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Plasma focusing strength? 𝑘𝑒𝑥𝑡
2 𝑧 =

𝑘𝑝
2(𝑧)

2𝛾

Ion column model
(only the particles
inside the bubble)

𝛽′′(𝑧) + 2𝑘𝑒𝑥𝑡
2 𝑧 𝛽 𝑧 =

2

𝛽 𝑧
+
[𝛽′ 𝑧 ]2

2𝛽(𝑧)
Envelope equation

 𝛽(𝑧) =
2𝛾

𝑘𝑝

 𝛼 𝑧 = 0

 𝛾 𝑧 =
1

𝛽 𝑧

 𝛽′′ 𝑧 = 0
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Matching conditions
on the plateau

Theory: Plasma focusing strength
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Matching conditions
on the plateau

Neglecting constants, the focusing 
force inside a plasma ramp depends 
only from the plasma density, with 

the energy taken as a parameter

𝑘𝑒𝑥𝑡
2 𝑧 =

𝑒2

2𝜖0𝑚𝑒𝑐
2

𝑛𝑝(𝑧)

𝛾
= 𝑓(𝑧; 𝛾)

Theory: Plasma focusing strength
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Method: Hill’s Equation

Hill’s Equation𝑦′′ 𝑧 + 𝑓 𝑧 𝑦 𝑧 = 0

Negligible
deceleration

𝑘𝑒𝑥𝑡
2 𝑧 = 𝑓 𝑧 ∝ 𝑛𝑝(𝑧)

𝑓(𝑧) is a continuous
and derivable function

𝛽(𝑧)
𝛼(𝑧)
𝛾(𝑧)

=
𝐶2 −2𝐶𝑆 𝑆2

−𝐶𝐶′ 𝐶𝑆′ + 𝐶′𝑆 −𝑆𝑆′

𝐶′2 −2𝐶′𝑆′ 𝑆′
2

𝛽0
0
1

𝛽0

The computation is performed
over the inverse matrix in order

to have simplified matching
conditions
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Method: Hill’s Equation

Hill’s Equation𝑦′′ 𝑧 + 𝑓 𝑧 𝑦 𝑧 = 0

Negligible
deceleration

𝑘𝑒𝑥𝑡
2 𝑧 = 𝑓 𝑧 ∝ 𝑛𝑝(𝑧)

𝑓(𝑧) is a continuous
and derivable function

𝛽(𝑧)
𝛼(𝑧)
𝛾(𝑧)

=
𝐶2 −2𝐶𝑆 𝑆2

−𝐶𝐶′ 𝐶𝑆′ + 𝐶′𝑆 −𝑆𝑆′

𝐶′2 −2𝐶′𝑆′ 𝑆′
2

𝛽0
0
1

𝛽0

The computation is performed
over the inverse matrix in order

to have simplified matching
conditions

 𝐶2 0 𝛽0 +
𝑆2 0

𝛽0
= 𝛽0

 𝐶′
2
0 𝛽0 +

𝑆′2 0

𝛽0
=

1

𝛽0

 −𝐶 0 𝐶′ 0 𝛽0 −
𝑆 0 𝑆′ 0

𝛽0
= 0

 𝛽′′ 0 = 0
 Liouville’s Theorem
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Solutions are 
continuous and 

derivable
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If 𝒇 𝒛 is even Hill’s equation
becomes a symmetric
differential equation

Solutions are 
continuous and 
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If 𝒇 𝒛 is even Hill’s equation
becomes a symmetric
differential equation

Solutions are 
continuous and 

derivable

We can normalize the 
solutions such as

𝑪 𝟎 = 𝟏 and 𝑺′ 𝟎 = 𝟏
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matching conditions
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Framework: Squared Cosine plasma ramp
If 𝒇 𝒛 is even Hill’s equation

becomes a symmetric
differential equation

Solutions are 
continuous and 

derivable

One solution is
even, the other

is odd

We can normalize the 
solutions such as

𝑪 𝟎 = 𝟏 and 𝑺′ 𝟎 = 𝟏

Ramps with an even functional form
guarantee the possibility to respect

matching conditions

THE CHOICE

𝒇 𝒛 =
𝟏

𝜷𝟎
𝟐 cos

2
𝜋𝑧

2𝐿

 Realistic ramp
 No discontinuity at any derivative 

order
 Partially concave, partially convex
 Never adiabatic

𝒜 =
1

4𝑓3/2(𝑧)

𝑑𝑓(𝑧)

𝑑𝑧
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Expansion: Mathieu Equation

𝑦′′ 𝑧 +
1

𝛽0
2 cos

2
𝜋𝑧

2𝐿
𝑦(𝑧) = 0

Hill’s Equation

𝑦′′ 𝜉 +
2𝐿2

𝜋2𝛽0
2 1 + cos(2 𝜉) 𝑦(𝜉) = 0

Mathieu Equation
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Expansion: Mathieu Equation

𝑦′′ 𝑧 +
1

𝛽0
2 cos

2
𝜋𝑧

2𝐿
𝑦(𝑧) = 0

Hill’s Equation

𝑦′′ 𝜉 +
2𝐿2

𝜋2𝛽0
2 1 + cos(2 𝜉) 𝑦(𝜉) = 0

Mathieu Equation

𝐶(𝑧) =

𝐶𝑒𝑛
2𝐿2

𝜋2𝛽0
2 , −

𝐿2

𝜋2𝛽0
2 ,
𝜋𝑧
2𝐿

𝐶𝑒𝑛
2𝐿2

𝜋2𝛽0
2 , −

𝐿2

𝜋2𝛽0
2 , 0

𝑆(𝑧) =
2𝐿

𝜋

𝑆𝑒𝑛
2𝐿2

𝜋2𝛽0
2 , −

𝐿2

𝜋2𝛽0
2 ,
𝜋𝑧
2𝐿

𝑆𝑒𝑛′
2𝐿2

𝜋2𝛽0
2 , −

𝐿2

𝜋2𝛽0
2 , 0

Even and odd normalized Mathieu Functions
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Simplify: Normalized transfer matrix

𝑅 =
𝐿

𝜋𝛽0

𝑐𝑛 = 𝐶
𝜋

2
=
𝐶𝑒𝑛 2𝑅2, −𝑅2,

𝜋
2

𝐶𝑒𝑛 2𝑅2, −𝑅2, 0

𝑠𝑛 =
𝑆

𝜋
2

𝛽0
= 2𝑅

𝑆𝑒𝑛 2𝑅2, −𝑅2,
𝜋
2

𝑆𝑒𝑛′ 2𝑅
2, −𝑅2, 0

𝑐′𝑛 = 𝐶′
𝜋

2
𝛽0 =

1

2𝑅

𝐶𝑒𝑛′ 2𝑅2, −𝑅2,
𝜋
2

𝐶𝑒𝑛 2𝑅2, −𝑅2, 0

𝑠′𝑛 = 𝑆′
𝜋

2
=
𝑆𝑒𝑛′ 2𝑅2, −𝑅2,

𝜋
2

𝑆𝑒𝑛′ 2𝑅
2, −𝑅2, 0

Normalization

Geometric factor
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Normalized transfer matrices

𝛽1/𝛽0
𝛼1
𝛾1𝛽0

=
𝑐2 −2𝑐𝑠 𝑠2

−𝑐𝑐′ 𝑐𝑠′ + 𝑐′𝑠 −𝑠𝑠′

𝑐′2 −2𝑐′𝑠′ 𝑠′
2

𝛽2/𝛽0
𝛼2
𝛾2𝛽0

𝛽2/𝛽0
𝛼2
𝛾2𝛽0

=
𝑠′2 −2𝑠𝑠′ 𝑠2

−𝑐′𝑠′ 𝑐𝑠′ + 𝑐′𝑠 −𝑐𝑠
𝑐′2 −2𝑐𝑐′ 𝑐2

𝛽1/𝛽0
𝛼1
𝛾1𝛽0

Extraction

Injection
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Approximation: Behavior of Mathieu functions
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Approximation: Behavior of Mathieu functions

• Sinusoidal behavior
• Phase delay between Mathieu functions and their first 

derivative

• The product 𝒄𝒏
𝟐 + 𝒔𝒏

𝟐 𝒄′𝒏
𝟐
+ 𝒔′𝒏

𝟐
saturates for 𝑹 ≫ 𝟏

• Transfer matrix is unimodular (Liouville’s theorem)

𝑐𝑛 ≈ 𝑎 𝑅𝑏 cos 2𝑅 + 𝜔
𝑠𝑛 ≈ 𝑎 𝑅𝑏 sin 2𝑅 + 𝜔

𝑐′𝑛 ≈ −
1

𝑎

1

cos2𝜔 − sin2𝜔
𝑅−𝑏 sin 2𝑅 − 𝜔

𝑠′𝑛 ≈
1

𝑎

1

cos2𝜔 − sin2𝜔
𝑅−𝑏 cos 2𝑅 − 𝜔
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Alignment: Evaluation of the constants

𝑐𝑛
2 + 𝑠𝑛

2 𝑐′𝑛
2
+ 𝑠′𝑛

2
=

1

cos2𝜔 − sin2𝜔

2

≈ 𝟐 𝝎 =
𝝅

𝟖
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Alignment: Evaluation of the constants

𝑐𝑛
2 + 𝑠𝑛

2 𝑐′𝑛
2
+ 𝑠′𝑛

2
=

1

cos2𝜔 − sin2𝜔

2

≈ 𝟐 𝝎 =
𝝅

𝟖

1

2
𝑐𝑛
2 + 𝑠𝑛

2 +
1

2

2

𝑐′𝑛
2 + 𝑠′𝑛

2 = 𝑎𝑅𝑏

𝒂 = 𝟑

𝒃 =
𝟏

𝟒
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Alignment: Evaluation of the constants

𝑐𝑛
2 + 𝑠𝑛

2 𝑐′𝑛
2
+ 𝑠′𝑛

2
=

1

cos2𝜔 − sin2𝜔

2

≈ 𝟐 𝝎 =
𝝅

𝟖

1

2
𝑐𝑛
2 + 𝑠𝑛

2 +
1

2

2

𝑐′𝑛
2 + 𝑠′𝑛

2 = 𝑎𝑅𝑏

𝒂 = 𝟑

𝒃 =
𝟏

𝟒

𝑐𝑛 ≈ 3 𝑅
1
4 cos 2𝑅 +

𝜋

8

𝑠𝑛 ≈ 3 𝑅
1
4 sin 2𝑅 +

𝜋

8

𝑐′𝑛 ≈ −
2

3
𝑅−

1
4 sin 2𝑅 −

𝜋

8

𝑠′𝑛 ≈
2

3
𝑅−

1
4 cos 2𝑅 −

𝜋

8
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Check: Numerical vs. Analytical Approximation
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Application: Stabilizing effect of the ramp

𝜀𝑛,𝑓𝑖𝑛 =
𝜀𝑛,𝑖𝑛𝑗

2

1 + 𝛼2

𝛽∗
+ 𝛽∗

𝛽∗

𝛼
𝛾∗

= 𝑴

𝛽𝑖𝑛𝑗/𝛽0
𝛼𝑖𝑛𝑗
𝛾𝑖𝑛𝑗𝛽0

Mehrling-Floettmann
equation for emittance growth

Transfer matrix
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Mehrling, T., et al. "Transverse emittance growth in 
staged laser-wakefield acceleration." Physical Review 
Special Topics-Accelerators and Beams 15.11 (2012): 
111303.
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Perspective: Experimental ramps

Island of Elba 2023-09-186th European Advanced Accelerator Concepts Workshop



The measured shapes were replied in numerical
simulations by means of segmented lines and tested in 
comparison with analytical squared cosine shape
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Perspective: Experimental ramps
Plasma ramps with squared cosine shape were actually

realized at the plasma lab of SPARC_LAB facility by means
of tapered capillaries
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The measured shapes were replied in numerical
simulations by means of segmented lines and tested in 
comparison with analytical squared cosine shape
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Perspective: Experimental ramps
Plasma ramps with squared cosine shape were actually

realized at the plasma lab of SPARC_LAB facility by means
of tapered capillaries

The results are 
consistent with the 

expectations
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 We opted for a purely analytical approach trying to evaluate the transfer matrix of a plasma ramp

 We concluded that a ramp with a symmetric form could simplify the problem

 We opted for a ramp with a squared cosine shape

 We evaluated that this ramp is never adiabatic and its application lead to Mathieu Equation

 We compared the solution of the Mathieu Equation with actual envelope evolution

 We deduced that the ramp transfer matrix can be normalized to a geometric parameter

 We found an analytical approximation that allows to write the transfer matrix in a simple way

Tons of applications on their way!
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Conclusion: Summary

Tons of applications on their way!
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Thank you
for

the attention!

Thank you
for

the attention!
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