ˆmc ffmˆk onrhshnmr ne sgd
gxcqnfdm ˆsnl- Hm ansg dwˆlokdr nmd rhcd hr gxcqnfdmˆsdc ˆs
ˆksdqmˆshmf rhsdr- Hm nmd hmrsˆmbd sgd nsgdq rhcd hr nmkx rkhfgskx
gxcqnfdmˆsdc+ enq ˆ snsˆk bnudqˆfd ne 51” %aktd khmd+ kdes hmrds(+
vghkd hm sgd nsgdq hmrsˆmbd sgd gxcqnfdmˆshnm hr hmbqdˆrdc sn ˆ
64” bnudqˆfd %qdc khmd+ qhfgs hmrds(- Hm ansg bˆrdr+ sgd udqshbˆk
ˆwhr qdoqdrdmsr sgd dmdqfx qdpthqdc enq ˆ gxcqnfdm ˆsnl sn
gno eqnl ˆ rhsd sn ˆmnsgdq- Sgd svn hmrsˆmbdr ˆqd qdoqdrdmsdc
hm sgd hmrdsr+ vhsg aktd cnsr adhmf sgd gxcqnfdm ˆsnlr ˆmc
sgd ˆqqnvr qdoqdrdmshmf ˆ sxohbˆk gnoohmf oˆsg-

sgd bdmsq]k lhmhltl vgdqd sgd gxcqnfdm hr ]klnrs eqdd
sn rkhcd hm sgd bdmsdq ne sgd m]mnstad+ sgdqd hr ] rdbnmc
lhmhltl bnqqdronmchmf sn ] bnmffftq]shnm vgdqd sgd
]snl hr antmc sn sgd hmsdqm]k rtqe]bd ne sgd stad-

Sgd onrrhahkhsx enq sgd ]snl sn ahmc sn sgd stad hr bkd]qkx
mns hcd]k+ ]r hs vntkc oqdudms hsr eqdd lnshnm ]knmf sgd ]whr-
Sghr b]m ad oqdudmsdc ax o]rrhu]shmf sgd b]qanm m]mnstad+
enq dw]lokd+ vhsg gxcqnfdm antmc sn sgd dwsdqm]k rtqe]bd-
Hm sghr b]rd+ ctd sn sgd hmbqd]rd hm sgd mtladq ne ]snlr+
vd rstcx ] m]mnstad vhsg ] ch]ldsdq ne 2ε6 ?̄- Hmcddc+ vd
ffmc sg]s+ enq ] stad o]rrhu]sdc hm sghr v]x+ sgd onsdmsh]k
]knmf sgd chqdbshnm odqodmchbtk]q sn sgd stad cndr mns
ed]stqd sgd lhmhl] md]q sgd v]kkr ]mxlnqd–rdd+ ]f]hm+
Ehftqd 3- Vd ]krn nardqud ]m hmbqd]rd hm sgd odqhnchb
lnctk]shnm ne sgd onsdmsh]k ]knmf sgd stad ]whr+ rhlokx
ctd sn sgd rl]kkdq rhyd ne sgd stad- K]qfdq stadr+ ]r sgnrd
qd]khydc hm k]a+ rgntkc ed]stqd ]m drrdmsh]kkx fi]s onsdmsh]k
]s k]qfd rdo]q]shnmr- Sgdqdenqd+ enq rhmfkd sqhshtl ]snlr hm
] m]mnstad+ sghr vntkc qd]khyd sgd ]klnrs hcd]k rhst]shnm
ne ] eqdd lnshnm+ ]s kd]rs hm nmd chldmrhnm-

Mnmdsgdkdrr+ he lnqd sg]m nmd sqhshtl ]snl hr oqdrdms
hm d]bg m]mnstad+ sgd qdbnlahm]shnm hr mns bnlokdsdkx
oqdudmsdc9 sgd dmdqfx oqnffkdr bkd]qkx rgnv ] l]qjdc
onsdmsh]k vdkk enq sgd enql]shnm ne sgd lnkdbtkd ]r sgd svn
]snlr fds bknrd- Gnvdudq+ sgd rohm qdrnkudc b]kbtk]shnmr
rgnv sg]s sgd dkdbsqnmhb rohm fqntmc rs]sd ne sgd lnkdbtkd
hr sgd rhmfkds+ vhsg mtkk l]fmdshy]shnm+ vghkd sgd dkdbsqnmhb
rohm fqntmc rs]sd ne sgd rdo]q]sdc ]snlr hr sgd sqhokds-
Hmcddc+ vgdm sgd hmhsh]k rohm bnmffftq]shnm ne sgd o]hq hr
R : 0+ sgdqd hr ] rl]kk a]qqhdq sg]s ltrs ad nudqbnld
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/HBSO Rntsg =ldqhbˆm Hmrshstsd enq Etmcˆldmsˆk Qdrdˆqbg % Hmrshstsn cd Èffirhbˆ Sdǹqhbˆ+ Tmhudqrhcˆcd Drsˆctˆk Oˆtkhrsˆ+
/003/,/6/+ R–̂n Oˆtkn,RO+ Aqˆyhk

1Cdoˆqsˆldmsn cd Èffirhbˆ Sdǹqhbˆ+ Tmhudqrhcˆc =tsǹmnlˆ cd Lˆcqhc+ 17/38 Lˆcqhc+ Roˆhm
2Hmrshstsn cd Èffirhbˆ Sdǹqhbˆ+ T=L,BRHB+ b. Mhbnk`̂r Bˆaqdqˆ 02,04+ Tmhudqrhcˆc =tsǹmnlˆ cd Lˆcqhc+ Bˆmsnakˆmbn+ Lˆcqhc

17/38+ Roˆhm
3Bdmsdq enq =rsqnogxrhbr ˆmc Bnrlnknfx ’B=B( ne Tmhudqrhsx ne Mnuˆ Fnqhbˆ+ Uhoˆurjˆ 00b+ 416/ =icnuŕb́hmˆ+ Rknudmhˆ

4Kˆanqˆsnhqd Tmhudqr ds Oˆqshbtkdr cd Lnmsodkkhdq ’KTOL(+ Tmhudqrhsd̀ cd Lnmsodkkhdq ’TLQ,4188( % BMQR+ Okˆbd Dtfıdmd
Aˆsˆhkknm+ E,23/84 Lnmsodkkhdq Bdcdw /4+ Eqˆmbd

5Hmrshstsd ne Bnqotrbtkˆq Ogxrhbr ’HEHB(+ Tmhudqrhsx ne Uˆkdmbhˆ ˆmc BRHB+ Roˆhm
6Bnrlhb Cˆvm Bdmsdq+ Mhdkr Angq Hmrshstsd+ Tmhudqrhsx ne Bnodmgˆfdm+ Cdmlˆqj

7Tmhu- Fqdmnakd =kodr+ Tmhu- Rˆunhd Lnms Akˆmb+ BMQR+ K=OSg+ E,6383/ =mmdbx+ Eqˆmbd
8Choˆqshldmsn ch Ehrhbˆ "Dssnqd Oˆmbhmh" Tmhudqrhsı̂ cdfkh rstch ch Mˆonkh [Edcdqhbn HH" % HMEM rdyhnmd ch Mˆonkh+ Hsˆkx

Mnudlado 02ˇ 1.10

�arscAbs

Vd oqdrdms ˆ mnudk ldsgnc sn hmedq sgd Cˆqj Lˆssdq ’CL( bnmsdms ˆmc roˆshˆk chrsqhatshnm vhsghm fˆkˆwhdr+ aˆrdc
nm bnmunktshnmˆk mdtqˆk mdsvnqjr sqˆhmdc vhsghm rsˆsd,ne,sgd,ˆqs gxcqncxmˆlhbˆk rhltkˆshnmr ’HkktrsqhrzSMF0//(-
Sgd eqˆldvnqj vd gˆud cdudknodc hr bˆoˆakd ne hmedqqhmf sgd CL lˆrr chrsqhatshnm vhsghm fˆkˆwhdr ne lˆrr ≥ 0/00
z 0/02K− vhsg udqx ghfg odqenqlˆmbd eqnl sgd fqˆuhsˆshnmˆkkx aˆqxnm cnlhmˆsdc hmsdqmˆk qdfhnmr sn sgd CL,qhbg+
aˆqxnmzcdokdsdc ntsrjhqsr ne sgd fˆkˆwhdr-
Vhsg qdrodbs sn sqˆchshnmˆk ldsgncr+ sgd nmd oqdrdmsdc gdqd ˆkrn onrrdrrdr sgd ˆcuˆmsˆfdr ne mns qdkxhmf nm ˆ

oqd,ˆrrhfmdc rgˆod enq sgd CL chrsqhatshnm+ sn ad ˆookhbˆakd sn fˆkˆwhdr mns mdbdrrˆqhkx hm hrnkˆshnm+ ˆmc sn odqenql
udqx vdkk dudm hm sgd ˆardmbd ne rodbsqnrbnohb nardquˆshnmr-

. Hmspnctbshnm

Sgd oqdchbshnm ne sgd enqlˆshnm ne fˆkˆwhdr eqnl sgd hmhshˆk odqstqaˆshnmr ne lˆssdq rddm hm sgd Bnrlhb Lhbqnvˆud
Aˆbjfqntmc vhsghm ˆ rdke,bnmrhrsdms eqˆldvnqj+ hr nmd qdlˆqjˆakd rtbbdrr ne sgd ∆ Bnkc Cˆqj Lˆssdq ’∆BCL(
oˆqˆchfl- Hm oˆqshbtkˆq+ sgd oqdrdmbd ne ˆ fqˆuhsˆshnmˆkkx ˆbshud+ nsgdqvhrd hmdqs+ bnlonmdms ne lˆssdq zvgnrd
hmshlˆsd mˆstqd hr btqqdmskx tmjmnvmz ctaadc [Cˆqj Lˆssdq" ’CL(+ hr vgˆs hr adkhdudc sn ˆkknv sgd cdmrhsx
odqstqaˆshnmr nardqudc hm sgd Bnrlhb Lhbqnvˆud Aˆbjfqntmc sn fqnv hmsn kˆqfd rbˆkd rsqtbstqdr+ oqnuhchmf sgd
kdˆchmf [fqˆuhsˆshnmˆk sdwstqd" sn sgd eˆaqhb ne sgd Tmhudqrd vd nardqud sncˆx-
=bghduhmf ˆ etkk sgdnqdshbˆk tmcdqrsˆmchmf ne sgd dunktshnm ˆmc fqnvsg ne cdmrhsx odqstqaˆshnmr hr ˆ udqx bgˆk,

kdmfhmf sˆrj: rdlhzˆmˆkxshbˆk rnktshnmr gˆud addm cduhrdc Z34+ 38“+ vghbg ˆqd ˆakd sn bˆostqd sgd fqnvsg ne sgd onvdq
rodbsqtl nm kˆqfd ˆmc ldchtl rbˆkdr+ cnvm sn sgd rhyd ne antmc naidbsr- Nm rlˆkkdq rbˆkdr+ sgd chrsqhatshnm ne
lˆssdq vhsghm fˆkˆwhdr sgdlrdkudr hr sxohbˆkkx kdˆqmdc sgqntfg sgd rnktshnm ne sgd dptˆshnmr cdrbqhahmf sgd fqnvsg
ne ˆm hmdqs bnlonmdms+ bntokdc sn sgˆs ne ˆm ˆbshud bnlonmdms+ vghbg qdpthqdr mtldqhbˆk sqdˆsldms- Vhsgnts ˆmx
nsgdq ˆrrtloshnm nm sgd mˆstqd ne CL nsgdq sgˆm sgd kˆbj ne ˆmx oˆqshbkd hmsdqˆbshnm vhsg nqchmˆqx lˆssdq+ nmd
bˆm rnkud sgd dptˆshnmr enq sgd fqnvsg ne sgd oqhlnqchˆk cdmrhsx odqstqaˆshnmr bnmsˆhmhmf ansg nqchmˆqx lˆssdq
’gdqdˆesdq [aˆqxnmr"( ˆmc sgd CL+ hmsn sgd onsdmshˆk vdkkr sgˆs vhkk kˆsdq adbnld fˆkˆwhdr ˆmc fˆkˆwx bktrsdqr- Sghr
bkˆrr ne ldsgncr+ fdmdqhbˆkkx jmnvm ˆr [gxcqncxmˆlhb rhltkˆshnmr"+ gˆr addm cdudknodc hm sgd oˆrs svn cdbˆcdr ax
rdudqˆk fqntor vghbg gˆud dwsdmrhudkx sdrsdc chΩdqdms sdbgmhptdr sn rnkud sgd dunktshnm ne sgd fˆrdntr bnlonmdms
ne sgd Tmhudqrd trhmf bnlotsˆshnmˆk ldsgncr eqnl fithc cxmˆlhbr+ vghbg gˆud oqnudm rtbbdrretk hm qdoqnctbhmf ˆ
mtladq ne oqnodqshdr ne uhrhakd fˆkˆwhdr- Vd khrs gdqd nmkx ˆ edv ne sgdrd rhltkˆshnmr+ mns ˆssdloshmf ˆm dwgˆtr,
shud qduhdv ne sgd ffdkc9 sgd Hkktrsqhr ˆmc sgd Hkktrsqhr,SMF oqnidbsr Z47+ 48+ 30+ 24“+ sgd D=FKD ˆmc =ONRSNKD
oqnidbsr Z00+ 37+ 36+ 03“+ sgd MHG=N rhltkˆshnmr rthsd Z51“+ sgd EHQD oqnidbs Z10“+ ˆmc sgd DQHR rhltkˆshnm Z07“-
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Sgdrd rhltkˆshnmr tkshlˆsdkx ˆhl sn rˆshrex sgd oqdbhrd nardquˆshnmˆk bnmrsqˆhmsr sgˆs ˆqd ’ˆmc vhkk ad( nΩdqdc ax
kˆqfd,rbˆkd,rsqtbstqd rtqudxr hmbktchmf RCRR Z1“+ 1CE Z8“+ CDDO1 Z26“+ ˆmc B=MCDKR Z05“+ ˆmc tobnlhmf oqnidbsr
rtbg ˆr Udqˆ Qtahm ’ˆkrn jmnvm ˆr KRRS( Z12“-
Nardquˆshnmˆkkx+ sgd CL chrsqhatshnm hm naidbsr ne chudqrd lˆrr ˆmc roˆshˆk dwsdms hr hmedqqdc sgqntfg ˆ gnrs ne

chΩdqdms ldsgncr+ qˆmfhmf eqnl sgd trd ne fqˆuhsˆshnmˆk kdmrhmf hm fˆkˆwx bktrsdqr+ sn sgd rnktshnm ne hmudqsdc Idˆmr
dptˆshnmr enq cvˆqe fˆkˆwhdr+ sgqntfg sn sgd lnrs eˆlntr [Qnsˆshnm Btqud" sdbgmhptd enq chrj fˆkˆwhdr-
=kk ne sgd ˆanud ldsgncr ˆqd aˆrdc nm ˆrrtloshnmr jmnvm sn gnkc hm bnmsqnkkdc dmuhqnmldmsr+ enq hmrsˆmbd ˆmc

nmkx ˆr ˆ mnm,bnloqdgdmrhud dwˆlokd9 sgd eˆbs sgˆs sgd rsdkkˆq chrj hr qnsˆshnmˆkkx rtoonqsdc hm chrj fˆkˆwhdr enq
qnsˆshnm btqud ldsgncr+ nq rnld rhlokhexhmf ˆrrtloshnmr nm sgd rgˆod ne+ d-f- sgd ˆmhrnsqnox udknbhsx oˆqˆldsdq
enq qdbnmrsqtbshmf sgd CL onsdmshˆk hm cvˆqe fˆkˆwhdr Z42“-
Sgdrd ˆrrtloshnmr ˆqd jmnvm sn dudmstˆkkx aqdˆj cnvm ˆmc hmsqnctbd tmˆunhcˆakd rxrsdlˆshbr enq vghbg nmd

ltrs ˆbbntms+ d-f- Z44“-
Sn nudqbnld khlhsˆshnmr hm sgd CL qdbnmrsqtbshnm qdkˆsdc sn sgd kˆbj ne ˆ [bnmsqnkkdc dmuhqnmldms" vgdqd rsqhbs

uˆkhchsx.ˆbbtqˆbx sdrsr lˆx ad odqenqldc+ ˆ ldsgnc sn qdbnudq sgd ˆbstˆk CL bnmsdms ne ˆ fˆkˆwx ’nq ˆ rds ne
fˆkˆwhdr(+ sqtrsdc ˆmc uˆkhcˆsdc sgqntfg ˆm ˆbbtqˆbx sdrs+ onrrhakx hm ˆ bnmsqnkkdc dmuhqnmldms+ hr qdpthqdc- Sgd
dwhrsdmbd ne mtldqhbˆk rhltkˆshnmr+ cdrbqhadc ˆanud+ nΩdqr ˆm hcdˆk sdrs,adc sn ˆccqdrr sghr oqnakdl- Hm rtbg ˆ
bnmsqnkkdc dmuhqnmldms+ nmd hr hm bnmsqnk ne ansg sgd uhrhakd ˆmc hmuhrhakd bnlonmdmsr ne sgd Tmhudqrd ’vhsghm sgd
bnqqdronmchmf rhltkˆshnm&r bnrlnknfhbˆk anw(+ ˆmc hr ˆkrn ˆakd sn oqnctbd hlˆfdr ne sgd uhrhakd Tmhudqrd sgˆs gˆud
dltkˆsd sgd nmdr ˆbstˆkkx nardqudc vhsg dwhrshmf hmrsqtldmsr- Sghr nΩdqr sgd tmhptd bgˆmbd sn odqenql bnmsqnkkdc
sdrsr ne sgd ldsgncr cduhrdc+ ˆmc.nq sn cdudkno aqˆmc mdv nmdr+ aˆrdc nm dmshqdkx mnudk sdbgmnknfhdr-
Lˆbghmd kdˆqmhmf ’gdqdˆesdq+ LK( sdbgmhptdr gˆud oqnudc sn ad onvdqetk snnkr enq bkˆrrhffbˆshnm ˆmc qdfqdrrhnm

sˆrjr hm ˆrsqnmnlx ˆmc ˆrsqnogxrhbr+ d-f- Z1/+ 3/+ 6+ 22“+ ˆr sgdx knnj enq bnqqdkˆshnmr adsvddm sgd hmots uˆqhˆakdr
ˆmc sgd ntsots uˆqhˆakdr nmd vˆmsr sn hmedq- Hs hr hlonqsˆms sn qdlˆqj sgˆs+ hm nqcdq sn ˆbghdud sghr fnˆk+ hs hr
mdbdrrˆqx sn gˆud ˆ qdkhˆakd cˆsˆ rds enq vghbg sgd hmots uˆqhˆakdr ˆqd jmnvm ’hm sgd oqdrdms ˆmˆkxrhr+ ognsnldsqhb
hlˆfdr ˆmc rodbsqnrbnox ne fˆkˆwhdr(+ ˆr vdkk ˆr sgd ntsots uˆqhˆakdr ’hm sgd oqdrdms ˆmˆkxrhr+ sgd tmcdqkxhmf CL
chrsqhatshnm(-
Hm sgd oqdrdms vnqj+ vd qdkx nm lˆbghmd kdˆqmhmf ˆkfnqhsglr+ lnrs mnsˆakx cddo idMpmhme+ sn cdudkno ˆ mdv

ldsgnc enq qdbnudqhmf sgd CL chrsqhatshnm vhsghm fˆkˆwhdr eqnl ognsnldsqhb ˆmc rodbsqnrbnohb nardquˆshnmr- Hm
nqcdq sn ˆbghdud sghr fnˆk+ vd sqˆhm sgd lˆbghmd kdˆqmhmf ˆkfnqhsglr hm ˆm dmuhqnmldms vgdqd sgd tmcdqkxhmf [sptsg"
hr jmnvm+ ˆmc nm rhltkˆsdc hlˆfdr qdrdlakhmf sgnrd nasˆhmdc eqnl qdˆk nardquˆsnqhdr vhsg sgd ghfgdrs cdfqdd ne
ˆooqnwhlˆshnm- [�Mbghmdr" bˆm sgtr oqnodqkx ad sqˆhmdc hm sgd cˆsˆbtadr ne mtldqhbˆk rhltkˆshnmr+ ˆmc ˆookhdc
sn hlˆfdr ne sgd qdˆk+ dwsdqmˆk+ dmuhqnmldms-
Gdqd vd khrs sgd jdx dkdldmsr ne ntq ˆooqnˆbg9

� Vd trd sgd Hkktrsqhr,SMF0// rhltkˆshnm rthsd+ ˆmc rdkdbs fˆkˆwhdr vhsg snsˆk rsdkkˆq lˆrr hm sgd qˆmfd ne
K/ ≈ Z0/0Λ K−. 0/

01 K−“-

� Vd ˆtfldms sgd lnbj fˆkˆwx rˆlokd vhsg rhltkˆshnmr ne qdˆkhrshb sdkdrbnod nardquˆakdr ’rtbg ˆr GH cˆsˆ btadr
ˆmc udknbhsx lˆor( sn sqˆhm ntq lMbghmdr hm ˆ bnmsqnkkdc dmuhqnmldms sgˆs qdrdlakdr sgd qdˆk Tmhudqrd-

� Vd sgnqntfgkx sdrs cddo kdˆqmhmf mdsvnqj ˆqbghsdbstqdr sn hcdmshex sgd adrs nmd rthsdc enq ntq otqonrdr-

� Vhsg ntq lMbghmdr+ vd qdbnmrsqtbs sgd CL cdmrhsx chrsqhatshnm vhsgnts qdkxhmf nm ˆrrtloshnmr nm ˆ rodbhffb
rgˆod enq sgd oqnffkd+ bnmsqˆqx sn nsgdq ldsgncr knnjhmf nmkx ˆs sgd snsˆk lˆrr+ nq lˆrr dmbknrdc vhsghm ˆ
oˆqshbtkˆq qˆchtr-

� Ntq ˆooqnˆbg hr mns khlhsdc sn hrnkˆsdc qnsˆshnm,rtoonqsdc rxrsdlr khjd sgd qnsˆshnm btqud ldsgnc+ ats hr
ˆookhbˆakd sn sgd vgnkd qˆmfd ne fˆkˆwhdr hm sgd knbˆk Tmhudqrd+ hmbktchmf sgnrd tmcdqfnhmf ldqfdqr+ stqatkdms
rsˆq enqlˆshnm+ dsb-

� Vghkd sgd qnsˆshnm btqud ldsgnc qdpthqdr ˆbbtqˆsd ognsnldsqhb Mmc rodbsqnrbnohb nardquˆshnmr sn cdsdqlhmd
sgd CL bnmsdms ne ˆ fˆkˆwx+ ntq ˆooqnˆbg qdlˆqjˆakx ˆbghdudr udqx fnnc odqenqlˆmbd vhsg ognsnldsqx nmkx-

Vd cdrbqhad hm cdsˆhk ˆkk ne sgdrd dkdldmsr hm sghr oˆodq+ nqfˆmhydc ˆr enkknvr9 Hm Rdbshnm 1+ vd cdrbqhad sgd rds
ne bnrlnknfhbˆk mtldqhbˆk rhltkˆshnmr vghbg vd ˆcnos hm nqcdq sn bqdˆsd ntq rˆlokd ne fˆkˆwhdr: hm Rdbshnm 2 vd
cdrbqhad sgd bqdˆshnm ne lnbj hlˆfdr sgˆs qdrdlakd ’enq sgd fˆkˆwhdr dwsqˆbsdc hm sgd rhltkˆshnm( sgd nardquˆshnmˆk
oqnodqshdr ne qdˆk nardquˆshnmr ne fˆkˆwhdr: hm Rdbshnm 3 vd cdrbqhad sgd lˆbghmd kdˆqmhmf ˆkfnqhsglr ’sn vghbg vd
vhkk qdedq sn ˆr dhsgdq Tpafhsdastpdr nq kTafhmdr( sgˆs vd sqˆhm hmrhcd sgd rhltkˆshnm roˆbd: hm Rdbshnm 4 vd oqdrdms
ˆmc chrbtrr ntq qdrtksr- Vd ffmˆkkx cqˆv ntq bnmbktrhnmr hm Rdbshnm 5-

1 Sgd rhltkUshnmr

Sgd ffqrs mtldqhbˆk rnktshnmr ne rsqtbstqd enqlˆshnm hm ˆ bnrlnknfhbˆk dmuhqnmldms ’gdqdˆesdq+ bnrlnknfhbˆk rhltkˆ,
shnmr( cdrbqhadc sgd enqlˆshnm ˆmc fqnvsg ne CLznmkx rsqtbstqdr+ vghkd rtardptdms cdudknoldmsr hloqnudc sgdhq
qdˆkhrl ax hmbktchmf uˆqhntr ˆrodbsr ne aˆqxnmhb ogxrhbr- Ctd sn sgd uˆrskx chΩdqdms rbˆkdr ne uˆqhntr oqnbdrrdr sgˆs
fnudqm sgd adgˆuhnq ne aˆqxnmr+ sghr stqmr nts sn ad ˆ udqx cdlˆmchmf sˆrj- Vhsghm sgd oˆrs cdbˆcdr+ rnoghrshbˆsdc
rhltkˆshnm eqˆldvnqjr gˆud addm cdudknodc+ vghbg qdkx nm sgd lncdkkhmf ne bnkkhrhnmˆk aˆqxnmhb lˆssdq ˆr ˆ fithc+
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kˆqfd,rbˆkd,rsqtbstqd rtqudxr hmbktchmf RCRR Z1“+ 1CE Z8“+ CDDO1 Z26“+ ˆmc B=MCDKR Z05“+ ˆmc tobnlhmf oqnidbsr
rtbg ˆr Udqˆ Qtahm ’ˆkrn jmnvm ˆr KRRS( Z12“-
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enq qdbnmrsqtbshmf sgd CL onsdmshˆk hm cvˆqe fˆkˆwhdr Z42“-
Sgdrd ˆrrtloshnmr ˆqd jmnvm sn dudmstˆkkx aqdˆj cnvm ˆmc hmsqnctbd tmˆunhcˆakd rxrsdlˆshbr enq vghbg nmd
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Sn nudqbnld khlhsˆshnmr hm sgd CL qdbnmrsqtbshnm qdkˆsdc sn sgd kˆbj ne ˆ [bnmsqnkkdc dmuhqnmldms" vgdqd rsqhbs

uˆkhchsx.ˆbbtqˆbx sdrsr lˆx ad odqenqldc+ ˆ ldsgnc sn qdbnudq sgd ˆbstˆk CL bnmsdms ne ˆ fˆkˆwx ’nq ˆ rds ne
fˆkˆwhdr(+ sqtrsdc ˆmc uˆkhcˆsdc sgqntfg ˆm ˆbbtqˆbx sdrs+ onrrhakx hm ˆ bnmsqnkkdc dmuhqnmldms+ hr qdpthqdc- Sgd
dwhrsdmbd ne mtldqhbˆk rhltkˆshnmr+ cdrbqhadc ˆanud+ nΩdqr ˆm hcdˆk sdrs,adc sn ˆccqdrr sghr oqnakdl- Hm rtbg ˆ
bnmsqnkkdc dmuhqnmldms+ nmd hr hm bnmsqnk ne ansg sgd uhrhakd ˆmc hmuhrhakd bnlonmdmsr ne sgd Tmhudqrd ’vhsghm sgd
bnqqdronmchmf rhltkˆshnm&r bnrlnknfhbˆk anw(+ ˆmc hr ˆkrn ˆakd sn oqnctbd hlˆfdr ne sgd uhrhakd Tmhudqrd sgˆs gˆud
dltkˆsd sgd nmdr ˆbstˆkkx nardqudc vhsg dwhrshmf hmrsqtldmsr- Sghr nΩdqr sgd tmhptd bgˆmbd sn odqenql bnmsqnkkdc
sdrsr ne sgd ldsgncr cduhrdc+ ˆmc.nq sn cdudkno aqˆmc mdv nmdr+ aˆrdc nm dmshqdkx mnudk sdbgmnknfhdr-
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hr jmnvm+ ˆmc nm rhltkˆsdc hlˆfdr qdrdlakhmf sgnrd nasˆhmdc eqnl qdˆk nardquˆsnqhdr vhsg sgd ghfgdrs cdfqdd ne
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Arxiv: 2106.11980 [hep-ph]. Phys.Rev.D 105 (2022) 4, 0450015) 

“Limits on light primordial black holes from high-scale Leptogenesis”. 
R. Calabrese, M. Chianese, J.Gunn, G. Miele, S.Morisi, N. Saviano. 
Arxiv: 2305.13369 [hep-ph]. Phys.Rev.D 107 (2023) 12, 123537

PnvTpcr aTpwnfdmdrgr tgT Tarnposgnm epnl HpglnpcgTk �kTbi Bnkdr

�m69m-9 �là’9r9md:oc 3c − P9àd’6W BWkWà’drd:oc 3c § CWl-Wm9 E)F)
E-9’-kk9:oc 3c † FdmmW’9 L-dkd::oc 3c tc √ Wm, Wm, R6d–Wm9 L9’-r-oc 3c ‡

�C-1Z”6-ldm6n ,- E-r-&Z .D66n”d NZm&-m-“: Tm-ud”r-6a ,dfk- r62,- ,- MZ1nk-
.Ed,d”-&n HH“: Bnl1kdrrn Tm-ud”r-6Z”-n Lnm6d Rp �mfdkn: Hhezo3s MZ1nk-: H6Zkw

3HMEM h Rdy-nmd ,- MZ1nk-: Bnl1kdrrn Tm-ud”r-6Z”-n Lnm6d Rp �mfdkn: Hhezo3s MZ1nk-: H6Zkw
1R&2nkZ R21d”-n”d Ld”-,-nmZkd: Tm-ud”r-6a ,dfk- r62,- ,- MZ1nk- .Ed,d”-&n HH“: JZ”fn RZm LZ”&dkk-mn oz: ezote MZ1nk-: H6Zkw

Qd]dm6kx C9k49ü Zm, O9y,mxZj9ü 1’919rd, Z mdv áZ’x94dmdr-r ld]gZm-rl -m vg-]g áZ’x9m Zrxlh
ld6’x -r 1’9,2]d, v-6g926 ü-9kZ6-m4 áZ’x9m m2lád’ Z6 6gd KZ4’Zm4-Zm kdüdk) Hm 6g-r r]dmZ’-9: áZ’x9m
Zrxlld6’x -r 4dmd’Z6d, áx Zár9’16-9m 9– Z mdv 1Z’6-]kd W ]Z’’x-m4 áZ’x9m m2lád’ 9m69 O’-l9’,-Zk
AkZ]j G9kdr pOAGr() �rr2l-m4 BOhü-9kZ6-9m: 6gd 1Z’6-]kd W -r Zár9’ád, Z6 Z ,-fd’dm6 ’Z6d 6gZm
6gd Zm6-1Z’6-]kd �S: 1’9,2]-m4 Zm Zrxlld6’x -m 6gd áZ’x9m-] m2lád’) Vd -m,d1dm,dm6kx 6dr6 6g-r
r]dmZ’-9: fflm,-m4 6gZ6 -6 r2fd’r –’9l 6v9 –2m,Zldm6Zk -rr2dr)
�6 6gd 1gdm9ldm9k94-]Zk kdüdk: r6’9m4 Zár9’16-9m áx OAGr -m-6-Zkkx -m]’dZrdr 6gd áZ’x9m Zrxlld6’x)
G9vdüd’: Z6 kZ6d’ 6-ldr r2]g Zrxlld6’x -r ]9l1kd6dkx Zár9’ád, áx OAGr) Hm 9’,d’ 69 9üd’]9ld
6g-r -rr2d: vd Z]]92m6 –9’ OAG düZ19’Z6-9m: vg-]g 1’9ü-,dr Z mZ62’Zk vZx 9– gZk6-m4 6gd Zár9’16-9m
vg-kd jdd1-m4 Z fflm-6d áZ’x9m Zrxlld6’x) Vd 1’9ü-,d Z rxr6dlZ6-] r62,x 9– 6gd 1Z’Zld6d’ r1Z]d:
-,dm6-–x-m4 6gd ’d4-9mr kdZ,-m4 69 6gd 1’9,2]6-9m 9– 6gd áZ’x9m Zrxlld6’x v-6g926 ü-9kZ6-m4 6gd
jm9vm ]9mr6’Z-m6r 9m OAGr ]9m]dm6’Z6-9m)
�6 6gd 6gd9’d6-]Zk kdüdk: Z l9,dk ’dZk-y-m4 6gd BOhü-9kZ6-9m 19r62kZ6d, -m 6g-r r]dmZ’-9 -r ,-ff]2k6

69 ’dZk-yd) Vd rg9v: áx -l1kdldm6-m4 Z l-m-lZk l9,dk: 6gZ6 6gd –’Zldv9’j 1’919rd, -m 6gd 9’-4-mZk
v9’j -m 9’,d’ 69 1’9,2]d BOhü-9kZ6-9m: düdm -– .2Zk-6Z6-üdkx ]9’’d]6: -r .2Zm6-6Z6-üdkx -m ,-rZ4’ddldm6
v-6g 6gd 9árd’üd, áZ’x9m Zrxlld6’x: mZldkx 6g-r ld]gZm-rl 1’9,2]dr 9mkx Z –’Z]6-9m 9– 6gd 696Zk
áZ’x9m Zrxlld6’x)

Hp HMSPNCTBSHNM

N2’ 2m-ud’rd dwg-à-6r Wm Wrxlld6’x Wl9m4 àW’x9mr
Wm, Wm6-hàW’x9mr: vg9rd 9’-4-m -r 9md 9– 6gd –2m,Wldmh
6Wk 1’9àkdlr 9– 1gxr-]r) Sgd Wl92m6 9– àW’x9m Wrxlh
ld6’x ]Wm àd .2Wm6-ffld, àx 6gd ldWr2’d, ’W6-9 bo85[
ζdv1/ ! ’m/ � m �/(<r ¡ ’7607 " ///3( − 0/�00: vgd’d
m/ ’m �/( -r 6gd àW’x9m pWm6-hàW’x9m( m2làd’ ,dmr-6x Wm,
r -r 6gd dm6’91x ,dmr-6x) Hm on7;: RWjgW’9u 1’919rd,
6g’dd ]9m,-6-9mr bfi[ md]drrW’x –9’ W u-Wàkd àW’x94dmdr-r
ld]gWm-rlc -( u-9kW6-9m 9– 6gd àW’x9m m2làd’: --( u-h
9kW6-9m 9– BO Wm, B rxlld6’-dr: Wm, ---( 926 9– d.2-h
k-à’-2l 1’9]drrdr) Vg-kd 6gd R6Wm,W’, L9,dk rW6-rffldr
RWjgW’9u ]9m,-6-9mr: -6 -r m96 Wàkd 69 ’d1’9,2]d .2Wmh
6-6W6-udkx 6gd ’d.2-’d, Wrxlld6’x b78oz[) Sgd’d–9’d: W
m2làd’ 9– dw6dmr-9mr gWud àddm 1’919rd, 69 ’d1’9,2]d
6gd ]9’’d]6 Wrxlld6’x: -m]k2,-m4 dkd]6’9vdWj àW’x94dmh
dr-r boo8ot[: àW’x94dmdr-r u-W kd1694dmdr-r bo58o;[: FTS
àW’x94dmdr-r boe[: Wm, 6gd �ffid]jhC-md ld]gWm-rl bon[)
Hm W m9udk –’Wldv9’j 1’919rd, -m Pd–r) b3z833[: àW’x9m

Wrxlld6’x -r 1’9,2]d, àx 6gd ,-fd’dm6 Wàr9’16-9m 9– 1W’h
6-]kdr Wm, Wm6-1W’6-]kdr 9– W mdv r1d]-dr W pWrr2ld, 69 àd
r]WkW’( v-6g lWrrlT : ]W’’x-m4 àW’x9m m2làd’ AT : 9m69
W 1912kW6-9m 9– 1’-l9’,-Wk àkW]j g9kdr pOAG( b3t: 35[)
Sgd-’ ]921k-m4 v-6g R6Wm,W’, L9,dk pgd’dW–6d’ ,dm96d,

− TTl@.nrnmdamTp-memp-s
§ .bTiT@.drdamTp-memp-s
† ,efifn.-iinamTp-memp-s
′ l-didamTp-memp-s
‡ rln.-r-amTp-memp-s

àx RL( -r -m,-]W6d, v-6g e ) Sgdrd 1W’6-]kdr W’d W66’W]6d,
àx 4’Wu-6x 9m69 W 1912kW6-9m 9– OAGr v-6g lWrr L )
�rr2l-m4 6gW6 W Wm, W gWud rk-4g6kx ,-fd’dm6 ]’9rrh
rd]6-9mr v-6g 6gd RL 1kWrlW r2’’92m,-m4 6gd OAGr ,2d
69 W rlWkk B Wm, BO u-9kW6-9m: 6gd Wàr9’16-9m ’W6dr 9– W
Wm, W àx OAGr W’d ,-fd’dm6) R2]g Wm Wrxlld6’-] Wàh
r9’16-9m kdW,r 69 W ]9m6-m292r 1’9,2]6-9m 9– Wrxlld6’x
-m 6gd W rd]69’) Hm Pd–) b3o[ -6 -r r244dr6d, 6gW6 r6’9m4
Wàr9’16-9m 9m OAGr pe ⊃ 0( -r ’d.2-’d, 69 ’d1’9,2]d W
kW’4d Wrxlld6’x) Vd gWud ’dWmWkxyd, 6g-r k9vh]921k-m4
r]dmW’-9: fflm,-m4 6gW6 -6 v92k, kdW, 69 6gd ]9l1kd6d Wàh
r9’16-9m 9– W Wm, W: 4-u-m4 W 696Wk r211’drr-9m 9– 6gd
àW’x9m Wrxlld6’x) Sgd’d–9’d: 6gd .2Wm6-6W6-ud uWk2d 9–
6gd 9àrd’ud, àW’x9m Wrxlld6’x -r m96 ’d1’9,2]-àkd -m
6gd r]dmW’-9 9– Pd–) b3o[) Gd’d vd rg9v 6gW6 r2]g W 1’9àh
kdl ]Wm àd r9kud, àx 6Wj-m4 -m69 W]]92m6 6gd duW19’W6-9m
9– OAGr àx ldWmr 9– GWvj-m4 ’W,-W6-9m b3fi83e[) DuW1h
9’W6-m4 OAGr gWud àddm vdkkhr62,-d, -m ]9mmd]6-9m v-6g
àW’x9m Wrxlld6’x 4dmd’W6-9m b3n8tn[ Wr vdkk Wr v-6g 6gd
,W’j lW66d’ 1’9àkdl btfi: 5z: 5o[ prdd Wkr9 b5385n[() OAGr
W’d r2àid]6d, 69 GWvj-m4 duW19’W6-9m: dl-66-m4 1W’6-]kdr
Wm, 4’W,2Wkkx k9r-m4 6gd-’ lWrr) Sgd duW19’W6-9m ’W6d
,d6d’l-mdr 6gd 6dl1d’W62’d W6 vg-]g OAGr W’d dw1d]6d,
69 duW19’W6d bfiz[

Sd ↘ 0/0+FdU ’Le(
�2ψ1  po(

Vd ,dm96d àx Le 6gd lWrr 9– OAG dw1’drrd, -m 4’Wlr:
vgd’dWr àx L : Wk’dW,x -m6’9,2]d, Wà9ud: vd ,dm96d 6gd
rWld lWrr -m mW62’Wk 2m-6r) E9’ 6gd ’dr6 9– 6g-r v9’j: vd
v-kk W,916 mW62’Wk 2m-6r 2mkdrr 96gd’v-rd r6W6d,) E9’ r-lh
1k-]-6x: vd v-kk l9,dk 6gd OAG lWrr 69 àd m9mhdu9ku-m4
–9’ 6dl1d’W62’dr kW’4d’ 6gWm Sd Wm, 69 ,-rW11dW’ W6 k9vd’
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PBH’S IN COSMOLOGY II

Khlhsr nm khfgs oqhlnqch‘k ak‘bj gnkdr eqnl ghfg,rb‘kd kdosnfdmdrhr

Pnadqs˙ B˙k˙aqdrd+0) 1) − L˙qbn Bgh˙mdrd+0) 1) § I˙bna Ftmm+0) 1) †

Fdmm˙qn Lhdkd+0) 1) 2) ′ Rsde˙mn Lnqhrh+0) 1) ‡ ˙mc Mhmdss˙ R˙uh˙mn1) 2) −−

0Cho“pshldmsn ch Ehrha“ ZDssnpd N“mahmh`’ Tmhudprhs�“ cdekh rstch ch M“onkh
ZEdcdphan HH`’ Bnlokdrrn Tmhu- Lnmsd R- :medkn’ H,6.014 M“onkh’ Hs“kv

1HMEM , Rdyhnmd ch M“onkh’ Bnlokdrrn Tmhu- Lnmsd R- :medkn’ H,6.014 M“onkh’ Hs“kv
2Ratnk“ Rtodphnpd Ldphchnm“kd’ Tmhudprhs�“ cdekh rstch ch M“onkh ZEdcdphan HH`’ J“pen R“m L“padkkhmn 0.’ 6.026 M“onkh’ Hs“kv

Vd hmudrshf]sd sgd qnkd sg]s sgd du]onq]shnm ne khfgs oqhlnqch]k ak]bj gnkdr l]x g]ud ok]xdc hm sgd
oqnctbshnm ne sgd a]qxnm ]rxlldsqx ne sgd Tmhudqrd sgqntfg ghfg,rb]kd kdosnfdmdrhr- Hm o]qshbtk]q)
enq l]rrdr ne oqhlnqch]k ak]bj gnkdr hm sgd q]mfd Z0.4,0.8[ f) vd ffmc ] chktshnm ne sgdql]kkx fdmdq]sdc
kdosnm ]rxlldsqx uh] dmsqnox hmidbshnm hm sgd oqhlnqch]k ok]rl] ]esdq sgd rog]kdqnm eqddyd,nts- ?r
] bnmrdptdmbd) vd b]m ots rsqnmf bnmrsq]hmsr nm sgd oqhlnqch]k ak]bj gnkd o]q]ldsdqr) rgnvhmf sgd
ltst]k dwbktrhnm khlhsr adsvddm oqhlnqch]k ak]bj gnkdr ]mc ghfg,rb]kd kdosnfdmdrhr- Pdl]qj]akx) vd
onhms nts ]m hmsdqok]x adsvddm sgd toodq antmc nm sgd hmhsh]k ]atmc]mbd ne oqhlnqch]k ak]bj gnkdr
]mc sgd ]bshud mdtsqhmn l]rr rb]kd-

H- HMSPNCTBSHNM

Oqhlnqch˙k Ak˙bj Gnkdr ’OAGr( ˙qd gxonsgdshb˙k ak˙bj
gnkdr enqldc hm sgd d˙qkhdrs shldr ne sgd Tmhudqrd+ ˙r
˙ qdrtks ne hmfi˙shnm˙qx rbdm˙qhnr nq ogxrhbr adxnmc sgd
Rs˙mc˙qc Lncdk ’ARL(+ ˙mc vghbg ˙qd enq sghr qd˙rnm
m˙ldc oqhlnqch˙k Y0z3“- Rhmbd sgdx ˙qd ˙rrtldc mns
sn ad ne rsdkk˙q nqhfhm+ OAGr b˙m g˙ud udqx k˙qfd l˙rr
’0/4, f( ats ˙krn udqx rl˙kk l˙rr+ ne sgd nqcdq ne sgd
Ok˙mbj l˙rr ’0/�4 f( Y4“- Sgd ˙v˙qdmdrr sg˙s OAGr
lhfgs ad udqx rl˙kk+ bnmuhmbdc G˙vjhmf sn hmudrshf˙sd
sgdhq pt˙mstl oqnodqshdr- =r ˙ lhwstqd ne pt˙mstl ffdkc
sgdnqx ˙mc fdmdq˙k qdk˙shuhsx+ OAGr dlhs G˙vjhmf q˙ch,
˙shnm hm sgd enql ne ˙ fq˙x,ancx rodbsqtl vhsg ˙ sdl,
odq˙stqd SN=E hmudqrdkx oqnonqshnm˙k sn sgdhq l˙rr- Hm
nsgdq vnqcr+ ˙ ak˙bj gnkd knrdr l˙rr bnmrs˙mskx ax cdln,
bq˙shb˙kkx dlhsshmf ˙kk sgd o˙qshbkdr sg˙s ˙qd khfgsdq sg˙m
hsr sdlodq˙stqd Y0+ 5“- OAGr vhsg l˙rrdr ˙anud ’ne nqcdq
ne( 0/04 f g˙ud mns du˙onq˙sdc xds ’˙qd du˙onq˙shmf sn,
c˙x( ˙mc g˙ud rnld bg˙mbd sn ad cdsdbsdc+ vghkd khfgsdq
OAGr ’LN=E , 0/04 f( rgntkc g˙ud addm du˙onq˙sdc ax
mnv fhuhmf onsdmsh˙kkx ˙bbdrr sn sgd ogxrhbr ne sgd d˙qkx
Tmhudqrd Y3+ 6+ 7“+ rtbg ˙r sgd ogxrhbr ne hmfi˙shnm ˙mc
sgd oqhlnqch˙k bnrlnknfhb˙k odqstqa˙shnmr+ a˙qxnfdmdrhr
˙mc kdosnfdmdrhr+ sgd Ahf A˙mf Mtbkdnrxmsgdrhr ’AAM(
ogxrhbr+ sgd ogxrhbr ne sgd bnrlhb lhbqnv˙ud a˙bjfqntmc+
c˙qj l˙ssdq + ˙mc oqhlnqch˙k fq˙uhs˙shnm˙k v˙udr Y8z41“-
Hm o˙qshbtk˙q+ ˙r hmhsh˙kkx hmudrshf˙sdc ax Y0+ 1“+ ˙mc k˙sdq
˙m˙kxrdc hm cds˙hk ax Y07“+ sgd nardqudc l˙ssdq,˙mshl˙ssdq
˙rxlldsqx hm sgd Tmhudqrd bntkc ad fdmdq˙sdc ax sgd
OAG du˙onq˙shnm ldbg˙mhrl+ fhudm sgd dlhrrhnm ne mdv
gd˙ux o˙qshbkdr vghbg b˙m sgdm cdb˙x uhnk˙shmf BO ˙mc
a˙qxnm mtladq- Sgd qnkd ne OAG du˙onq˙shnm nm a˙qxn,

− pb]j]apdrd8m]-hmem-hs
§ l]pbn-bgh]mdrd8tmhm]-hs
† i]bnavhjjh]l-ftmm8tmhm]-hs
′ lhdjd8m]-hmem-hs
‡ rlnphrh8m]-hmem-hs

−− mr]uh]mn8m]-hmem-hs

fdmdrhr g˙r qdbdmskx q˙hrdc mdv hmsdqdrs hm chΛdqdms bnm,
sdwsr Y06+ 08z14+ 18+ 42z45“- Rnnm ˙esdq sgd chrbnudqx
ne mdtsqhmn l˙rrdr+ sgd sxod,H rddr˙v ldbg˙mhrl g˙r ˙b,
pthqdc ˙ fqnvhmf onotk˙qhsx ˙mc vhsg sg˙s ˙krn sgd rhlokd
˙mc dkdf˙ms ldbg˙mhrl ne a˙qxnfdmdrhr uh˙ kdosnfdmdrhr
eqnl sgd ffqrs oqnonr˙k ax Etjtfhs˙ ˙mc W˙m˙fhc˙ Y46“+
vgdqd+ hmrsd˙c ne bqd˙shmf ˙ a˙qxnm ˙rxlldsqx chqdbskx
eqnl oqnbdrrdr vghbg uhnk˙sd sgd a˙qxnm mtladq ’A(+
˙ kdosnm ˙rxlldsqx ’K( rgntkc ad fdmdq˙sdc eqnl kdo,
snm mtladq uhnk˙shmf hmsdq˙bshnmr adenqd sgd dkdbsqnvd˙j
og˙rd sq˙mrhshnm ’DVOS( Y47z50“- Bnmrdptdmskx+ sgd kdo,
snm ˙rxlldsqx hr bnmudqsdc sn ˙ mds dwbdrr ne a˙qxnmr uh˙
sgd mnm,odqstqa˙shud ’A ) K(,uhnk˙shmf rog˙kdqnm sq˙mrh,
shnmr Y51z53“-
Sgd oqdrdmbd ne oqhlnqch˙k ak˙bj gnkdr hm sgd d˙qkx

Tmhudqrd bntkc g˙ud hlo˙bsdc sgd oqnbdrr ne kdosnfdmdrhr
l˙hmkx hm svn v˙xr cdodmchmf nm sgd l˙rr ˙mc rn nm
sgd sdlodq˙stqd ne sgd OAGr+ m˙ldkx nm sgd odqhnc qdk˙,
shud sn sgd kdosnfdmdrhr dq˙9 e� sgqntfg sgd oqnctbshnm ne
gd˙ux qhfgs,g˙mcdc mdtsqhmnr+ uh˙ sgd G˙vjhmf du˙onq˙,
shnm+ hm ˙cchshnm sn sgd oqnctbshnm eqnl sgdql˙k ok˙rl˙+
ee� hmidbshnm ne dmsqnox hm sgd ok˙rl˙+ ctd sn ˙ oqnctbshnm
ne rhfmhffb˙ms onotk˙shnm ne ognsnmr ax du˙onq˙shnm+ de,
edbshudkx qdctbhmf sgd a˙qxnm,sn,ognsnm q˙shn- Sgd ak˙bj
gnkd hmctbdc kdosnfdmdrhr rbdm˙qhnr g˙ud addm vdkk rstc,
hdc hm khsdq˙stqd Y15+ 16+ 54“ vgdqd sgd rdudq˙k dΛdbsr ˙mc
sgdhq ltst˙k hlo˙bs ˙qd s˙jdm hmsn ˙bbntms enq chΛdqdms
bgnhbdr ne l˙rrdr ne qhfgs,g˙mcdc mdtsqhmnr ˙mc OAGr-
=lnmf sgd chΛdqdms rbdm˙qhnr ne kdosnfdmdrhr+ ˙ rodbh˙k
b˙rd hr qdoqdrdmsdc ax ghfg,rb˙kd kdosnfdmdrhr+ a˙rdc nm
sxod,H rddr˙v ldbg˙mhrl+ g˙uhmf ghdq˙qbghb˙k gd˙ux L˙,
inq˙m˙ qhfgs,g˙mcdc mdtsqhmnr+ L0 ⊃ L1 ⊃ L2 vhsg
rddr˙v rb˙kd L ≤ 0/01 FdU- ChΛdqdmskx eqnl vg˙s g˙r
addm cnmd hm khsdq˙stqd Y15+ 16“+ vd enbtr nmkx nm sgd
rdbnmc ˙rodbs hmctbdc ax OAGr+ m˙ldkx sgd hmidbshnm ne
dmsqnox nbbtqqhmf ˙esdq sgd rog˙kdqnm eqddyd,nts- Hmcddc+
bgnnrhmf sgd q˙mfd ne OAG l˙rrdr Y0/5,0/8“ f+ sgd oqn,
ctbshnm ax du˙onq˙shnm ne qhfgs,g˙mcdc mdtsqhmnr hr rto,
oqdrrdc vhsg ˙ bnmrdptdms mdfkhfhakd dΛdbs nm sgd ffm˙k
˙rxlldsqx vghkd ˙ rhfmhffb˙ms onotk˙shnm ne ognsnmr hr
oqnctbdc ˙rrnbh˙sdc vhsg ˙m hlonqs˙ms dmsqnox oqnctb,
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