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Feynman Integrals

® Momentum-space Representation

L loops, E+1 external momenta,

L N
— = /Hddki (H 1 ) N = LE +3L(L+1) (generalised) denominators
| i1

1Dk

=1 total number of reducible and irreducible

scalar products
't Hooft & Veltman

N-denominator
generic Integral

® Integration-by-parts Identites Tkachov; Chetyrkin &
Tkachov

- 5 e

® IBP identities E bz Ial,...,ai:lzl,...,aN — 0

1

Laporta, Remiddi, Kuehn, Baikov, Smirnov, Melnikov, Gehrmann, Weinzierl, Anastasiou, Bonciani, &P.M. ...



Linear relations for Feynman Integrals identities

® Relations among Integrals in dim. reg.

@

N-denominator
generic Integral

® 1st order Differential Equations for Mls
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® Dimension-Shift relations and Gram determinant relations
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N-denominator
Master Integrals
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Outline

& Vector Space Structure of (Feynman, GKZ, Euler-Mellin, ...) twisted period Integrals

&Linear and Quadratic relations

& Intersection Numbers
&1-forms

&n-forms (1): iterative method

&n-forms (11): Partial Differential Equation

&n-forms (I11): Pfaffian Systems of D-modules

@Applications
@Hypergeometric functions

&Feynman Integrals

& Matrix elements in Quantum Mechanics
&\Wick’s theorem
& Kontsevich-Witten tau-function

& @ this workshop: AH-B-P integrals

& Conclusions
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Vector Space Structure (of Feynman Integrals and not only)

14
® Vector decomposition il — E ¢ ) v = dimension of the vector space
— |

Master Integral = basis

® Projections Bt — I JZ 7 JZ . J] = 570

® Completeness E J J s ]I &
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Vector Space Structure (of Feynman Integrals and not only)

14
® Vector decomposition il — E ¢ ) v = dimension of the vector space
— |

Master Integral = basis

® Projections Bt — I JZ 7 JZ . J] = 570

® Completeness .. —
E Ji Ji = Luxu
1

The two questions:
1) what is the vector space dimension v ?

2) what is the scalar product “-” between integrals 7




Basics of Intersection Theory I



Basics of Intersection Theory for deRham (co)-Homology

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida, ...

Consider an integral I over the variables z = (21, 22, ..., Zm)
©m(z) is a differential m-form
IS / U(Z ) Pm (Z) , , ,
C N—— u(z) is a multivalued function
~——— twisted
twisted cocycle u(@(/’) — (0

cycle




Basics of Intersection Theory for deRham (co)-Homology

Aomoto, Brown, Cho, Goto, Kita, Matsubara-Heo, Mazumoto, Mimachi, Mizera, Ohara, Yoshida, ...

Consider an integral I over the variables z = (21, 22, ..., Zm)
©m(z) is a differential m-form
IS / u(z ) Ym (Z) , , ,
C N—— u(z) is a multivalued function
~——— twisted
twisted cocycle u(@(/’) — (0

cycle

® The dawn of Integration by parts identities:

® Equivalence Classes of DIFFERENTIAL FORMS

There could exist many forms ¢,, that upon integration give the same result [

® Equivalence Classes of INTEGRATION CONTOURS

There could exist many contours C that do not alter the the result of 1




Vector Space Structure of Twisted Period Integrals




Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,
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® Covariant Derivative W = d lOg Uu
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® Integrals b = / U Om / Om T+ ch@m 1)



Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

0= fa(uonr) = [ (o don-s+dunom)

® Covariant Derivative W = d lOg Uu

® Integrals b =

® Twisted Cohomology Group
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Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

o= fa(uonr) = [ (v don-s+dunomo)

® Covariant Derivative W

® Integrals 1

® Twisted Homology Group

dlog u

r

\

[+o)-
C

~

J

HCL)

) =

|||
I
2|
S¥
<

N
/ Pm + VwPm— 1)

Ker(@ : Cp_|_1 = Cp)
m(d-C, = €, i}




Basics of Intersection Theory for deRham (co)-Homology

Consider the (m — 1)-differential form ¢,,_1,

0= /Cd(u_l gom_l) — /C (u_l dpPm_1 — u*du A gom_l) — /Cul (d— W /\)gom_l — /Cul V_w®Om—1 '

® Dual Covariant Derivative V_y,=d—wAN =u-d- Wi
® Dual Integrals 7 / i D, :/ 1 (qu e V_w¢m_1) :/ i O
C C C+or
® Dual Twisted Co-Homology Groups PR (G Ket(V- i Pm =7 1) H= e Ber@ofwil 18
Iai(Noe o0 i 0 p Iheni s 6 — € 1)



Pairings of Cycles and Co-cycles

® Basic building blocks

- 0z e HT o — oz c H

® Integrals :: pairings of cycles and co-cycles

® Dual Integrals :: pairings of cycles and co-cycles

® Intersection numbers for cycles :: pairings of cycles

® Intersection numbers for co-cycles :: pairings of co-cycles

(oic E/c u(z) or(z) = I

(Cp | or) = /C u(z)™* on(e) = I

[ L | Cr } = intersection number

(UL R — /C (L) A R



Identity Resolution

dimHT = dimH-" = v

® Bases {<ei|}i:1 ..... = HZ) and {|hi>}i:1 ..... y € H?w
1%
® Forms I[C P ‘hl> (C_l)i' <€]" Cij = <€i|hj> Metric Matrix for Forms
el J
v
—1
® Contours I, = Z b2 (H )i' [77]" H;; = [n:ly;]

e J Metric Matrix for Contours



Identity Resolution

dimHT = dimH-" = v

® Bases {<8i|}i:1 ..... = HZ) and {|hi>}i:1 ..... y € H_’:lw
\ %4
T. = h. (C—l) e C.. = (e:|h:
® Forms C L ‘ l> ij < J‘ t <el| J> Metric Matrix for Forms

) %4
® Contours I, = Z b’i] (H_l).. [njl Hij = [77i|7j]
L]

T Metric Matrix for Contours
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Flux Decomposition %

L o= — (o]



Flux Decomposition %

A o= — (]

® Contour decomposition

e

1

P Spiin]
_ e ai/gp
. ' 9

Z a; il

1

]
® Coefficients are Intersection Numbers (contours)

a; = [y, Yilvs] = 64



Flux Decomposition

® Contour decomposition

e

1

o~
= e
| ' 0

] = Z a; |7i]

® Coefficients are Intersection Numbers (contours)

a; = [y, Yilvs] = 64

= (¢|v]

® Form decomposition

2

(Pl = Z ci (€]

1

® Coefficients are Intersection Numbers (forms)

c; = {ple;) (eilej) = dij



Linear Relations / IBPs identity / Gauss contiguity relations

Mizera & P.M. (2018)
Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)
Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

Consider a set of v MIs,

Ji:/cu(z)ei(z):@i)C], =0

e Integral decomposition V
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Linear Relations / IBPs identity / Gauss contiguity relations

Mizera & P.M. (2018)
Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)
Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

Consider a set of v MIs,

Ji:/cu(z)ei(z):@i\C], =0

e Integral decomposition .

b el ) ol

|

 Decomposition of differential forms.

® Master Decomposition Formula

vV

(oLl = (pLlle = Z ci (e;| , with Ci = ZV: (orlhj) (C_l)ﬁ
=

=1




Quadratic Relations I



Twisted Riemann Periods Relations (TRPR) S

(oLler) = (eLllnler) = Zv] (orlyil (H_l)i]. [7j19R) = (PW'H_l'P—“>LR
|
[CLICR] = [CLIL|CR] = Zv: [CLlhi) (C_l)ij (¢;jICrR] = (P_“'C_I'P“)LR

1 =1



Vector Space Structure of Feynman Integrals




Vector Space Dimensions

® Space Dimensions = Number of Master Integrals

Y = number of mdependent master mtegrals Chetyrkin, Tkachov (1981); Remiddi, Laporta (1996); Laporta (2000)

— 15 ﬁnlte Smirnov, Petuckhov (2010)

= number of critical points of graph polynomials lee Pomeranski 2013)

= is related to Euler characteritics y g
Aluffi, Marcolli (2008) Bitoun, Bogner, Klausen, Panzer (2018) Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

= number of independent integration contours
Lee, Pomeranski (2013) Bosma, Sogaard, Zhang (2017) Primo, Tancredi (2017)

— number of independent forms
Mizera & P.M. (201 8)
Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

s . ™m
= dlmHﬂ:w Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

= dim (C[Z]/ < d)l, o ,C:Jn — ) — dim ((C[Z]/ < Q T ) Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2020)



Parametric Representation(s)

® Upon a change of integration variables

N-denominator
generic Integral

P(z) = graph-Polynomial

v(d) = generic exponent

® Integration-by-parts: two situations may occur

=0 ® Schwinger representation, Lee-Pomeranski repr'n
[(u@) en) < | |
C — u(aC) — ) ® Baikov representation, or other repr'ns

® IBP identities E bz Ial,...,az-:lzl,...,aN — 0
1



Feynman Integrals :: Baikov Representation

® Denominators as integration variables ..\, 199

1
£ Y = foan = [ 42 B [[ o
_— C 7—1 %
ki (k1 - PE-1)
N-denominator B(pu kj) = . - : i B(Z) y=(d—-F—-L-1)/2
generic Integral ; :
(PE—-1 - F1) Ph_1
6ram determinant
® 1-loop Nonagon 1 ® 2-loop Box
N—LE—|—§L(L+1)
B o
/le/\.../\dZQ I (Z) 9
C Zl ot eiiie 29

o

B(z), C, v depend on the graph.



Feynman Integrals :: Baikov Representation

® Denominators as integration variables ., (1996)

il
ﬁ) = Ia,l,...,CLN — / dZ B(Z)’y Za/n
_— C =i
ki (k1 - PE-1)
N-denominator B(pu kj) = . - : i B(Z) y=(d—-F—-L-1)/2
generic Integral ; :
2
(e 1 &) HEL |
6ram determinant
® Integration-by-parts Identities Zhang, Larsen; Lee; Frellesvig, Papadopoulos

B(dC) =10 /d B(z)" HL L)
&

An
Fundamental property o <,



Three special applications: l



i) DimenSiOnaI Recurrence REIatiOn Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

® Mis in (d+2n) dimensions

d+2
‘]i(d—l_Qn) - K(d o 2%) Ei(d—l—Qn) Ez( +2n) — <Bn62‘c] - /u (Bn 67;) ’ u= B, = (d—E—L—l)/2
C
® Master Decomposition Formula @ special basis choice
v—1
(BYei| = » cn (B e n=0,1,...,v—1
n=0
® Recurrence Relations for Master Forms
2
ch (B"e;| =0, ¢y = —1
n=0
® Recurrence Relations for Master Integrals
v
d—+2
Z@nji(+n):() oy = ¢/ K(d+ 2n)

n=0




Mizera & P.M. (2018)

ii) Diffe rential EquatiOnS Frellesvig, Gasparotto, Laporta, Mandal, Mattiazzi, Mizera & P.M. (2019)

® External Derivative

OrI = 02(p|C| = 0y /C i — /Cu<6’mu A +5‘x>ga = ((O0z + 0)p|C]

U

® External (connection) dLog-form

Ve =0k @ g — 0, logu

® Derivative of Master Forms

({9x<67j| — <((‘)x —+ O'/\)ei‘ — <(8a;- -+ 0/\)6i|hk> (C_l)k. <€j‘ — Qij <6j|

® System of DEQ for Master Forms

Oz (ei| = Q45 (e4] Q= Q(d, x)

An analogous System of DEQ can be derived for dual forms: U = V., iV



iii) Secondary Equation Matsubara-Heo, Takayama (2019)

Weinzierl (2020)

Chestnov, Gasparotto, Munch Matsubara-Heo, Takayama & P.M. (2022)
® DEQ for forms

Oxie;i| = ;; (e;] Qi = (O + oo)elbe) (€ i
® DEQ dual-forms
ax‘hi> = QJ‘Z‘ ‘h]> Q]z = (C_l)jk <ek‘(8x - O-x)hi>

® Secondary Equation for the Intersection Matrix

Cij = Ceilhj)

0,,C=Q.C+C.Q 0,C'=0.Cc'-Cc .o
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Intersection Numbers :: 7-forms ... ...

® 1-form (] = P(2) dz ©(z) rational function

® Zeroes and Poles of () o = d ]()g U

v = {the number of solutions of w = 0}

P={z| zis apoleof w}

P can also include the pole at infinity if Res,—q(w) # 0.

® Intersection Numbers

1-forms ¢, and pR

(prLler) =) Res.—, (wp SOR)

pEP

Y, is a function (0-form), solution to the differential equation V1 = ¢y, around p




Intersection Numbers for n-forms :: Iterative Method




Intersection Numbers for Logarithmic n-Forms

Matsumoto (1998), Mizera (2017)

If (pr| and (pRr| are dLog n-forms (hence contain only simple poles)

(PLlYR) = /dZ1 o dzp 6(w1) - 6(wn) P PR =
- Qw1 w1 7
d 07
e . 0r0p
= ) _%CZL . gtz:_ (1 o) (7 =4
(27,--.2%) critical points, namely the solutions of the system o =0 0 g
_vari - YL PR - 0L PR

In the 1-variate case: (or|er) = Res.ep,, ( - /dZ1 6(w1) @1, PR = e

W 8w1/8z1

® Efficiently implemented also via Companion Matrix  credit Salvatori

|Global Residue Theorem|]

‘Residue Theorem|



Nested Integrations

® Multivariate integral decomposition

JE— /dZn.../dZS/dZQ/lef(Zn,...,Zg,ZQ,Zl)

1%

:ZCiJi

—1

® Independent (Master) Integrals

= /dzn.../dz3/d22/dzlfi(zn,...,zl)



® Cascade of Master Integrals

I — /dzn.../dz;g/sz/dzlf(zn,...,ZS,ZQ,zl)

3 (1) master integrals in z;

(1)

o /dzn/dZ3/dz2 ZCil(zna---723722)Ji1(zn;---7237732)

=1



® Cascade of Master Integrals

I — /dzn.../dz?)/sz/dzlf(zn,...,Z3,z2,21)

3 (1) master integrals in z;

(1)

o /dzn/dZ3/dz2 ZCil(Zn,...,ZS,ZQ)Jil(Zn,...,ZS,ZQ)

=1

3 v(2) master integrals in zo

p(2)

i /dzn.../ng,Zci2(zn,...,23)Ji2(zn,...,23)

19o=1



® Cascade of Master Integrals

I — /dzn.../d23/d22/d21f(zn,...,Z3,z2,21)

3 (1) master integrals in z;

(1)

o /dzn/dZ3/dz2 ZCil(zna---723722)Ji1(zn7---7Z37Z2)

=1

3 v(2) master integrals in zo

p(2)

i /dzn.../ng,Zci2(zn,...,zg)Ji2(zn,...,23)

19o=1

3 v(3) master integrals in zs3

(n—1)

I = / L D ¢ )

1 v master integrals in z,



Multivariate Intersection Numbers (1)

® by Induction:

® (n-1)-form Vector Space: known!

Ohara (1998) Mizera (2019)
Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

n— —1 n— n—
. 1 <6§ 1)| |h§n )> (C(m—l))ijE‘“—1<€’g 1)’h§' 1)>

® n-form decomposition: n = (n-1) + (n)

n i =l n (n) s
o B Can DN (prsl = {
=

Vn—1

=L AR, R =(C




Multivariate Intersection Numbers (1) e e

o by Induction: Frellesvig, Gasparotto, Mandal, Mattiazzi, Mizera & P.M. (2019)

® (n-1)-form Vector Space: known!

n— —1 n— n—
. 1 <6§ 1)| |h§n )> (C(m—l))ijE‘“—1<€fE 1)|h§' 1)>

® n-form decomposition: n = (n-1) + (n)

n o n— n o (n—1) n n n—
- B e NPT T e (e e (o7 (Cneny))y = (g 1B
.
i )y (i
B A e, ) = (Chacny)is (& " 1eR) (Cn-1))ij IRy = (& “ler")
=1

& Intersection Numbers for n-forms :: Recursive Formula =]

azn%(n) I ¢§n) an) = 95(an : Q) oD matrix, whose entries are given by Q(n) (0, + wn) (e 1>|h(“ 1)> (C(nl 1))



Multivariate Intersection Numbers (I)

® Property of Intersection Number

invariance under differential forms redefinition within the same equivalence classes,

{erler) = (@rleR) o1, = oL+ VL , G — T

® Global Residue Thm

choose &1 and €g, to build ¢’ and ¢/, that contain only simple poles. and if Q") is reduced to Fuchsian form

L

the computation of multivariate intesection number can benefit of the evaluation of intersection numbers for dlog forms at each step of the iteration.

® Special dual basis choice

Relative Dirac-delta basis elements trivialise the evaluation of the intersection numbers

® Multi-pole ansatz

Solving V1 = ¢, bypassing the pole factorisation, and using FF reconstruction methods.
(avoiding 1rrational functions which would disappear 1n the intersection numbers)
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Hypergeometric 5 F

a.

.

= L 2201 — 20)29(] — z2120)) 7 ;

Number of Mls ::

Choice of bases ::

I choose the ordering as {z1, 22 }.

2
w = dlogu(z) = Z@Z dz;:
i=1

vig =3, {w1=0,wy =0}

:

\

by
zo(21 — =
0l
TG S 1

1

1

) 3x+10 it e
4(x—1)x 20(z—1)z 20(z—1)x

3 20x+19 9
4(xz—D)x 20(z—1)z 20(xz—1) x

1

0 0 4

/

_ dLogu

x)’ G 1)7 21(z2 — x21)

Y2122

dx

2129 — 1



Feynman Integrals Decomposition




Example: 1-Loop Box Integrals

2 3

1 4

® Integral Decomposition

(

(€1, ¢2,¢3) = ((

w(z) = ((st—szqa—tz3)® — 2tz1(s(t+223—20—24)+t23) + 8725 + 727 — 2s20(t(s—23)+24(5+2t))) °

d—>5



Recent Applications

Brunello, Chestnov, Crisanti, Frellesvig, Gasparotto, Mandal & P.M. (in progress)

® 2-loop 5-point integrals

® 2-loop 4-point integrals

I_

® 1-Loop 6-point
credit Brunello

credit Brunello

® 1-Loop 7-point

credit Brunello



Intersection Numbers for n-forms :: nPDE

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)




Multivariate Intersection Numbers (II)  vicumowo (oos

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)

(™ | oY = (27i) " /X (i) A (o)) = ) Res.op (v o))

pel,,

® nPDE Vi Vg -+ Vi, ¥ = gp(Ln)




Intersection Numbers for n-forms: Pfaffian systems

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)



Multivariate Intersection Numbers (111) from Pfaffian D-module systems

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H™"

@l L in terms of tenle

® Secondary Equations

0,C=Q.C+C.Q, 5.0 =00 ¢ 1}

.

I 1) Build them from Macaulay Matrix for D-module




Multivariate Intersection Numbers (111) from Pfaffian D-module systems

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H™"

@l L in terms of tenle

® Secondary Equations

0,C=Q.C+C.Q, 5.0 =00 ¢ 1}

I

2) Rational Solutions of Secondary Equations

[integrable connections]
Barkatou et al. @ MAPLE

Direct determination of Intersection Matrices



Multivariate Intersection Numbers (111) from Pfaffian D-module systems

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H™"

o= - 1n terms of fea

® Secondary Equations

® Master Decomposition

0,C=Q.C+C.Q,

(ol = Z ciiell .

r

Al

. Caux . C—l

5.0 =00 ¢ 1}

—

Caux C—l - 1d,

Coefficients from matrix multiplication



Intersections Numbers @ QM and QFT

Cacciatori & P.M. (2022)




(Special) Applications of Intersection Numbers for 1-forms

® Looking at a known landscapes with new eyes

1. Identity a univariate twisted period integral / uao
I’

If 1 is not multivalued, replace it with the regulated twist u = u(p) by introducing a regulator p, so that, for a suitable value py, u(py) = U

2. After choosing the bases of forms e; = €; dz and dual forms h; = fzi dz, with lAzi — ¢;, such that ¢ = lﬁzl = 1, decompose @

® Master Decomposition formula QP=cie1+crep+...+Cyéy

3. Translate the decomposition of @ to the one of the corresponding integral, (eventually, taking the p — pp limit)

/F,I.L(chlEl—l—CzEz—l—...—l—Cva, with ElE‘/FLLdZ, and Ej:/ruej, (]#1),

and compare the result with the literature.



Orthogonal Polynomials and Matrix Elements in QM

Case 1) L,= | P, (Z) Tges (Z) f(Z) dz,

Caseii)  Ln = (0]01m) = | ¥i(2) 02 ym(2) £(2)dz

® Master Decomposition formula

For the considered cases, we obtain: O =cjeq, in terms of just one basic form, e; = dz

corresponding to: Iy — o B (one master integral)



1) Orthogonal Polynomials

‘Laguerre Ly, Legendre P,, Tchebyshev T,,, Gegenbauer C?’, and Hermite H,, polynomials;

Ly, = /F[,LPandz:fnﬁnm :/Fuq):c‘lEl O=FF.dz
Type u é; C-matrix Po Eq C1
LY Pexp(—2) p - C(1+p) (p+1)(p+2)---(p+n)/n!
P, (z2 —1)P 2p/(4p% —1) 0 2 1/(2n+1)
T, (1—2z%)P 2p/(4p? —1) -1/2 = 1/2
G (1= 1 (1-2p)/(4p(p—1)) — Vval(1/24p)/T(1+p) p2p2p+1)---2p+n—1))/((n+p)n!)
H, 2P exp(—2z°) 1,1/z  diagonal(1/2,1/p) 0 VT 2"n!

Let us observe that, in the case of Hermite polynomials, v = 2, yielding ¢ =c1e1 +czer |

but ¢z =0, due to the adopted basis




i) Matrix Elements in QM

Harmonic Oscillator. (for unitary mass and pulsation, m = 1 = o)

2

<Z‘n> & lljn(z) = e_% Wn(z) ; with Wn(z) = Nan(Z) 7 N, = 1/\/(2”71!\/%)

® Position operator

2

(m|Z|n) = /_Oodz W (2) 25 W (2) = /Fugo —c1E;, with pu=e %, and @=W,(2)Z*W,(z)dz

Type u vV e C-matrix Po

W, P exp(—z7) 2 1,1/ diagonal(1/2,1/p) 0

T ——

)
(n|z m) =0
ol — % Vi s
Gl = o = Tl — 0
(n|z3|n — 1) = 1/9n3/8

® Hamiltonian operator

(n|H|n) = (n +1/2) H = (1/2)(-V?+ 22) o= Yo bi 2




i) Matrix Elements in QM

Hydrogen Atom. (for unitary Bohr radius ap = 1)

z , 22\° 2
0 =Rud@ = i Wt with W) =Moe (=) 2201, () Mot = (/0= T~ @ (a % )
® Position operator
e
<nla€|zk‘n27 / dzz” Ry, 0(z )Z Ry, 0(2) //«LQD = cio, with [ =z’e (n1+n2)7 and ¢ EWnl,K(Z)Zkan,K(Z)
Type u Vv ¢ C-matrix Lo Eq
ang Zp+2 exp(—z(m +n2)/(n1n2)) 1 1 (nlnz/(nl —|—n2))2(2—|—p) 0 2(n1n2/(n1 +n2))3
<n17€|n27€> o 5n1n2 9 2 £ 2
; (n, £|z=%|n, £) TR
<n,€|z\n,€> B 5[3712 - f(f i 1)] ; el oy 2
1 2 6 = T D+ 1)
e e =

n2



Green’s Function and Kontsevich-Witten tau-function

Case 1) U = 0l explSg] Weinzierl (2020)
| Z¢ exp|—Sg]
[d®exp | —Tr( — L P>+ 22
Case ii) Zxw = p{ ( ’ : )}

cl = , equivalently rewritten as /F Lo =cE; ® Master Decomposition formula

® Toy models univariate integrals



1) Green’s Function

Single field, ¢*-theory

real scalar field ¢ (x) S = So + €81, with S = (y/2) 9%(x), and S; = ¢*(x)

/,LL(p:GnEl, with H=e 2, o=0(x1) - 0(x,) D9, Elz‘/ruel, and e =90
I§

Free theory. The n-point Green’s tunction GEZO) o(xz) = 2 =@t G — 2 G
Type u vV € C-matrix Po Eq C1l
GY exp(—Yz2/2) 2 1,1/z diagonal(1/y,1/p) 0 not needed (n—1)11/y"/?

—

for even n




1) Green’s Function

Single field, ¢*-theory
real scalar field ¢ (x) S = So + €81, with S = (y/2) 9%(x), and S; = ¢*(x)

/,LLQD:GnEl, with H=e 2, o=0(x1) - 0(x,) D9, Elz/uel, and e =90
I§ r

Free theory. The n-point Green’s tunction Gﬁlo) o(xz) = 2 =@t G — 2 G
Type u vV € C-matrix Po Eq C1l
GY exp(—yz%/2) 2 1,1/z diagonal(1/y,1/p) 0 not needed (n—1)11/y"/?
— y
for even n

® 2-point function: the propagator Ggo) — 1y

Perturbation Theory. The n-point correlation function G, 1n the full theory can be computed perturbatively, in the small

coupling limit, € — 0, and expressed in terms of G,SO). For example, the determination of the next-to-leading order (NLO)
corrections to the 2-point function, proceeds as follows,

. fdz - o ds Zie 0 — Sy 4+ )
- = fdz 6—50_631 de 6_50(1 . 651 = )

1 1
= s o L O
v( 72> "

— (Gg’) = ) (1 ey ) 9 G(Gg‘))af) - Géf))) + O(e2)




1) Green’s Function

Single field, ¢*-theory

real scalar field ¢ (x)

Exact theory. ol o : o= 2'dz

{?17 é27 é37 é4} e {17 1/27 < Z2}1

{hi}§:1 5 {éz‘ ?:17

For 1nstance, let us consider the decomposition:

5 — | ¢ el Lee)Lesestegey

/dzz46_SE :cl/dze_SE+C4/dz226_SE
I I r

Sg = So+ €Sy, with S = (y/2) ¢?(x), and §; = ¢*(x)

1
(00 e
D~ 06 O
6 0
b = 0
o
\%00—1&2/
1 9
Cr = oy — =1L CL— =
e b : : de



1) Kontsevich-Witten tau-function

[ d® exp [—Tr(— LD + %@2)}

ZKW =
A
[ d® exp [—Tr(jcbzﬂ
® Univariate Model ltzykson-Zuber (1992)
st - _ 7n) o N oo o 3
I{W—Zn:o KW' rI-i(,D—CIEI C1 KW O =iV, 2 . n=2¢& 8—1/(3°)(A/2)
Type u vV ¢ C-matrix Po E Cq
Z0 P exp(—22) > 1,1/z diagonal(1/2,1/p) 0 not needed (=2/9)" (A~ /(2n)) TS (j+1/2)




Intersections Numbers @ this workshop

[Piementel] + Brunello & P.M.




AH-B-P like integral /d . (2122)°
— Z %
T in e e )
® Twisted Period Integrals
i /u(zl,ZQ)gp(zl,ZQ) W — ) GBBLBL Di = (si+m+1l), Dy = (zatyt1l), Dy = [0
C
v is a regulator
Y(2y1 + Y2 + 221 + 25 + 1) € . e e o L €

S e — Ba W e + g
w = dlog(u) = widz + wadzo - Wik e 2l O el i 21 . (Yo + 20+ Lilys = 0o & 21 a0l )



AH-B-P like integral /d . (2122)°
— 2 2
T in e e )
® Twisted Period Integrals
i o= /u(zl, 29)(21, 22) W — ) GBBLBL D = (z14+y1+1), Dy = (ma+y2+1), D3 = (21 + 22 +y1 + y2)
C
v is a regulator
v(2y1 + Y2 + 221 + 20 + 1) € . V@it 205t Bl o 220 e 1) €
o e % v e B
G +wadn - (L 2l o Ll o ) 2 F 20 = - (W2t 2ad Dl 2 o 5ol
® Number of MIs = dimH and bases choice
0 - 2 L e { 1 1 } ® 2 MlIs in the internal layer
D;’ D,
i 1 1 Il
e - o S el ; ; ® 3 Mls in the external layer
v, — 0 D1Ds " DoDs3 ~ D1DoDs



AH-B-P like integral

(z122)°
o /dz A dz
: e e )
® Twisted Period Integrals
= /u(zl,ZQ)gp(zl,zg) W — ) GBBLBL Dy = (zi+m+l), Dy = (ztyp t 1) By = (e
C
v is a regulator
¥(2y1 t U + 22 25+ 1) € . Y 2 o 2 <
o e = e — e
G +wadn - (L 2l o Ll o ) 2 F 20 = - (W2t 2ad Dl 2 o 5ol
® Number of MIs = dimH and bases choice
0 - 2 L e 1 1 ® 2 MlIs in the internal layer
..
i 1 1 1
i . q el - plel) ; : ® 3 MiIs in the external layer
LOa = 0 D1D3 D2D3 D1D2D3
/ s 2 ke 1 1 \
2v+€)(3v+2¢ 3v+2¢
® Intersection Matrix o vt 1)( U 72((%1)2) 71
7(37+2¢) V2 (27+e)3r+2¢) ?
\ e 0 52 )



AH-B-P like integral o
o /dz1 A dzo
o s Ule s o UG o i )
® 3 MIs el2l) — . : : : :
e . 1513
® System of Differential Equations ® Master Decomposition Formula
. —1
e 0 (e Q:; = ((Ox + ox)eilhe) (C ) ;
after taking the limit v — 0O:
€ &
Ua 1 0 0 Y2 8 0
c
e, 0 Y1 0 1y, = 0 ya+1 0
€ € € 0 €
y1(y1+1) y1+1 Y2 (y2-+1) y2+1

® Canonical system
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‘- PHYSICS II Quadratic Relations

Aomoto-Gel'Fand
it | Integrals : : :
~ Multivalued Functions Differential and Algebraic
S e Geometry
MATH Twisted Riemann Period

Relations

Independent Forms

and Contours Pfaffian Systems

Contiguity Relations

Quantum Field Theory



Feynman Integrals

Graph Polynomials Quantum Field Theory
Vector Space PHYSICS Quadratic Relations
Master Integrals Differential Equations Quantum Field Theory
Integration-by-parts
Identities

Differential and Algebraic

Geometry
Twisted Riemann Period

Relations Twisted de Rham Theory

Independent Forms
and Contours

Contiguity Relations



Summary

® Novel Mathematical Sctructure for Quantum Field Theory Integrals came into view

& ntersection Theory for Twisted de Rham co-homology

&Rich theory :: Differential and Algebraic Geometry, Topology, Number Theory, Combinatorics

® Novel Concepts: Vector Space Structures
&Space dimensions = Dimension of co-homology group = number of independent Integrals

& ntersection Numbers ~ Scalar Product for Feynman Integrals

® New Methods for Multivariate Intersection number

@Iterative method

&Higher-Order PDE method

&Secondary equation (Pfaffians via Macaulay)

® General algorithm for Physics and Math applications
&key: Co-Homolgy Group Isomorphisms

&Feynman Integrals, Euler-Mellin Integrals, D-Module and GKZ hypergeometric theory, Orthogonal Polynomials, QM matrix elements, Correlator functions in QFT.

® Modern Multi-Loop diagrammatic techniques and Amplitudes calculus useful beyond Particle Physics
@Triggering interdisciplinarity
® Emerging Picture

& Interwintwinement between Fundamental Physics, Geometry and Statistics: fluxes ~ period integrals ~ statistical moments

& nteresting implications in QM, QFT (and Cosmology): invariance and independent moments of distributions, perturbation vs non-perturbative approaches



Definition. Physics is a part of mathematics devoted to the calculation of inte- Schwarz, Shapiro (2018)
grals of the form | g(x)e’ () dg. Duifferent branches of physics are distinguished
by the range of the variable x and by the names used for f(x), g(x) and for
the integral. ..]

Of course this is a joke, physics is not a part of mathematics. However,
it is true that the main mathematical problem of physics is the calculation of
integrals of the form

...] If f can be represented as fo + AV where fy is a negative
quadratic form, then the integral [ g(x)e’ (%) d2 can be calculated in the frame-
work of perturbation theory with respect to the formal parameter A. We will
fix f and consider the integral as a functional I(g) taking values in R|[A]]. Tt is
easy to derive from the relation

/8a(h(az)ef(x))da: =0

that the functional I(g) vanishes in the case when g has the form

g — 8ah + (aaf)h

&Addressing a common math problem might be useful to make progress in different disciplines




1 he unreasonable effectiveness of mathematics
E. Wigner

Wigner was referring to the mys-
terious phenomenon in which areas of
pure mathematics, originally constructed
without regard to application, are sud-
denly discovered to be exactly what 1s
required to describe the structure of the
physical world.

M. Berry
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Intersection Numbers for n-forms :: nPDE

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)




Multivariate Intersection Numbers (II)  vicumowo (oos

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)

(™ | oY = (27i) " /X (i) A (o)) = ) Res.op (v o))

pel,,

® nPDE Vi Vg -+ Vi, ¥ = gp(Ln)




Multivariate Intersection Numbers (II)  vicumowo (oos

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)

(™ | oY = (27i) " /X (i) A (o)) = ) Res.op (v o))

pel,
® nPDE vwl VCUQ s e vwnw — Spgl)
Proof.
o h  h (u w) (u_lgpgl>) d d o) o) B, — 1

1t b = &
b ::{ or |z;| <€

0 otherwise,

o - D Ydh AL AdR =V Ve (B



Multivariate Intersection Numbers (ID)  vicumoo 190,

® nPDE

(P | i

Chestnov, Frellesvig, Gasparotto, Mandal & P.M. (2022)

)= )™ [ (el A )

)= Y Res._, (¢l

pel,,

VeV, .. Vi, 0 = @™

R R (u) (u )

PL,c :BlianOL—l——I—(—l)nwdhl/\/\dhnval

Dy

d  d gy (Uor . )/ (U

— I

d &y :(—1)”2/ )idin o Aadi
pel,, Dp

SOR) 9

Vo R

u_lgpgl)

iLiZ:1—hi

1t b = &
b ::{ or |z;| <€

0 otherwise,

o Z wgp(}?) = (27’(’1)” Z ReSzsz (pgl))

pEP,, @ AC

pelP,



Intersection Numbers and Pfaffian systems

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)



GKZ Hypergeometric Systems

® Euler-Mellin Integral / A-Hypergeometric function

fr@) = [ gz ar® - ot

N

: R b A0 s @ i e Qg Qi n
g — E Lo me e
i=1

® GKZ system of PDEs

dx

s

||

=

=
.

o

Q

o

A: (0,1 CLN) (n—l—l) X N matrix

N
Ker(A) = {u= (u1,...,un) € ZN‘Zuj @ — O
j=1

a; -

(1,047;)



GKZ D-Module and De Rham Cohomolgy group

E; 5 can be regarded as elements of a Weyl algebra

Ly, . 2N O, ., 0N) , [05,0; =0 , I0n i

GKZ system as the left Dy-module Dn/H4(B)
n+1

ZDN E = Z DN U

ueKer(A)

® Standard Monomials S — {8’“} found by Groebner basis

2y
N

The holonomic rank equals the number of independent solutions to the system ot PD.

= nl vel(A )

® Isomorphism DN/HA o [

GKZ D-module —I L nth-Cohomology group



Generalised Feynman Integrals

10 10—

B =(e,—¢€b,...,—€d) — (do/2,v1,...,Vp)

fr(B) = /9 i e

C(Clo, V) :

C(d()v V)fl“(ﬁ)

Let 0 <e,0<1,dye2-N,LeNandv:= (1

56

['(do/2 — €)

— |v| —ned) [, T(v; + €6) °

’’’’’

vl =1 +...+ v,



Generalised Feynman Integrals

[(d(), V. Z) . — C(d(), V)fr(ﬁ)

/3::(E’_f53,nw._e5)__(do/z,ybw,,,yn) et 0<ed<l, dyge2 N EcNand G0 =&

s do

fF(B) . /g 2 ZL‘ e do /2 1/1—|—65 . x;n—l—e s

['(do/2 — €)

T e e g

vl =1 +...+ v,

Pfaffian Systems: for Master Integrals (alias Master forms)

8$<67J| — QZJ <€]| () = SZ(d7 aj) ® Pfaffian Matrix

Basis of the Cohomology group Integral decomposition (IBP/InterX)



Generalised Feynman Integrals

[(d(), V. Z) . — C(d(), V)fp(ﬁ)

6: (6,—65,...,—65) 2L (dO/Qale---aVn) et 0<eo<l,dge2-N LeNandy = (g . V) /it

fl"(ﬁ) - /g 2 QZ’ e do /2 1/1—|—65 . xZn+€5d_x |

['(dy/2 — €)

B @G- - T )

vl =1 +...+ v,

Pfaffian Systems: for Master Integrals (alias Master forms) & for D-operators (alias Std mon’s)

Oz (ei| = Qj (e;] Q = Q(d, ) e Paiiian Matrix

Basis of the D-Operators Macaulay Matrix method

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)



Master Decomposition Formula & Pfaffian

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H™"
e il In terms of lea

r

D el =) elhn(Cc), Cius = (1l
=1

el

{% A — 9, C=P;-C+C-(P))
Zi ZEL ) i
azi |h,u> = ‘h§> (Pl\'/)fu ® Secondary Equation 1



Master Decomposition Formula & Pfaffian

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H""
e il In terms of lea

r

{p| = Z a1l - Z<¢‘hﬂ>(c_l)pﬂ
=1

Al

{% el . c_pocic (P
O B l
azi ‘h,u> = ‘h§> (Plv)é?u ® Secondary Equation 1

glbellrapy basis et = {ey,. . ., e,,_l

{@Zi eal'= (P, (el 5 g s om s oy
D) = he) (P)),,

® Secondary Equation 2

C/l,u = <e/l‘h,u>

duX dux
C/l,u - <e/lTh,u>



Master Decomposition Formula & Pfaffian

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H""
e il In terms of lea

r

D el =) elhn(Cc), Cius = (1l
=1

Al

{8Zi . (Pi)ﬂv 5 = 0. € =P..C LC - (PV)T .
Zi ) i
azi |h,u> = ‘h§> (Pl\'/)fu ® Secondary Equation 1

filesiliam basise = {e1,...,e,_1,¢}

dUX UXx dll X
{azi (eal'= (Pi)y, (e L O Cacop) e Gk
8y 1) = k) (PY) .,

® Secondary Equation 2

Rational Solutions of PDE
[integrable connections] Barkatou et al. @ MAPLE

Direct determination of Intersection Matrices



Multivariate Intersection Numbers (I11) from Ptaffians

Chestnov, Gasparotto, Mandal, Munch, Matsubara-Heo, Takayama & P.M. (2022)

Let {e;}!_; be a basis for H" and {h;}/_; a basis for H™"

o=l in terms of tenle

(ol = Z 6] el

r

el

_ Caux : C—l

—

CauX C—l - 1d,

Coefficients from matrix multiplication



