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] el] Aims of the work Theorf/// @ LDED

nuclear physics “JI‘

* Deep understanding of the ionization + post-extraction dynamics in the
laser field

e Analytical (and accurate) description of the 3D phase-space, also in the
deep-saturation regime

* Enabling the accurate modeling of the extraction/post-extraction in fast
envelope codes

* Prediction of the synthetic phase space moments of the whole electron
bunch :
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nuclear physics

1. Basics of tunnel ionization and post-ionization electron dynamics
2. The starting point: theory of thermal emittance by C. Schroeder

4. Accurate evaluation of rms values for particle extracted in a single cycle
5. Saturation effects in a single and double ionization process
6. Whole beam rms parameters in not saturated and saturated regimes



. Basics of tunnel ionization and post- »
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ionizati : Theory @ LDED
e S ionization electron dynamics /
(a) Field Free (b)l\/:ulti-prton 4 (c)I annt‘_el ) (d) Ovzler-the-tparrier
We will focus on tunnel v onizate onizaion | lonizatio
lonization, which is the relevant : — ; AT
regime for both standard and ! : —_—
. . . .. . — & ~ ltunnel < 1 [\
advanced ionization injection VK = \/ T, = Tiasercyere
schemes. v>1 y<1 <1
Electrons are extracted with ~ Up = mc*(y/1+ag/2 — 1) ~ ym(agc)? - Y

negligible initial momentum

After electrons leave the parent ion, they quiver in the laser field. We neglect here the impact of
ponderomotive and wakefield forces up to the time where electrons leave the laser pulse.

Electromagnetic Wave U= ﬁ / MeC @extraction time After pulse passage
= Polarization along x Y.~ a—a, (up = —ae )
by —a>~0— u, —a >~ constant h Uy >~ 0 Uy > ()
. 1
iy ~ 0 — u, ~ constant - v~ [1+3(a—a)? |77 1+ 5a?]
1
di(y +uz) =0— v+ u, = hy = constant | Uy = %(a —a.)? ! \uz = §ag Y,
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The instantaneous ionization probability in the adiabatic limit can be approximated as

x 3 L .
W = 0(2(2Ei)%/Elaser)2n —|m[=3/2,—(2(2E:)2 /3Ejaser) lonization probability
Ammosov, M.V.; Delone, N.B.; Krainov, V.P. 100 -
SPIE, 1986, 294 Vol. 0664, pp. 138 - 1 —
. . 0.50 -
where atomic units are used and n* = Z+/Uy /U; 025 |
L °
. - . m‘ D-l:”}
We can move to the usual LP units by using the notation W s
[P.Tomassini et al., PoP 24, 103120 (2017)] 50 |
. |

W =0Cxpte » o

2 E U 3/2 ~1.00 | | | | | | |
P = pOl COS(f)' pPo = 25;33 (U_Ij) — Qmax —6 —4/ _25={zn_ 1mﬂz 2 z

§ = kO(Z - U¢t) Critical amplituge | 3/2 Lazleercrt\rci)(r:r;:g:idz |ezd
h— —2n* 4 m|+1, e~ 0.107)g )

Laser normalized

Ur
Un amplitude a
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el- The starting point: theory of thermal Y
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PHYSICAL REVIEW ACCELERATORS AND BEAMS

Opened the path for the comprehension and

Of the deSCFIptIOn Of the rms ValueS Of tranverse Highlights ~ Recent  Accepted  Special Editions  Authors  Referees = Sponsors  Search
. . . Editorial Team N

residual momentum, longitudinal and transverse

size of the electron beam, with the discussion of  Open Access |
the effects from the transverse ponderomotive Thermal emittance from ionization-induced trapping in plasma
force. accelerators

C.B. Schroeder, J.-L. Vay, E. Esarey, S. S. Bulanoy, C. Benedetti, L.-L. Yu, M. Chen, C. G.R. Geddes, and
W.P. Leemans

Phys. Rev. ST Accel. Beams 17, 101301 = Published 3 October 2014

The theory of the rms residual momentum
had been successfully implemented in laser-
envelope codes (e.g. QFLUID [P Tomassini and A
R Rossi, PPCF 58 034001 (2015)] and SMILEI [F.
Massimo et al., PRE 102, 3 03320 (2020)])

In the following we will use their notation and the
ones in [PTomassini et al., PoP 24, 103120 (2017)]




el- The starting point: theory of thermal Y
A emittance by C. Schroeder Theory { @LDED

nuclear physics

They evaluated the rms extraction phase as A =
= g..= All = (2n* = |m| — 1)A2]-1/2 =-2n "+ m|+1.
s uizs- O-(g) o 0-1/) A[l (2n ‘m’ l)A ] ’ C.B. SCfI,IgOEDER et al. ’ |
5o from which they were able to evaluate . UNSATURATED
the rms value of the residual regime
transverse momentum for electrons 10
T et T em!tted In a single (half) cycle or for the o
entire beam 20 o
Electrons extracted : 9 . o
in the E peak (ug) =0 o(uz) =o(apsiné.) ~ agA[l — A%(1 + )] * e
(single peak case) o SATURATED
regime
In the case of saturation, evaluation of the asymptotic rms momentum " h

0(Uy) X AsqtDsqr Where Qsqt < Qg s the laser amplitude at
the saturation point and
o\r ””’UH)N/

2In(ag/asat

3
is the rms radius of the particles for a laser of waist w,, . i i 158 i B T lomEn o i

Gaussian longitudinal envelope with length k;L; = 32.
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for particle extracted in a single cycle

y/
%

Theory @LDED

HIGH POWER LASER
SCIENCE AND ENGINEERI

High Power Laser Science and Engineering, (2022), Vol. 10, el5, 16 pages.
doi: 10.1017/hpl.2021.56

"% The correct expansion of the ionization pro-

RESEARCH ARTICLE bability around their peaks up to O(A )

Accurate electron beam phase-space theory for AZ — /0 0
ionization-injection schemes driven by laser pulses

Wi (cos€)* exp | (- 1)]

Wy exp

Wy exp

52

20

po cos§

(5
- 2po 24

5
. (”wfﬂ

W(¢)
We keep all the O(py) orders, obtaining the
following evaluation of the cycle averaged
lonization probability
~ /2 _ 1 2
< W >~ \/;A()Wo 1 (M+5/4)A]
k

A2)

< W > \/gcpg“/%—l/po x |1 —2(pn+5/4)po]

)
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Case of unsaturated ionization d;f =W (t) (no; — ne(t)) ~no;W(t)

» Standard deviation of £ (remember) The statistical distributiotof the extraction time
ago = (%) =po (1 — (u+5/2)po) is the same of the ionization probability
J\If — <£2> = pPo (1 _ HJPO) Argon, 8+ -9+, A=0.4um
[from PRAB 17(10) 101301 (2014)] W= | —
+ Variance of sin( £) with corrections up to p3 = A* — oo meory - LeadINg

02401 ¢ Oz,0; Simulation Order -"""

Js g; Simulation
0235 ® %0

Ug,o = <Siﬂ2 Ee) = Po (1 + Sr-pot Srr- P%) ° — do=vpo

5 0.230

sp=—(u+5/2+1) srr =58> +68u+131)5 .

0.225

0.220

* Variance of the residual transverse momentum

: | Very accurate estimation
L 0.215
gy = a%SIH(ge) . of the rms values
0.2 (um) ~ (,1(2)0'2 (Sin(ge)) - a’(2)0-570 0.36 0.38 0.40 0.42 0.44
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Saturation effects in a single

d. %,
'»»l» physi;! ionization process Theory @ LDED
Rate equation
T = W (g —ne). ) = DT,
W = C(po|cosé&|)" exp (— o Clos 50 Deep saturation

Argon, 8% -9* A=0.4um, pp= 0.075

The cumulative ionization function I can be evaluated as

(&)

12

1 §
/ dxW (x)

ko,x —7/2
¢ S

k’ZDKpg/ d:c(cosx)“e_f’oclosm

’ e 5 | NOT
va(po)G (\/;L) (00) <1 gy rrateD
Po

['(00) > 1 SATURATED
(see next slide)

. F0.020
m— Numerical

= Theaory (full)
F0.015
— - Theory (no £*/pg)

- 0.010

- 0.005
- 0.000

- —0.005

\ Rela}t’ive error
\ !: - —0.010
\ /
Relative error GIyr(n/2) (full)
Relative error I/r(n/2) (no &%/pg)

- —0.015

r—0.020

T T T
0.5 1.0 15
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for particle extracted in a single cycle

lues

Y

Theory @LDED

The cumulative ionization function can be factorized as

0(€) = vs(p0)G (745
Saturation Amplitude

vy = /27_‘_ k]?ODwK |: (H—|—25/4) p0i| pg+1/2€—_

kaDpk =

Depends on the pulse amplitude
through 00
Universal Saturation Shape

Argon, 8% -9* A=0.4um, pp= 0.075

6
( |

PPN p—

C(lml)/c )

K m— Numerical
= Theaory (full)

— - Theory (no £*/pg)

= Relative error S0 (n/2) (full)

— . Relative error r/r(n/2) (no &%/pg)

T T T T
0.0 0.5 1.0 15

3

T T T
=15 -1.0 0.5

G(x) = 4(1 + B(@)) 4
r=

o=z (15+ 12+ 1022)e”

Can be omitted for simplicity

- 0.020

- 0.015

- 0.010

- 0.005

- 0.000

- —0.005

-—0.010

- —0.015

r—0.020
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We finally got the ionisation rate for the model, valid also in the deep saturated regime:

1 dn e Y2 5 ¢4 _ng(\/gp )
e — 2 I i - 2 0
mos de Vo€ o (1 28"~ 31, )6

Asymmetric

Saturated Not Saturated
From that we get the extraction phase statistics FOR ANY PEAK

10 1

# of extracted electrons N, = Q. (1 — €_V8)
In the peak:

0.8 1

p— cos(&)

0.6 1
. o . = | —— WI(&), nosat,
Asymmetric distribution: <£e> £ 0 04 - — W), sat.
(ug) #0 See next \
slides 00 1 .

U(ge)saturated 7£ O-(é-e)notsaturated — 0¢,0 15  —10
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Given the number of available ions MODEL FOR ANY PEAK

at that peakny ; and the normalized particle extraction and residual momentum
laser amplitude ag, do:
1. Want to extract V. electrons, with: Ne — N4 (1 — e_ys)
. . 2

2. Generate the random variable x with : P(z) = [1 — po (Wg2 s %le)] et —vsG(x)
3. For any x evaluate the extraction phase: fe — /2p0

: : . 1
4. And finally get the residual transverse momentum U, = —dg Sln(fe) Uy, — §u326

100

0.75

0.50 1

0.25

5. For awhole cycle consider two consecutive peaks. Z o]

Note that the average momentum reverts for the two peaks

=1.00 1

52 A 0 1 2 3 3
E=(z— vl)
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Results of the model, single cycle (two consecutive peaks)

Argon, 8" - 9%, A=0.4um, ag=0.45 Argon, 8" -9%, A=0.4um, ap=0.6
20000 e Model, full cycle 7 - Model, full cycle
17500 ] = Gaussian, no sat. # e 25000 - — . Gaussian, no sat.
¢ PIC, SMILEI ¢ PIC, SMILEI
= 150001 WM Monte Carlo v*%"° S 50000 - B Monte Carlo
o W Model, first pea " - o W Model, first peak
c 07 c B Model, second peak
_g E 15000 -
510000 1 = ~
= = \
5 75001 45 10000 4
n 0
O 5000 - -
5000 -
2500 -
0- 0-

—-0.6 —-0.4 -0.2 0.0 0.2 0.4 —-0.6 —-0.4 -0.2 0.0 0.2 0.4 0.6
u Ue

Not Saturated Saturated
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Results of the model, average and rms momentum, single cycle

We got analytical evaluation of (%) and o () (not shown here).
Full results in P.Tomassini et al., HPLSE 10, el15 (2022)

a) Argon, 8t 9%, A=0.4um :
0.30 12 0.14 " 1.0
® Monte Carlo Simulation s ) y
= Theory 1 3
0251 ¢ Model i - 10 0.13 4
1 - 0.8
Il PIC SMILEI I
|
0.20 : L g 0.12 - 1
I : L 0.6
|
|
—~ 0.15 1 1 S
= I 6 5 0.11 :
|
|
| - 0.4
0.10 [ : O- (um )
I L 4 0.10 - |
! I
|
0.05 i : m lo2
I 5 0.09 :
1
|
---T)ao-- — - I ---------------- - . = 3 Theory' No Saturatlon

0.400 0.425 0.450 0.475 4.500 0.525 0.550 0.575 0.600

0.400 0.425 0450 0.475 0:5'00 0.525 0.550 0.575 0.600 :
do

b) Bo
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If the field strength is large enough to move into saturation within a single cycle, probably
a two-channels (or more) process is on.

K,r8+—>10+ AT8+—>10+ N5+—>7+

* The rate equation with a two-channels process reads

" * rgon, 8" - 10", A=0.4um
(0): BASE process, e.g. Ar8 9 N N Argon, 8+ - 10+, A=0.4p
(1): SUBSEQUENT process, e.g. Ar9 —10

{dn“” — 0,050

o
@

o
=)

d
dn'D _ (1), (Me) 4 5 (0),005(0)

o
'S

d§
. and we solved as

— Monte Carlo, level 0

lionisation fraction

o
[N}

./ = Monte Carlo, level 1
e 4 Model,level 0

>
0o mm u m—-u- 28 B Model level 1

N(O) p— n,EO) (1 e 6_ V§O) ) 0.4IDO 0.4|25 0.4|50 0.4|75 O.SIOO 0.5|25 0.5|50 0.5|75 O.GIOO

ao

NO = a®1— ) 4n® (1o e -t |
) o ) )+ ‘ ‘ Moy Known function, not
shown here
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Accurate evaluation of rms values
for particle extracted in a single cycle

4
%

Theoryf@) LDED

a 8+ 10+ _
Ar® 27, a9=0.6 ) Argon, 8% -10*,A=0.4um
Theory outcome 35000 Model, Full [ onte cario g L
¢ PIC, SMILEI - ¢ Model /
30000 Il Monte Ca+rlo, Fl+.|II B SMILEI /. 04
pwm Model, 87 =9 0201 —0. Theory (base level) . 5\
: 25000 - mmm Model, 9% 10+ / =
__ o015 o3 +
+ o+ Sl " s
[ ) =
0.10 u 02 —
A r 8" —9 T o =
=
_'_ + 0.05 - L 0.1
Ar 9" —10
0.00 - | 0.0
0+ 0.400 0.425 0450 0475 0500 0525 0.550 0.575 0.600
. 0.4 6 b) a
b) 0
Ue 0.18 1.0
35000 A ] . —— Model, Full ® Monte Carlo
. ] Longitudinal o PIC. SMILE! ¢ Model
Long|’[ud|nal 30000 === Monte Carlo, Full 0161 M SMILEI 4% o
;-; s Model, 8+ -9+ —-- Theory (base level, no saturation) &
momentum G 200907 B Model, 9% - 10+ o4 "'4 e
c ' A '
S 20000 5 O' (u ) »
]. 2 = S »
u 2 ~ .g 15000 0.12 £ - L 0.4
7 10000 1
0.10 L 0.2
5000 - ’,0’(
0- 0.08 +— : : : : : : : —L 0.0
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.400 0.425 0.450 0.475 0.500 0525 0.550 0.575 0.600
uz ao
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CEP = —m/2

FULL <ux>= 0.117318

-10.0 -7.5 -5.0 -25 0.0 2.5 5.0 75 10.0

t (fs)

CEP =m/2

12 A;Y:V\

o 1 2

FULL <ux>= -0.292779

CEP =0

\

2

Theoryf@) LDED

FULL <ux>= 0.350376

-10.0 -75 =50 -25 00 2.5 5.0 7.5 10.0

t (fs)

-2

-10.0 -7.5 -50 -25 0.0 2.5 5.0 7.5 10.0

t (fs)

CEP =

-10.0 -75 -5.0 =25 0.0 25 5.0 7.5 10.0

t (fs)

100

100 +

100 1

100 +

-2 -1 0 1 2

symm  }

FULL <ux>= -0.3501
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' r2 (z— 'Ugt)2

We can use the method of the generating functionals E = Eye T w?

5 3:136 r —n(z ct) Ne T
G(m,n) = (e’ —n(z—e)’y — Jd fd3xdne/dt(9§i) S oE “"m..".l I wWo
<T2> — _amg(ma O)m_o ”

Once we A (bi) Gaus3|an pulse shape IS considered

know Q <Z§> — — ng(oan)nzo

d>ro? dn./dt(x
(02) = L XD BD — 200 (G(3.3) + 51p0G(4,4) + 51103G (5. 5)]

Ug,o = (Sil’l2 ) = po (1 + 81 po + SIT 'Pg)

si=—(u+5/24+1)
S1r1 = %(8/112 + 68# + 131)

So once we know G we can get all we need



o Whole beam rms parameters in not »
M=\

)
uclear physis saturated regimes Theo%@ LDED
To evaluate G ne need to perform the integrations: "“"““."“

I(k,p()) — fOOO deB[_(U+%+I€)-’E—%(em —1)] _ e—(IJJ—F%—Fk)—{—%Pup |:_(u_|_ % —|—k}), pioj|

and to observe that, for each k| Upper incomplete Euler function

(e=k2* /W) = (e=ky*/wi) = (e—k(z—ct)*/w3)
thus obtaining G:
Spatial G(0,k) = /G(k,0)
G(k,0) = (et /wo)
I(k,po) — (& + 2)pol(k + 1, po)
I(0,po) — (5 + 3)poI(1, po)

3
1 —kpg + A(/L + 5);0(2) + O(p0)3

Temporal

2
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The final evaluation of the moments for the
position and the momentum reads: "mmm"“

02 punch0 = (Oo)bunch = agpo X [1 — (1 +8)po + (1* + 19+ L31)p3] -

02 punch,0 = (T2 bunch = 5w3po X [1 = (1 +3)po + 5(3u + F)pj] -

while the normalized emittance is:

2 = (@ peam (U2 Ybeam — (U )peam)” = % (a0 wo po)* En(pos o)

M
]

En(po, ) =1 — (p+11)po + (2u® + S p+ 522) pj

Note: we include corrections up to p% — A4



el- Whole beam rms parameters in Y
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Saturation effects along the pulse (not single cycle) ""”".""“

can be evaluated by introducing the (cycle) average saturation function along the pulse
axis:

2

Dz = et) = [ W0 Q) dc = e 7§ [14 B (552

— o0 \ \/Esz
30 1

where the (cycle averaged) saturation level is . .
25 - Saturatjon Function
1) — p+1 —1 20 A
Vg = \/_(kADsz)p /o . .
10 4
We got analytical estimation of the rms transverse position e | Laser enyelope
[not shown here] which shows an increase of the transverse .
size when saturation effects are on [as anticipated by C. T 3 v oy = & o

Schoeder et al. PRAB 17(10) 101301 (2014)], £
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saturated regime

Whole beam rms parameters in 4
@ LDED

Theor):;

Beam radius increase brings to a slight reduction
of the overall transverse momentum.
The final beam emittance reads

v, 5
1+ =2 ——7p2) x
( T3 864”8)

5 § 0.0350 1
: [1 - (M 1 §DS)IOO+ g 0.0325 -
W
63 49 3
—+ (2#2 —+ 7# + ? —+ g(ﬂ + 11)V5> p?}] 0.0300

0.0275 A

and it increases when saturation effects are on

Bunch averaged normalised emittance &,/wo/ag

0.0400 A

0.0375 4

0.0250 4

m— Ar, Theory
—-= Ar, Theory w/o sat.
@ Ar, Monte Carlo, w/o P.F.
<4 Ar, Monte Carlo, with P.F.
= Kr., Theory
— = Kr., Theory w/o sat.
B Kr., Monte CarloC, w/o P.F.
P Kr., Monte Carlo, with P.F.

T T T
0.040 0.045 0.060

r3.5

3.0

Fr2.5

2.0

rl5

1.0

r0.5

0.0
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 We developed a very accurate and detailed model for the statistics of the electrons
extracted by tunnel ionization in a single laser field peak.

This model is valid also in the deep saturation regime and can handle up to two
consecutive ionization processes e.g. Kr(8 to 10).

The model can be employed in laser-envelope for an accurate, full 3D, description of the
extracted electrons

 We also built accurate analytical predictors of the synthetic phase space moments of
the whole electron bunch, which are alos valid in the saturation regime.

* ELI-NP LDED is open on collaboration on this topic. Master/Ph.D students are
welcome (also in co-tutoring)

28
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