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Consider a classical field theory. If the system under study possesses a continuous symmetry,

then from Noether's theorem (in a classical, i.e. non-quantum theory)

3j#, 9" = 0.

If the system is quantized, d,, (j*) Z 07

If # 0, the symmetry is said to be anomalous.

(1)



Why anomalies?

® Pion decay (Bell and Jackiw): @ — vy (anomaly in J5).

® Applications in condensed matter/hydrodynamics (review Chernodub et al., 2021, experiment Gooth et al.,
2017): T.= (aFTE + aR;?TZ) B (anomaly in J5).

® Kuzmin, Rubakov and Shaposhnikov (1985); still new proposals as QCD baryogenesis [1911.01432v2
[hep-ph]].

® Bouncing universes (instead of Big Bang) from anomalies, Fabris, Pelinson, Shapiro [gr-qc/9810032], Asorey
et al. [2202.00154], Camargo and Shapiro [2206.02839] (trace anomaly).

® Axionic dark matter (Basilakos, Mavromatos, Sola [gr-qc/2001.03465]) (anomaly for a Kalb—Ramond field).

® BRST formalism and cohomological aspects.



Anomalies

Consider a massless fermion, coupled to an external EM field A,

L= iy O+ elfAu, Iy =Ty, Jh =iy (2)
The system has two global symmetries: ¢ — /1), e/®7s, so that classically

(on-shell) 8, 4% |, = 0.

(005 (x)) ~ / DJ)DwB#JZeif WPwes A
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Dimensional dependent properties

Suppose we define 7&4) = —%e,wp(,’y“fy”'yp'y" in n = 4 dimensions. Then

tr (V97070 ) = —ieuvpatrl,

{77} =0.

Consider now 7y, in an arbitrary n with the same anticommutators + ciclicity of the trace:

ntrye = tr (17 7a) = —tr (Y*7x7a) = —tr (x727%) = —ntry. = ntry. =0.

Mutatis mutandis...
n(n = 2)tr (v« yuyw) =0,
n(n —2)(n — 4)tr (v« YuYv¥pYs) =0,

which contradicts formula (4)

12
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Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

We need a solution to this 7. problem:

® give up the ciclicity of the trace (Kreimer+).




Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

We need a solution to this 7. problem:

® give up {yu,7+} =0
® give up all (Thompson-Yu);




Chiral anomalies

Do we need to consider .7 The standard model is written in terms of chiral fermions.

We need a solution to this 7. problem:

® give up {yu,7+} =0

® keep the first four (Breitenlohner-Maison);

BM scheme
n-dimensional usual metric 9,0, Yy, Pu, -

decompose them into a four-dimensional part (X)
and an (n — 4)-dimensional part (X):

Nuv = N + Nuvy Yo =V +5us Pu = Pu + Pus---

n,uyﬁup = ﬁuuﬁyp = ﬁ#m ﬁ;w = ﬁwﬂ

T_]“th/p =0, ﬁuypu = Pu> ﬁuV'Yu :'AY;M"'

€uvpo is a purely four-dimensional object:
Cpuvpo = Euupo: ﬁaufpupo' =0.
7« the same as in four dimensions,

i

Y =~ geuvee YTV
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The trace anomaly

Consider a field theory in curved space, and analyze the (local) symmetry under changes of scales
_2o ry ko g 7
8uv — € Buv, Pi — e ;

where the (n = 4) Weyl weights for matter fields are kj = (—1, —3/2, 0) for scalar, fermionic and vector fields.

05 —/d“yiég“”(y)i(SS + #EOM

9o (x) do(x) oguv(y) = if scale invariant, T#, Zo.
éS
=28 3 (x) + #EOM
nv

=—+/—88uv T"" + #EOM

Does it survive the quantization, i.e. g, (T*") = 07
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Trace anomalies in one line

[1803:09764 [hep-th] Bruque, Cherchiglia and Pérez-Victoria]: consider a two-dimensional space in which the follow-
ing integral appears in a perturbative expansion.

s
™ :/dzkm. (8)

We need to make sense of it by applying some regularization R : [, — [1..]R.

[a]R = % [ e /dzkc‘)ku (ﬁ)

R

R

N =

k2+m2

8 U ]® = [0 1] + .

=

k? m? R
_ _HY d2k +
2 (k2 + m2)? (k2 + m2)?

= % [Ioaa +7T]R7

>



Anomaly induced action
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In n = 4 spacetime dimensions, on dimensional grounds E4: Euler characteristic,

C: Weyl tensor,

g"(Tuw) = wC? + bE, + cOR + aR? + BF2, w, b, ¢, a, 3: depend on the theory.

Consider semi-classical gravity: integrate out
the (free) matter fields.

¥

If the matter action is classically conformal in-
variant, the induced action for the (classical)
gravitational field should satisfy the variational
equation

6rind
S = g gun (TH).
50(x) &8uv )

We can integrate the anomaly to obtain Ij,q!

Inflation, bouncing driven by quantum effects:
® Fabris, Pelinson, Shapiro [gr-qc/9810032]
® Hawking, Hertog, Reall [hep-th/0010232]




Chiral trace anomaly

® Nakayama [1201.3428]: what if a Pontryagin term (P = RR) ...

® Bonora, Giaccari, Lima de Souza, +++ [arXiv:1403.2606, 1503.03326, 1703.10473, ..., 2207.03279]:

there is a P contribution to the chiral trace anomaly, which is purely imaginary (W%P). Diagrammatic,

heat-kernel (axial gravity).

® Bastianelli, Martelli, Broccoli [arXiv:1610.02304, 1911.02271, 2203.11668]: Pauli-Villars regularization, no P
contribution.

® Abdallah, SF, Fréb [arXiv:2304.08939, arXiv:2101.11382]: diagrammatic, no P contribution.
® Duff [arXiv:2003.02688]: no computation.

® Discussion also on FF contributions to trace anomaly.



Chiral trace anomaly

We consider a fermion in curved space,

S= f/qz?wvuw\/%d"x, 9)

where as usual we introduce the vielbein
_ b
7= ey,

and the covariant derivative involves the spin connec-
tion

Wypo = Nab (eoaa[#ep]b - ep"a[ueglb + euaa[c,ep]b) .
The fermion is chiral:

b=Pip=s(A+v)¥, =P =

The EM tensor is given by
1- 1 -
TH = SGP W Iy Sg Py Py,

which is classically traceless (on-shell),
since the action is scale invariant.

How can we compute (T#")?



Chiral trace anomaly

The simplest thing we know to do is to perform an
expansion around a given metric

8uv = Nuv + Khuw

I

1 3
e, = e, (77#9 - Enhup + §K2h“ohap) +0 (1‘63) ,

v

gt =.--

_ <T“"(><) exp [i (55(1) + 525(2))]>
€ {exp [i (S + 2S) ] )
= (T (X)) T & {(T* (X))
+R2(TH (x)) o) + O (%) -

(T (x)) +0(x)

q2
—>
q1
—_—>
q3
——



Chiral trace anomaly

It is easy to write down the computations that should
be done...

i
= §P— [(p1 + pP2) e + (P1+ P2)ovu] P+

m q#l... Hm n
(P)= / (@~ 10)i(a + P2 10"

tr [V Py Py Pt P P P

Tt k / qri - ghm
’ (g% —10)[(q — k)? —i0][(q — p)? — 10]

(b)
q2
e
a1 e
R —
q3
R ——
oo
(c)



29007 (p, k) =

7Y P ) [3(/(2)2 — 6k (pk) + 4(pk)2 15K — 6(pk> P+ 3(p2)2} (D + g)

192 (472
1 i
~ 6 @y e [ p? [397 + 26 = 3(pk) | + k7K [20° + 3 = 3(pk) | + p KV 3p” + 367 — 4(pr)]] (D + 1)
L
+ n (4;)277(’”’ (papﬂpﬂp") +pap’epﬂk”)+p°‘pﬁkpk°)+p“k""kpk”)+ kakﬁkpka)),D
15 i . )
BT [(52)2(Goulp, K) + G, K) = 26us(p, k) + (k) (Gaol, &) + Goo(p, k) — 2o, K)) + 492(pk) ( Gus(p, #)
~ Gua(p, K)) + 4K (pk)(Gar(p: k) — Gar(p, K)) + 26K (Gua(p, k) = Gua(p, K) + Gaalp, K) = Gar(p, K) ) |
45 i v o
+ 2 Y 0P p kP [pz(Glz(P7 k) — Gus(p, k)) + k2(621(p, k) — Ga(p, k)) — 2(pk)Ga(p, k)]
45 i
+ any N ) [pz(Gzl(P; k) — Gaa(p, k)) + k2(<;30(p, k) — Gao(p, k)) — 2(pk)Ga1(p, k)]
45 i v b o
Ty et [#(Gus(p, k) = Guu(p, K) + K (Gualp, K) = Gaalp, K)) — 2(pk)Gis(p, K]
15 i
T2 (anp 0 (97676 p”) Goalp, k) + 4p” 7 Pk Gis(p, k) + 667 p7 k™ K*) Gaa(p, K) + 4p” K Kk Gas(p, K) + KK K k) Guo(p, k)]
i wovop o o (1 v _p o _a,B) (1 v _p opa;B) (1 v _pypoa;pB)
+ a2 [P PP’ p? p™p" Fos(p, k) + 6p" p” p’ p? p™ k™ Fis(p, k)+15p" p” p” p” k™ k'™ Fas(p, k) + 20p™" p” p” k% k™ k"’ F33(p, k)
us

+ 15p" p¥ kP k7 k™ kP Fip(p, k) + 6p" k¥ kP k k* k™ Fo1(p, k) + k" k¥ k”k? k® k® Feo(p, k)] ,

where Fj; and Gj; are functions of k and p which satisfy several nontrivial relations.



Chiral trace anomaly

You'd better use tensorial simplifications:

q+ yp + xk)#
Hm(p, k) =2 “d"gdxd
(1) / / / (¢ + Mg — 10)3 ey

Me = y(1 — y)p? + x(1 — x)k® = 2xy(p - k).
Because of symmetry, we can substitute
1
q"q” — n‘“’q2
q"q"q°q" — 73 (P gt (10)
n(n+2) ’

the traceless part of n{#¥ - .. vanishes
p n

_ [yp+xk Jertess
[ZF (P, K)irress = / / 7+ Me — 10)3 d"gdxdy




THreTaB(p ) —

[I“'/pdaﬂ(p, k)] trless
15Z(p — k)
16(—1+ n)(1 + n)(8 + n)

(po

[(2+n)(4+n)k“kﬁk”k“)+4( 44 )k KP KM p?) + 6(—2 + n)nk™ kP pt p”)

+4(—4+ )k p°p"p") 4 (2 4+ n)(4 + n)p“pﬁp“p")]
B 45Z(p — k)
8(—1+ n)(1 + n)(6 + n)(8 + n)

(uv, po

{2%*,;‘” ((—2 T on4+ n)) K2 — 10n(p - k) + (—2 +n(4+ n))pz)
+ kK (@4 ) ((6+ MK = 10(p - K)) + (8+ n(4 + ) p°)

+papﬁ)((8+ n(4 + n))k2 + @2+ n)(—lO(p - k) + (6 + n)pz)):|

. 15Z(p — k)
16(—1 + n)(1 + n)(4 + n)(6 + n)(8 + n)

(nv po 77GE)

{3(4 + n)(6 + m)K* + 4(43 +n(4+ n))(p - k) = 60(4 + n)(p - k)p°

134+ n)(6 + n)p* + 2K (—30(4 Fn)(p- k) + (64 +n(22 + 3n)) pz)j|

A couple of contributions of this
type...

compute spinorial factors
(v

renormalize;

check divergence (diffeo
anomaly);

compute the trace;

identify geometrical
invariants (which are
written as expansions in
h#v).



Chiral trace anomaly 27

Our results are exactly half of the trace anomaly for the Dirac spinor

(& (T"NEX) = 15 2508002 (—11€4 +18CH*77 Cpo + 12V2R)

(Vo (TH)(x) =0,

@’

in terms of the Weyl tensor C,, .- and the four-dimensional Euler density E;, which in four dimensions satisfy

1
CHYPT Cprypo = R¥YPO R,y pe — 2RMY Ry + ng,

Ey = RMP°R,,p0 — 4RM Ry, + R%.

What about the parity-odd contribution?



The parity-odd contribution
Two-point contributions, <Tf>:
€%H7T % symmetric in external momenta = 0 (11)
The (T.J) contribution:
(22BV(T NI _ caBrmpATy o §”1rpAp° =0 (]_2)

The three-point contribution, <T$>:

elfroT RN« something = 0 (13)

Dimensionally dependent identities [arXiv:gr-qc/0105066v1, Edgar & Héglund]. The Cayley-Hamilton theorem for
an n x n matrix (“every square matrix over a commutative ring satisfies its own characteristic equation™):

M M, - M 6% =0 (14)



Some current discussions

® The folklore says that the definition of the conformal anomaly for nonconformal theories is

A=g" (Tp) — (" Tuw). (15)

Why should we employ it for a conformal theory?

® For a CFT in n = 4, the correlator of three stress-energy tensors is necessarily parity-even (Stanev, arXiv:
1206.5639)

(Tuv(x1) Tpo (x2) Tap(x3)) = (parity-even term) 4+ 0 X ceoee, (].6)

but this is for the “regular” contribution. One may still have contributions at coincident points (that should
be seen in our computation).



Outline

O Outlook
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Outlook

® We have obtained no parity-odd contribution to the chiral trace anomaly (BM scheme, Feynman diagrams).
® Cosmology (inflation, baryogenesis, ...)

® SMEFT and anomaly cancellations [arXiv:2011.09976, Cata, Kilian and Kreher], [arXiv:2205.10381,
2012.13989, Feruglio], [arXiv:2104.13569, Passarino], [2205.02248 Quevillon et al.].

® Supersymmetric anomalies [arXiv:2104.13391, Minasian, Papadimitriou, Yi], [arXiv:2103.10048, Nakagawa
and Nakayama].
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