Advances in the Simulation of
Hamiltonian Lattice Gauge Theories
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{ Lattice Gauge Theories (LGT) }

1) Quantum Matter and Quantum Fields

2) Local symmetries, e.g. Gauss’s law in QED
V-E=p
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LGT are almost everywhere in theoretical physics!

ﬂs emergent theories in condensem
matter: high-Tc superconductors,
frustrated systems, spin liquids.

As fundamental description in
particle physics: Standard Model
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* They are extremely demanding from a numerical point of view.

* Powerful numerical methods, such as Monte Carlo, fail in several regimes
of finite-density or for non-equilibrium phenomena (sign-problem).

* ldeal goal for quantum-inspired efficient algorithms and quantum

simulation/computation!




Quantum Technologies for LGT

Efficient quantum-inspired algorithms: First implementation of U(1) LGT on
Tensor Networks (no sign-problem) digital quantum computer
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Quantum 4, 281 (2020)

Nature 534, 516-519 (2016).

Simulating Lattice Gauge Theories within Quantum Technologies

M.C. Baifiuls!?, R. Blatt®4, J. Catani®®", A. Celi®>%, J.I. Cirac!*?2, M. Dalmonte®!?, L. Fallani®>%7, K. Jansen!!,
M. Lewenstein®'213 S. Montangero” !4 2, C.A. Muschik®, B. Reznik!'®, E. Rico'%17 P L. Tagliacozzo'®, K. Van
Acoleyen'®, F. Verstraete!?2?, U.-J. Wiese?!, M. Wingate??, J. Zakrzewski?>?4, and P. Zoller®

Eur. Phys. J. D 74, 165 (2020)
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Non-Abelian
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Classical
Simulation

(Tensor Networks)

S

Quantum

Simulation
(Trapped ion qudits)

New J. Phys. 16 103015 (2014)

Quantum 1, 9 (2017)

Phys. Rev. D 100, 074512 (2019)

Phys. Rev. X 10, 041040 (2020)

Nature communications 12.1, 3600 (2021)

Abelian

Philosophical Transactions of the Royal Society
A 380.2216 (2022)

ArXiv:2307.09396 (2023)

ArXiv:2308.04488 (2023)



Framework choices

Hamiltonian Lattice
Gauge Formulation'

° Space discretized
° Time continuous
° Matter quantum fields on sites

° Gauge quantum fields on bonds

[1] Phys. Rev. D 11, 395 (1975

Suitable for:
Real time dynamics

Requirements:
Sign-problem free methods



Framework choices

Tensor Network
Methods

Hamiltonian Lattice
Gauge Formulation’
* Find ground states

* Track real-time evolution
...on equal footing?

© Space discretized
° Time continuous
[2] Phys. Rev. B 94, 165116 (2016)

° Matter quantum fields on sites

° Gauge quantum fields on bonds

[1] Phys. Rev. D 11, 395 (1975



Framework choices

Tensor Network
Methods

Hamiltonian Lattice
Gauge Formulation’
* Find ground states

* Track real-time evolution
...on equal footing?

© Space discretized

° Time continuous
[2] Phys. Rev. B 94, 165116 (2016)

° Matter quantum fields on sites

° Gauge quantum fields on bonds Quantum Simulators

* Optical lattices
* Rydberg atoms

° 1 3
[1] Phys. Rev. D 11, 395 (1975 Trapped ions

[3] Nature Physics 18, 1053 (2022)



Framework choices

—€ Leptons and
—p @ ¢  quarks are
fermions

Tensor Networks and Quantum
Simulators could take care of
fermionic statistics*®

...or we simply eliminate the
fermionic statistics!!!

[4] Phys. Rev. B 80, 165129 (2009)
[5] arXiv:2303.08683 (2023)

Tensor Network
Methods

* Find ground states
* Track real-time evolution
...on equal footing?

[2] Phys. Rev. B 94, 165116 (2016)

Quantum Simulators

* Optical lattices
* Rydberg atoms
* Trapped ions?

[3] Nature Physics 18, 1053 (2022)
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Examples

Matrix Product States (MPS)
minimize F/ = <1P |H| 1,0>

O(x°)

Tree Tensor Networks (TTN)
4
O(x~)

strong connectivity

distance between two lattice sites
scales logarithmically within the
network




Projected Entangled Pair States (PEPS)

- they automatically
reproduce the area-law

% of entanglement
- the optimization has a
complexity

Tree Tensor Networks (TTN)

- they do not automatically
reproduce the area-law
of entanglement

the optimization has a |
complexity ’




Model 1 (Abelian):
Hamiltonian Lattice QED

Matter Field
For example in 2+1D: o :{ O=0
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Model 1 (Abelian):
Hamiltonian Lattice QED

Matter Field
For example in 2+1D: ¢ it { 2 =2
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Matter field: Staggered (Dirac) fermions

ch b T 0
H = o Z <€Z¢J“¢;§Z§u¢j+u + H-C.) Lattice Dirac
i, Hamiltonian

Jo1
SRR (2-spinor field)
+mec? Y (=1)F= vl
Jou

But what is a {&j’ 772'(T) } — 0 Mutual

fermion, really? anticommutation

Local algebra rules he Tl — 1

determine the 377 Dirac

“fermion type” :
I Fermion
i Wi =0




Matter field: Staggered (Dirac) fermions

ch b T 0
H=— Z <€Z¢J“¢;§Z§u¢j+u + H-C.) Lattice Dirac

2a o Hamiltonian
g (2-spinor field)
+mec? Y (=1)F= vl
Jp

But what is a w w( Mutual

fermion, really? Jr 7§ #j anticommutation
Local algebra rules |

determine the wJ B w

_ Majorana
“fermion type” o :
{ , } _ 9 Fermion




Matter field: Staggered (Dirac) fermions

ch ihs. TT R 7
H=— Z (e ¢J“¢;€3M¢j+u + H-C.) Lattice Dirac

2a 3o Hamiltonian
I (2-spinor field)
+mec® Y (1) Hivgle);
Jou

But what is a w w( Mutual
fermion, really? 3 T3 £]j anticommutation

Local algebra rules

determine the ~ 1 ”
“fermion type’ {%,%ﬁ)} _77 {a FV;/Pnc';lit;\q/er




Build Fermions from local operators (matrices)

A ‘standard’ quantum operator.

R 0 1 0 You can call it:
b = 1 0 1 * Spin-like
O 1 O * Boson-like

* Genuinely local




Build Fermions from local operators (matrices)

A ‘standard’ quantum operator.

R 0 1 0 You can call it:
b = 1 0 1 * Spin-like
O 1 O * Boson-like

* Genuinely local

Meaning that globally, it acts this way

A

o = O
—_ O =
o = O




Build Fermions from local operators (matrices)

A ‘fermionic’ quantum operator
Defined via matrix (Fermatrix)

7 %N
|
O = O
—_ O
O = O

F




Build Fermions from local operators (matrices)

0O 1 0 A ‘fermionic’ quantum operator
é _ 1 0 1 Defined via matrix (Fermatrix)
010/,
| also need to define the Ic1>cal ot
fermion parit — P =
A 1 0 0 parity P = P P
P = 0O —1 0 é_} o
0 0 1 Must invert {57 P} =0

the parity




Build Fermions from local operators (matrices)

0O 1 0 A ‘fermionic’ quantum operator
é _ 1 0 1 Defined via matrix (Fermatrix)
010/,
| also need to define the Ic1>cal ot
fermion parit — P =
A 1 0 0 parity P = P P
P = 0O —1 0 é_} o
0 0 1 Must invert {57 P} =0

the parity

| say that, globally, it acts this way

A

O = O
—_ O =
o = O
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Build Fermions from local operators (matrices)

With this definition two fermatrices A ~B ALWAYS
will mutually anticommute {éil ) gj’;éj} =0 (ordering is
(also mismatched types) irrelevant)




Build Fermions from local operators (matrices)

With this definition two fermatrices A ~B ALWAYS
will mutually anticommute {éil ) gj’;éj} =0 (ordering is

(also mismatched types) irrelevant)

Notable examples:

. . A 0 1
Dirac Fermion ¢ = ( 0 0 )
F




Build Fermions from local operators (matrices)

With this definition two fermatrices A ~B ALWAYS
will mutually anticommute {é:] ) gj’;éj} =0 (ordering is

(also mismatched types) irrelevant)

Notable examples:

. . A 0 1
Dirac Fermion ¢ = ( 0 0 ) In both cases
) P = ( (1) —01 )

. . A 0 1
Majo. Fermion ¥am = { 0
F

Practical formalism to define exotic fermions




Where were we? Oh right... .

ch b ata
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Gauge Field Operators \ act on gauge fields, sitting
~ ~ } on the lattice bonds
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Jop Jop Their algebra

~ A N tells us...
[ s By ] — Ty s 50




[Uj,w Ej’,u’] — Uj,u5j,j’5u,u’

Infinite ladder of quantum levels:
Eigenstates of E
With a defined electrlc flux

A

U j,u acts as a lowering operator

No electric
flux

2

Their algebra
tells us...



Jop Jop Their algebra

A tells us...
[Uj,w Ej’,u’] — Uj,u5j,j’5u,u’

Infinite ladder of quantum levels:
Eigenstates of E
With a defined electrlc flux

A

Uj,u acts as a lowering operator

One quantum
of electric flux
to the left
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Jop Jop Their algebra

A tells us...
[Uj,w Ej’,u’] — Uj,u5j,j’5u,u’

Infinite ladder of quantum levels:
Eigenstates of E
With a defined electrlc flux

A

Uj,u acts as a lowering operator

One quantum
of electric flux
to the right
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El =F, U =U]
[Us, 0 Ejr ] = Uj,105,5 O,

Quantum Link Model

Energy
cutoff in

2
Ej,u




St P -1
El =E;, Ul =U.
[Us,00 Ejr ] = Uj, 005,50,

Quantum Link Model

s = 2
uu:> —_—
Finite
Energy spin-shell

cutoff in

2
Ej,u




[UJ,W EJ’ p’ ] ﬁ.} 5J,J 5u,u’

Quantum Link Model

s = 2
uu:>
Finite
Energy spin-shell
cutoff in
29
Ej,u

Replace e.g.
E— 57
U — 15~

Unitarity is sacrificed,
the rest is fine

Other strategies are known: e.g.
[1] Phys. Rev. D 106, 114511 (2002)
[2] arXiv:2304.02527 (2023)



Back again
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Back again
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Gauss’' Law (gauge symmetry) V]

V-E=p




Back again
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Gauss’ Law (gauge symmetry)  Vj on vertices

V£ J




Fermionic Rishons

| split the gauge

4
/
/
field into two
“copies” (

/
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Fermionic Rishons
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field into two L I D
“copies” Extra selection rule needed

y S + 5% =0




Fermionic Rishons
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“copies” Extra selection rule needed
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Exotic fermion
operators




Fermionic Rishons

’ _ B
| split the gauge /l ‘m> ’m>L & ’ m>R

field into two L I R)
“copies” / Extra selection rule needed

Y/ S% 4+ 8% =0

Exotic rishon operator as a fermatrix

R A 0 0 0
Sj,,LL — SJ):LL)LSj,ILL,R é’\: \4/5 1 0 0
> 4
0 1 0/,
Exotic fermion s=1
operators




Fermionic Rishons

’ _ B
| split the gauge /l ‘m> ’m>L & ’ m>R

field into two L I R)
“copies” / Extra selection rule needed

Y/ S% 4+ 8% =0

Exotic rishon operator as a fermatrix

| can decompose:
0 0 0 O
g- — ¢, 7 T : V3 0 0O O
N7 ’SJ,/J, f.],,u,R § = 0 {l/Z 0 0
> 4
Exotic ferhﬁion s =13/2
operators




Fermionic Rishons

| split the gauge N
field into two [
“copies” /v
belongs
here

| can decompose:

A— _ 27
Sjnu o Sj”u’ijnuaR

Exotic fermion
operators

belongs
here

m) = |m)L @[ —=m)r

Extra selection rule needed

S% 4+ 8% =0

Exotic rishon operator as a fermatrix

78 2N

S

0 0 0 0
| ¥3 0 0 o0
|l 0 V4 0 0

0o 0 V3 0/,

= 3/2



Dressed sites
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Why all the fuss? ! ;_ e..
et
HQED — 2658 Z (6i¢JM¢T§]>+M AJ—I—M ,uw.]—H-J =+ HC) [ -0 -(')- ! =
Jsp ) _ 3
+mec? Z(—l)j‘”ﬂy?@;lﬁj -
ch o 2 /A 2
+g2@2 (S740) + (Sf,_u)
Jim
1 .
2 2@84 Z (Lg.]a‘h“mc Jotuy %j—'_,u/y, §‘|'Ny>‘|‘/~by + H.c. )

Fermion parity PROTECTED at every dressed site
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A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins) ¢
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A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins)

* Nearest Neighbor interaction

Q+




A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins)
 Nearest Neighbor interaction C/:
* Plaquette-type interaction
el Te




A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins)

* Nearest Neighbor interaction

* Plaquette-type interaction

e Gauss’ Law is on-site: LOCAL
BASIS FILTER




A simple square lattice (of dressed sites)
]

- L Spin-1 | Local gauge-invariant dressed site )

Quantum Link 2 k
* M Formulation Y ! )

k k; = ki ¢ ky

"Ho-)= 2 k2
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Local dimension (2+1)D = 35




A simple square lattice (of dressed sites)
]

- L Spin-1 | Local gauge-invariant dressed site )

Quantum Link 2 k
* M Formulation Y ! )

k k; = ki ¢ ky

"Ho-)= 2 k2

e e e \

: | " } = ol .[}__' 4 :-_ ﬂ:.' A
o Pl «O¢ _ »O¢

\ 4 L s Y

i el B S5 IR i zcn 654-

Local dimension (3+1)D = 267




A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins)

* Nearest Neighbor interaction 4 \

* Plaquette-type interaction

e Gauss’ Law is on-site: LOCAL
BASIS FILTER

* The Link symmetry is a nearest- (Sji+u + Aj’jru,_u) [ Uphys) =0
neighbor selection rule (like a
stabilizer)




A simple square lattice (of dressed sites)

* Like a spin lattice (with large spins)

* Nearest Neighbor interaction 4 |

* Plaquette-type interaction

e Gauss’ Law is on-site: LOCAL
BASIS FILTER

* The Link symmetry is a nearest- (Sji+u + Aj’jru,_u) [ Uphys) =0
neighbor selection rule (like a

stabilizer)
v @sor Netw@
READY

For simulation .




(2+1)D: Ground-state properties as a function of and
without magnetic terms

g2/2 > 2|m|

Vacuum phase: no particles,
no field excitations

S

/—Qm > g2/2 > 0\

Charge-Crystal Phase:
particle-antiparticle dimers

P
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(2+1)D: Finite Charge Density Sector

4 N

Charge imbalance
into the system:
very challenging

for Montecarlo
techniques
(sign problem)

a.+;_+;_+§+ T L i ; i
. t . t .
Troen ] @ o -] - 7 =
. ' & i 4 . t .
6 = @ 0 @ " o 6 e
N & 1 t 1 i '
S5F o 0 @ (] - 5 -
. . , ' N ' .
4 = 0] o 0] e J. | LR R
3o o] @ 5] - 3r --
" H 1 * 1 ] i
2He |- @& - - @ - =] @ 2 b=

$ £ - %
il - om e - R 1F -
. A R S A S S
1 2 3 4 5 6 7 8 1 2 3 4 5 ] 7 B

Charges forced to reach the
boundaries to minimise the

electric energy

g>/2=2 m=—1

near the critical line

92/2=2,m=5

deep in the vacuum phase

Phys. Rev. X 10, 041040 (2020)



Tree Tensor Networks in 3D

Sign-problem-free
approach!

The optimization still
has a complexity



(3+1)D: Local configurations of matter and gauge fields

2
—2m > g2/2 > 0 g2/2 > 2lm
Charge-Crystal Phase: Vacuum phase: no particles, no
particle-antiparticle dimers field excitations
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(3+1)D: Quantum Capacitor

Our approach is very flexible to
simulate different geometries
and charge-configurations.

Field-screening and equilibrium
string-breaking properties in
presence of external field.




(3+1)D: Quantum Capacitor
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(3+1)D: Quantum Capacitor
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[ (3+1)D: Confinement Properties }

gr, = 8/92

Plaquette terms Electric Field Energy

>
Weak-coupling Strong-coupling qe




Confinement Properties }

I Plaguette terms Electric Field Energy
: >
Weak-coupling Strong-coupling Je
Vi(r)ocl/r V(r)ocr
Deconfined phase Confined phase

Q\‘

Kei-lIchi Kondo, Phys. Rev. D 58, 085013 (1998)




Confinement Properties
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Going non-Abelian: the Yang-Mills theory

ch A

Hqep = o~ Z (6i¢juw,an,u;a,a’@Ejﬂw’ T H’C')

3 /
J?M?a’?a

Fmec? S (-1
J,a

1 ch 2 -
02 205t Z (Uj,ux;abaz T Uj]:uy;alaaél T H°C')

Matter has SU(N) color, the theory is color-invariant.

Similar manipulation as the QED case can be made.




Giovanni’s Talk

SU(2) Lattice Yang-Mills in (2+1)D
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MarcoRigo’s Talk

Q0

~

(for each flavor)

)

(for one flavor)
.Vacium. 1quark
pure gauge ¢ 6&%’

oV Voo
T ® 5o cocedse
2 quarks 3 quarks
o PR o 0 o
S e &oP
PP Poa

gauge link
(a)

matter site

(b)

[ U U RS N S SIS

rishon semilinks  computational unit

(d)

MARCO RIGOBELLO
University of Padua

SU(3) with 2 flavors in 1+1D




Work in progress

SU(2) Yang-Mills in 1+1D (Hardcore gluons) is mapped into a model of
Qudits d =6
(a) B, B

J—1,5 J,j+1

A AN A
%‘—1@ %‘a . 1/}j+1a ao

// $ ] ,/

oleo ol oo ofs o

Local dressed
basis

S s

Local dressed basis

0 matter fermions 1 matter fermions 2 matter fermions

Perfect for trapped ion qudits
(See Martin’s Talk)




Conclusions

Tensor
Network
Simulation

—

* Hamiltonian LGTs are an excellent
formalism to complement MonteCarlo

 Several LGT models allow us to eliminate
fermionic matter.

* Short-term goal: Real time simulation of
scattering processes

* Long-term goal: tensor networks and
quantum simulation of QCD.

Quantum
Simulation
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Ground-state properties as a function of and
without magnetic terms
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Finite magnetic-coupling effects
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Lattice QED in (3+1)D
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Lattice QED in (3+1)D
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Ground state properties for
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Ground state properties for

Na—odd
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[ Confinement Properties }

gr, = 8/92

Plaquette terms Electric Field Energy
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Weak-coupling Strong-coupling qe




Finite Density
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Tensor Networks - Scattering dynamics

-~ ~ ~ ~ ~ 2 A
B =t 40 mirbens +hetm 3 (- 07910+ L3 B2,
MARCO RIGOBELLO

e A i -~ University of Padua

s

interacting vacuum MPS via DMRG ....Qes
L & 6 6 6 6 4
......

initial state via wave packet creation MPOs

time evolution via TEBD & observables

Phys. Rev. D 104, 114501 (2021)




Tensor Networks - Scattering dynamics
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Phys. Rev. D 104, 114501 (2021)




Tensor Networks - Scattering dynamics
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Tensor Networks

tensor quantum state
%D\* — — [¥)

The wave function is The network pattern
described by a network of represents directly the amount
interconnected tensors. of entaglement of the state.

R. Orus, Annals of Physics 349 (2014) 117-158




d-level

. -{\
>® 12> - ® ‘ZN> systems

Tensor (multidimensional array
of complex numbers)

System of [V spins 1/2

Everyday material, /N~ Avogadro number ~ 0(1023)

l1I5i3l4Is5lglylglg

23
ll i 19 Number of basis states in the Hilbert space ~ 0(1010 )
2

. Compare to...
Number atoms in the observable universe ~ 0(1080)

representation,
exponentially large in the
system size. Inefficient.




d-level

|ll>®|lz>®"'®‘lN> systems

Trunc.

SVD
Tensor (multidimensional array

of complex numbers) X
C....... / /

l1I5i3l4Is5lglylglg

I /
1 l
L 9

representation,
exponentially large in the

system size. Inefficient.




Tensor Networks - Scattering dynamics

mass m
- a
scaling relation
3
is independent
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2
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, appearance of new effective
coupling g gm??2
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N J

Phys. Rev. D 104, 114501 (2021)




Tensor Networks - Scattering dynamics

overlap of final state with

pair of meson wave packet
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