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Outline of the presentation

Construction of the effective field theory for the inspiral of a
non-relativistic compact binary system

Derivation of the relevant Feynman rules

Evaluation of diagrams contributing to the conservative sector



Outline of the idea

m Our goal is to describe the dynamics of a binary system which
evolves under the influence of the gravitational interaction.



Outline of the idea

m Our goal is to describe the dynamics of a binary system which
evolves under the influence of the gravitational interaction.

m An example, relevant for gravitational wave observations, is black
holes and neutron stars inspiraling towards each other.




Outline of the idea

m In full generality the dynamics of a binary system are prescribed by
the most fundamental theory, so for example by general relativity
coupled to the two compact objects:
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Outline of the idea

m In full generality the dynamics of a binary system are prescribed by
the most fundamental theory, so for example by general relativity
coupled to the two compact objects:

dxt dx¥

1 2
Stot[{x'}, gl = —20% [d*x/—g (R— Er“r“) - Zma/doa guv (@) =+
a=1

m Yet in practice we would like to work with an effective action Ses
which is a function only of the positions x1, X5 of the two compact
objects, i.e. at the Newtonian level:

1 1
Sefr[{x;‘}]:/dtL:/dt(T—V):/dt <5m1vf+5m2v22+Gmlrm2)‘




Outline of the idea

m To achieve our goal of obtaining the effective action Seg[{x4 }]
which describes the dynamics of only the compact objects, we can
start from the full action and integrate out the gravitational degrees
of freedom; schematically:

eiSarlid}] / Dg,., Soltxi bl



Outline of the idea

m To achieve our goal of obtaining the effective action Seg[{x4 }]
which describes the dynamics of only the compact objects, we can
start from the full action and integrate out the gravitational degrees
of freedom; schematically:

eiSarlid}] / Dg,., Soltxi bl

m This path-integration may performed perturbatively, by summing
over the relevant Feynman diagrams.
m In practice, regarding the case of non-relativistic binary systems, this

idea has been first implemented in an effective field theory
framework by Goldberger and Rothstein (2006).



Why an EFT approach to binary dynamics?

m Considering only the tree level diagrams yields fully classical results.

m The diagrammatic approach allows to employ modern multi-loop
quantum field theory techniques, to obtain state-of-the-art results.

m The effective field theory construction allows to consistently and
systematically include spin and finite size effects, which are
fundamental to obtain accurate predictions.



Dimensional regularization

In order to evaluate Feynman integrals, and to deal with divergencies ap-
pearing at higher orders, we employ the dimensional regularization scheme
for the spatial dimensions, recovering the physical limit with

d—3.



Dimensional regularization

In order to evaluate Feynman integrals, and to deal with divergencies ap-
pearing at higher orders, we employ the dimensional regularization scheme
for the spatial dimensions, recovering the physical limit with

d—3.

The gravitational coupling then reads

1 d—3 1

2 +0(d-3).
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m We're interested in the weak field, slow velocity (v <« 1)
post-Newtonian approximation for the non-relativistic dynamics of a
gravitationally bound binary system in general relativity; from the
virial theorem it follows
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Preliminaries

The key points at the basis of the effective field theory for a non-relativistic
binary system are:

m We're interested in the weak field, slow velocity (v <« 1)
post-Newtonian approximation for the non-relativistic dynamics of a
gravitationally bound binary system in general relativity; from the
virial theorem it follows
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m Each of the two compact objects is extremely heavy, with typical
momentum p ~ mv: then their interaction with the gravitons, of
typical momenta k < % induces a recoil of the order I‘%‘I ~ % < 1.
Therefore we can treat the compact objects as background
non-dynamical (non propagating) sources: our EFT instead will

revolve around integrating out the gravitational degrees of freedom.



Construction of the EFT for a NR binary system

Separation of scales

The assumption of small velocities, v < 1, implies the hierarchy of scales:

strv2<<r,
re~AvE ;g

which let us clearly separate an internal zone, a near zone (or potential

zone) and a far zone (or radiation zone).
Then we'll consider three different effective theories, one for each zone, to

describe the relevant dynamics.

Rs < r < A



Construction of the EFT for a NR binary system

Tower of EFTs

Internal zone EFT
Relevant dofs: single
compact objects dofs

Integrate out dofs
with k™1 < Ry
Near zone EFT
Relevant dofs: potential gravitons
mediating conservative interactions

Integrate out dofs
with k71 < r

Far zone EFT
Relevant dofs: radiation gravitons

Integrate out any
dynamical dof left

Effective action Ses
for the worldlines only
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To construct the internal zone EFT it is customary
to employ a bottom-up approach:
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Construction of the EFT for a NR binary system

Internal zone EFT

To construct the internal zone EFT it is customary
to employ a bottom-up approach:
m Relevant dofs:
m gravitational field g,..;
m single compact objects (simplifying
assumption: spinless and spherically
symmetric)

m Symmetries:

m diffeomorphism invariance x* — x'*(x); R
m worldline reparametrization invariance °
o— o'(o);

m SO(3) invariance;



Construction of the EFT for a NR binary system

Internal zone EFT

Writing down all operators compatible with the symmetries we find the
worldline effective theory:

Seff,wor/dline[x'uaguu] = SEH[g;uJ] + SPP[XIL)guV]

L
327 G

SEH[{Xg}a gm/] = _2/\2 /dd+1X vV—8 R (/\2 =

Solxs g] = —m / dr + cr / drRW (x(7))
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Construction of the EFT for a NR binary system

Rs < r < A



Construction of the EFT for a NR binary system

Internal zone EFT

The degrees of freedom of the internal zone EFT B "
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m gravitational field g, with k=1 > R;; N /
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Construction of the EFT for a NR binary system

Internal zone EFT

The degrees of freedom of the internal zone EFT B "
are l/’ !
m gravitational field g, with k=1 > R;; N /
m two compact objects, so two worldlines x%, AN 7
a=1,2 a7
-

Then the effective action which describes the dynamics at this scale is
given by, adding the harmonic gauge fixing term:
2
Snear,UV[XM,g,uu] = SEH [g,uu] + SGF[g/LU] + Z SPP[ngg;u/]

a=1
Scrlgu] =N / A x /=g gu T
1

M= riﬁgaﬁ = _7§8U(ﬁg#l’)



Construction of the EFT for a NR binary system

Internal zone EFT — Kol-Smolkin parametrization of the metric

For convenience we introduce the Kol-Smolkin parametrization of the met-
ric:

Buv = Nuv + h,u.l/7 h;w @, A0



Construction of the EFT for a NR binary system

Internal zone EFT — Kol-Smolkin parametrization of the metric

For convenience we introduce the Kol-Smolkin parametrization of the met-

ric:
Buv = Nuv + h,u.l/7 h;w @, A0
A.
_ ez 1 —A R
o <—7‘\" BA_eaty ) ENER
d—1
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Construction of the EFT for a NR binary system

Internal zone EFT — Preferred coordinate frame

We choose a coordinate frame in which the typical velocity of the system
is small, v < 1.
dxt
dt

o
xu><~ .

=(1,v,) , v)



Construction of the EFT for a NR binary system

Internal zone EFT — Preferred coordinate frame

We choose a coordinate frame in which the typical velocity of the system
is small, v < 1.

dx# o dx
gt~ (v =g

and imposing the Kol-Smolkin parametrization as well the point-particle
action becomes:

dx# d
SR, @, Ap, o] = /dtdf’“x guu(x )L dX SO — Xt (1))
t

1

Ld —e,® A (A A b o\ ;3
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Construction of the EFT for a NR binary system

Internal zone EFT — Purely gravitational action

Imposing the Kol-Smolkin parametrization in the purely gravitational bulk
action (Einstein-Hilbert with harmonic gauge fixing):

Seuk|®; Ai, ] = Senlp, Ai, o]l + Scr [, Ai, o]
Ry S
> [a5x [(cat - cs0/0016) + (904~ 0,404 + (DAY -~ AR
+ % (3/0",8]0"; + 4(8i0'ijak0'}( - Bjcr,-ka"a"f) — 26ko-ij6kg-ff + (a-;)Q ) d’gd’ij)
+4 (tb@,-A" - 8,-¢>A,-) + (2(Ai3j0{j — Ay + (B,A’djf _ A"(?,-o‘j))
+ ﬁ (@@ 906 — 0 60:0) + 2 c4 (DA A — S BADA)

+26a (HOA —20A 0 D) 25 $(d) )| + ... ,



Construction of the EFT for a NR binary system

Internal zone EFT — Potential and radiative modes separation

A key point of the binary EFT construction is the separation of gravitational
modes in potential and radiation fields:

huu = Muv + hpu
with radiation graviton, scaling as
- V- - V-
3Ohuu ~ 7hMV7 aihuu ~ *huu
r r
and off-shell potential gravitons, scaling as:

v 1
30/‘/#” ~ 7H'u‘l/7 G;Hm, ~ ;Hﬂy



Construction of the EFT for a NR binary system

Internal zone EFT — Potential and radiative modes separation

A key point of the binary EFT construction is the separation of gravitational
modes in potential and radiation fields:

huu = Huy + hpu
with radiation graviton, scaling as
- V-

- V-
3Ohuu ~ 7hMV7 aihuu ~ 7huu

and off-shell potential gravitons, scaling as:

v 1
aOI—/,LW ~ 7H,ul/7 6iH,u‘l/ ~ ;Hpu

- Potential fields Radiation fields

$—¢+d . S
N N NANEAN ,
A A+A - L~ 2>
_ A A VAVAVAWV,

o—+o0+o _ .

O ceeressssssssssssssssses o *.




Construction of the EFT for a NR binary system

Internal zone EFT — Potential and radiative modes separation

For the off-shell potential gravitons the scaling:
v 1
aOH,ul/ ~ 7H,ul/a aiH,u‘l/ ~ ;HHU

allows to expand the propagator in homogeneous powers of v2 (PN expan-
sion parameter):

n

1 1 ekl 1 B i (k)2
k2 tie (ko) —[k2+ie k1 - (Ik"l’z — kP& Ikl2 ’

V2



Construction of the EFT for a NR binary system

Internal zone EFT

We'll now focus on the near zone EFT, which yields conservative contri-
bution to the dynamics of the binary.

2 o
ol : I o DA
Snear,RI{XL' Y, &, A, 5] = ZS,SI;/?Q)[Xf] —ilog (/D¢ DA; Do ePnear,uv{xa }'¢‘A"”U’¢'AI*°U]) ,
a=1

=Scons [{x£' }1+S2I {4}, 8,45 ]



Construction of the EFT for a NR binary system

Internal zone EFT

We'll now focus on the near zone EFT, which yields conservative contri-
bution to the dynamics of the binary.

2 o
ol : I o B A5
Snear,RI{XL' Y, &, A, 5] = ZS,SI;/?Q[X;‘] —ilog (/D¢ DA; Do enear,uvl{xa }'¢'A"”U’¢'AI*°U]) ,
a=1

=Scons [{x£' }1+S2I {4}, 8,45 ]

To obtain the classical contributions to the dynamics we sum over the
connected vacuum diagrams without graviton loops.

iSefr = Z.A

~
7/




Feynman rules for the conservative sector

Propagator of the potential field ¢

Spuld, Ar, o] © / d+ix [(cd¢32 —cq a"¢a,-¢) + (ajA,-aiAf — QADA + (OA) — A,-A’)
+ 7 (a’aff“)jaf + 4(3,~0”(?ka — 9joyd* oy — 2040;0%Y + (61)% - 26567)
+ % (o 6dlo — 00/ 60,6) + 2ca (D AP A — 6 DAV A)
12¢y (HOANE — 20A0 ) — 23 @(&)Z)} ,
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Feynman rules for the conservative sector

Propagator of the potential field A;

Sputel$: Aiv o] O /dd“x [(cdaz . a’oa,-¢) + (a,-A,-aiA" — AP A + (82 — A,—A")
+ % (Voidiok + 4(ioT0kaf — djoud o) — 20,0;0% 0" + (6])2 — 26;67)
+ ﬁ (c,,(z 060§ — S0 $0:6) + 2 cq (6 FAD A — g AV A)

264 (9(0A) — 2040'6) ~2c36(0)?)] .
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Feynman rules for the conservative sector

Propagator of the potential field o

Spul¢, Ar, o] D / d9tx [(cd[f —c a"¢a,-q>) + (@A;&fAi — QMDA + (A — A,-A’)
+2 (doiojof + 4(DiciOof — djoid o) — 20k0 0% + (61)° — 26;67)
+3% (cd(Q 03060 $ — S0 $0:6) + 2 cq ($ FAD A — 6 DAV A)

+2¢q (WA —2040'9) —2c36(9)) ]

—> 1 ( 2
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Feynman rules for the conservative sector

Gravitational self interactions — ¢ interaction vertex

Sputl6, Ar, o] D / d+ix [(cd[f — a"¢a,-q>) n (<9,-A,-8fA" — QMDA + (A — A,-A’)
+ 2 (dolgjof + 4(8;0”8;(0;‘ — Qiond o) — 200" + (61)? — 25;67)
+5z (cd(2 03060 — I 60:6) + 2 4 (9 GAV A — 6 DAV A)
+2¢ (WA —20A0'6)—2c5 $(9)?)]

\ é )
2
e = i (2m) 6D (ky 4 kat-ks) Sod (k;’kg’ + kKD + kfkg) .
k1 , - A
//’ ks
;9

Scaling: L=z v*



Feynman rules for the conservative sector

Gravitational self interactions — ¢2A interaction vertex

Sputl6, Ar, o] D / d+ix [(cd[f — a"¢a,-q>) n (<9,-A,-8fA" — QMDA + (A — A,-A’)
+ 2 (dolgjof + 4(8;0”8;(0;‘ — Qiond o) — 200" + (61)? — 25;67)
+5z (cd(2 03060 — I 60:6) + 2 4 (9 GAV A — 6 DAV A)
124 H(OAR —4cy pAD p— 23 ¢(&)2)} ,

N
: . 2 i i
p i :7:(27r)d+15(d+1)(k1+k2+k3)ﬁ(k3k3+k3°k2).
ke / < A
// kl
;b

Scaling: L=z v3



Feynman rules for the conservative sector

Gravitational self interactions — A2 interaction vertex

Swul, Air o] D / 01x [(c0d’ = ca00010) + (AP A — DAV A + (AN — AA)
+3 (Volojof + 400 ko] — doud*ol) — 200;0% ¥ + (6])* — 2667)
+54 (caRory@ 696 — 010/ 6016) + 2 ca (6 A DA — $ 04,0/ AT)
+2 4 DA — dca SA D6~ 25 8(D))]

J
\®
A ¢ ) o
ko Jmmmm-- = i @)D (k) 2 (ko) + ki — KiE)
-«
/ i

Scaling: L3 v2



Feynman rules for the conservative sector

Gravitational self interactions — ¢2¢ interaction vertex

Spu[6, Ar, o] D / 4+ [(cdq"f —c af¢a,-¢) T (a,-A,-aV'A" —APA + (DA — A,-A’)
+ h (oigof + 4(8;0”3;(0/‘-‘ — 9ioud o) — 20k0;0% T + (61)2 — 26;67)
+5= (cd(Z 00 D b — 10 $0ih) +2ca (DRADVA — AP A)

+2ca SOA) — deg bADG 23 H(0)]

\
P\
P > ................. ij = i(27r)d+1(5(d+1)(k1+k2+k3) i) (5”(k2 -k3) — (kéké + kéké)) .
24 ) e A
// ka
S b
/

Scaling: L2 v2



Feynman rules for the conservative sector

Worldline-gravity interactions — Point particle action

2 o Lok
SEP 0. Aoyl = =Y ms / ded” x50 (x = x(t) < [(1 Ay e e*‘d%(%v;vz)} )

=1
2 _ 2

:7Zma/dtdd“x 5@ D (x — x,(1) | VI— V2 + 2+ (2+awv )¢
a=1 2¢/1—v2 A

e, — 2 i s
+ T (LR 00,

1 A 1
7,/1—\/3) WV‘*+<72‘/1—V§>TVS 2(1-v3)32
2+Cd(72+v3)72v3>£ﬂvivj+( 1 )Aiviﬂvjvk

* 4(1-v2)32 AN 21— v2)3

+
N

(4 +v2 (-8 -2(—2+cg) ey + (2 + cd)2v§)> @
A2
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Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-¢

2 2
2 -2
SR, 6, Aj, o] = ,Zma/dtddnx S (x — x,(8)) <<%) %

o 2+ (24cq)vi\ A
( 1—v2> v <2\/1—v2> jVV‘H( 2(1—v2)32 )KWV-?

( 2+Cd —2+v2) 72V>fﬂv’vf+( 1 )A, WL
1
2

+

1—v2)3/2 AN 20-v2)32) A

( v2(-8—2(—2+cq)ca+(— 2+Cd)2vf)> il

4(1=2)3" e

/\2

——

It g e ()
|

LO scaling: L2 0



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-A

A

i 72+(2+Cd)v2 DA .
Tij i a i
> v ( AR

2
24 (-2 2
SEPxt 6, Arogl = =S m, /dtd‘“lx S (x — x,(8)) <(%> ¢
a=1 v a

2(1—v2)32

1 A .
+<_W> *"”( z\/ﬁ

24 cq (24 v2) —2v2 XN 1 A; LT
(*— Vava t T2(1-v2)32 vivs
1
2

+

41— )32 AN NA

442 (-8-2(24ca)ca+(—2+ci)?V2) \ ¢°
’ ( -7 nt

N2

LO scaling: Lz v?



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-A

2 . 2
S$5 M Aol = = S m / ded e 5@ (x — x,(1)) <(M> ¢

2\/1—v2
1 i i (24 Q2+c)\ PA
( ) ( m)?"ﬂ“(w AR
2+cq(-2+v]) —2v3\ ¢y ; ; 1 Ai ik
+( 1_V2)3/2 >K7vava+ TIE= ) A v
1 v2(—8—2(—2+cy)cag+ (—2+4 cq)2v2) ¢2+
3 41— 2)32 N2
Tk 2 m, i 1
: ; A / 2vV1-vZ) 77
1

LO scaling: L2 v2



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-$?

. 2+ (—2+cq)v,
SEPIxt, 6, A o) = — Zm.;/dtd‘“rl 5@+ (x <( — )

() A () T (2GR 04
V1i-v2 ? 2\/ﬁ A2 200-v2)32 JAN?
2+cd(72+va)72v32 Poj i 1 A la'jk
N WA B ) vivk

*( 4(1=\2)" AR\ Taa sy ) A Y

1
2

4+ v2(—8—2(—2+cq)cy+ (—2+ca)?v2) | &°
d(1=v2)3P

1
— _ i(ky+ka)xa(t)
// \ ’Z/\2 /dte e { (17‘/2)3/2

. <4+ v; (7872(72+cd) cd +(f2+cd)2v§>)]

LO scaling: L% v?



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-¢-A

2
SEP [t 6, Ar, o] = — Z m, / dtd?x S0 (x — xy(1) <(2 +2( \/H—CV‘Z) > %

L oy g, (T2t tca)vi) oA
— VoaVat | ————— 25 |~ Va
V1-v2 2/1-v2) A 2(1—v2)3/2 ] AA
2+c 2+v —2v2 Doy i 1 A o
( 1—v2)3/2 >/\/\"-?VEJr “IE=ETE) A
+1
2

<4+V (-8—2(=2+cy)ca+ (= 2+c4)2v32)>¢j

+

+...

41— )30 "2

2 2
N Ma Sitkatkn() T2+ (R4 c)vi i
_I;AZ /dte 1tk ( 20— v2)2 Va

LO scaling: L%v3



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-¢-o

2
N 24 (=24 cy) V2
SEPx, 6, Apyorg] = — 5 ma/dtdd“x S (x — (1)) ((H) %
a=1 —V;

+( ﬂ) A a+< 2 1—v2> e 207 ) AN
2+ ¢cg (=24 v2)—2v2\ oy ; 1 Ai 1Tk gk
(P ) R () R
1[4 (B-2(2tc)et (24w &
3 4(1-2)32 N2

%
kq ! k2 2
// O'N = —iz Ma /dt R ON . -
o = N 4(1—v3)3/?
/ . B .
' y -<2+cd (—2+va2>—2vaz> v;vé]

LO scaling: L% v*



Feynman rules for the conservative sector

Worldline-gravity interactions — worldline-$3

2
24 (—2+c)v2\ ¢
(PP) [y 1t gl = — d+1 (d+1)(y _ B RV
Sop X0, Ais o] = E ma/dtd x 0 (x — x3(t)) <( 2@ A

1L N ouy, (2R )@Y 64,
) +< 2 Hz> At (S ) an

2+cd 2+v —2v? boj i 1 A; ,‘T/k
+( >7—vv;+ 2= ) vivk
+1
2

41 ‘/2)3/2 AA N
+v2 (-8 —2(—2+cq)cd+ (—2+ ca)?v2) ¢?
41— 2)3" et
N
kl///I\\ k3 2
— ma —i(ky+kot+k3)xa(t) 1
/ ke = - f/dt e { 5 .
;e 2w 51 A7
I

. (8 +v2 (724 +4cy (3+ (=34 cy) cg) + 2412

—2¢c4 (12 + (=9 + ca) ca) V2 + (=2 + ca)® (V'g) 2))]

LO scaling: L=2 v*



G" topologies

G!, G? and G3 topologies

Each worldline vertex increases by one unit the order in G of the corre-
sponding contribution.
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Conservative post-Newtonian diagrams

The G" topologies have no definite scaling in the post-Newtonian expan-
sion parameter (v2): to obtain it we substitute the ¢, A; and o fields.
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Conservative post-Newtonian diagrams

Leading order — 0 PN

(0a) = G* 0



Conservative post-Newtonian diagrams

Next-to-leading order — 1 PN

NN L ¢
®

(1a) - G20 (1b) - G v? (lc) - G*v?



Conservative post-Newtonian diagrams

Next-to-next-to-leading order — 2 PN

DGR (L L SN °
| AN ’ 23N . N / / \ ~
(2a) - G3\° (2b) - G3\° (2¢) - G3vO (2d) - G v? (2¢) - G2v2 (2f) - G2 v?
A ' Lo : L A
o Lo alla ¢ i_o io 2® ®
- > - > |
(2g) - G?v? (2h) - G2 v? (2i) - G2 v? (2)) - G*v* (2k) = Gt v* 2 - Gtv*



Conservative post-Newtonian diagrams

Newtonian calculation

1 a9tk 1 i 1 i 1 /
= /ﬁ <7i— /dt my ef’kxl(t)> — ! - (—l— /dt my et ))
2.J (2m)dt A 2¢cq k? +ie A

i dd+1k
= mymyp / dedt’

—ik(xy (=) 1 1002
4cd/\2 tae?

—— €
(27r)d+1 k2 + ie
a9+l

4C Azmlmz/dtdt o d+1 e~ ikba (- x(t ))lkl2 +(1<—>2)+O(Lv2) )
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Conservative post-Newtonian diagrams

Newtonian calculation

Sefr =

1 a9k ;AR a0ty keGq ()=o) 1
- — = [at /a 7 e ik-(x1 x(th) = 1 2 o(Lv?
4ch2m1m2/(27r)d/ t/ t/(27r)e e \k|2+( < 2)+ ( v)
N—_— ———

=5(t/ —t)

ik 2
4C/\2m1 2/ /27r)de \k|2+(1H2)+O(LV)
————
=lp(d, D[]

mlmg/dtg(”) +(1<—>2)+O(Lv2)

4cgh? (¢m2ra) N2
327G

mlmg/dt8——+(1<—»2)+O(Lv2)+0(d—3)
™ r

l/dtm+O(Lv2) (d=3)
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Seff:-/dtT7V = Vopy = ———
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Conservative post-Newtonian diagrams

1PN calculation

ki A, X\ k
/ \
// ¢ ¢ \\
L \

1 A9tk A9tk _m2 dt 2+ (—2+4cq)v3 eikia(t)
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Conservative post-Newtonian diagrams

1PN calculation
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Conservative post-Newtonian diagrams

1PN calculation
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Conservative post-Newtonian diagrams

1PN calculation
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Conservative post-Newtonian diagrams

1PN calculation




Conservative post-Newtonian diagrams

Einstein-Infeld-Hoffmann
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Conservative post-Newtonian diagrams

2PN diagram




Thank you for your attention!
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