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A gravitational-wave 
perspective on 
neutron-star 
seismology



Gravity, holds the star together  (gravitational waves!) 

Electromagnetism,  makes pulsars pulse and magnetars flare

Strong interaction, determines internal composition

Weak interaction, affects reaction rates - cooling and internal viscosity




The main idea of asteroseismology is to match observed stellar 
oscillations against theory to gain insight into the involved physics.

• solar oscillations observed in 1960s and identified as modes in 

the mid 1970s (5 minute range)

• helioseismology: GONG network and SOHO satellite in the 

1990s (note: Rossby waves in the Earth’s ocean)

• space-based photometry with CoRoT and Kepler in the 2000s 

(high-quality seismology data for hundreds of main-sequence 
and subgiant stars and 10,000s of red giants)


• NASAs TESS mission and ESAs PLATO mission take this further 
(characterise host stars in exoplanet systems)


Want to use seismology strategy to probe neutron stars 
using gravitational-wave data.




From the GW perspective we need global modes which involve significant density variations.


• f-mode: Fundamental oscillation of the star; scales with the average density, 
.


• p-modes: Restored by the pressure of the fluid (speed of sound); higher frequencies


• g-modes: Restored by buoyancy associated with temperature/composition gradients; lower 
frequencies, .


• inertial modes (including the r-mode): Restored by rotation; may be driven unstable by GW 
emission; .


• i-modes: Oscillation feature associated with the core-crust interface; may induce crust fractures 
during binary inspiral and trigger short gamma-ray bursts; .


ωα/(2π) ∼ GM/R3 ∼ 1 − 2 kHz

ωα/(2π) ∼ 100 Hz

ωα ∼ Ω

ωα/(2π) ∼ 100 Hz
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tidal deformability

GW signal from binary neutron stars differs from that 
of black holes due to the tidal deformability.


Effect of static tide enters at 5PN order through the 
induced quadrupole moment.


Characterised by the Love numbers
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[Passamonti+]

dynamical tides
The dynamical tide is represented by resonances 
with individual oscillation modes. 

Need global modes which involve significant density 
variations. Overlap integral





leads to the effective Love number:





Results in significant enhancement of tidal imprint 
near merger.
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universal f-Love relation

In the static limit  we get





If the fundamental mode dominates the sum, we expect a universal relation between mode 
frequency and tidal deformability. Numerical evidence that this relation is very robust.
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FIG. 3. Dimensionless overlap integral Qα as a function of
GW frequency f . Lines are upper limits calculated using
±∆Φ from Fig. 1 and eq. (7) with a NS radius R = 12 km
for GW170817 (short-dashed), A+ (long-dashed), and Cosmic
Explorer (CE; solid). Circles are for constant Γ−γ stratifica-
tion g-modes, while the triangle is for a varying stratification
g-mode (see text); light dotted lines connect Qα values from
g-modes with the same stratification but different radial node
n. Stars are for g-modes (n = 1) calculated from NS mod-
els motivated by the BSk21 and SLy4 equations of state (see
Counsell et al., in prep., and [18], respectively), which have
strong internal composition gradients.

produced by density stratifications that are parameter-
ized by the factor (Γ − γ), where Γ is the adiabatic in-
dex; results shown are for constant (Γ − γ) (Counsell et
al., in prep.), which reproduce the results of [22], and
for a specific case of varying (Γ − γ) from [22]. [22]
find the mode frequency and overlap integral scale as
ωα ∝ (M/R3)1/2(Γ− γ)1/2 and Qα ∝ (Γ− γ) for a poly-
trope with a constant γ = 2, while [23, 24] find an ap-
proximate scaling ωα ∝ (M/R4)1/3(Γ−γ)1/2 for NSs con-
structed using realistic equations of state but still with
g-mode stratifications parameterized by (Γ − γ). Also
shown are sample results from Counsell et al. (in prep.)
and [18] for Qα determined using NS models which are
motivated by the BSk21 and SLy4 equations of state and
have strong varying stratifications. In a sense, these two
represent optimistic estimates of Qα, while those from
[24] with Qα < 10−4 are likely to be conservative esti-
mates, and the large range shows the level of uncertainty
in current theoretical calculations. Meanwhile, we do not
show Qα for superfluid g-modes in Figure 3 since the ones
from [18] would be below the CE curve.

While Figure 2 suggests A+ and CE can constrain
or even measure the total energy transferred to many
modes, Figure 3 shows that measuring the coupling to

individual modes via the overlap Qα will be difficult even
with CE, although there are evident uncertainties in the
theoretical calculations of Qα, as discussed above. Still,
even in the somewhat pessimistic case, we may be able to
draw important conclusions about the NS interior. For
example, non-detection of individual g-mode coupling
with CE could be used to constrain stratification within
the NS, e.g., (Γ − γ) < 0.02, or indicate neutrons in the
NS core are superfluid. Therefore works such as [18, 23–
25] are in the right direction, and more work is needed
in using realistic equations of state and stratification to
calculate g-modes and their binary tidal interactions. It
is also important to keep in mind that Qα from an ex-
traordinary event, such as an inspiralling NS closer than
GW170817, should be within the reach of CE.

III. P-G INSTABILITY

To quantify current and potential future constraints
on the p-g instability, we first estimate, from the rate of
orbital energy dissipation by the unstable modes Ėpg [see
eq. (3) of [12]], that the total energy dissipated is

∆E
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ĖpgtD
|Eorb|

= 10−8

(

2

1 + q

)2/3(2πf

ω1

)4/3

ω1tDN0βλ

= 1.9× 10−5 M−11/6
1.4 R1/2

10

1

q

(

2

1 + q

)1/3

×

(

f

100 Hz

)

−4/3

N0βλ, (8)

where N0 is the number of independently unstable
modes, β (≤ 1) indicates how close the energy at which
unstable modes saturate is to a maximum given by the
wave breaking energy, and λ (∼ 0.1 − 1) is a slowly
varying function of binary separation [11]. Figure 2
plots equation (8) for N0βλ = 1, which yields a limit
∆E < 4 × 1047 erg at f < 70 Hz from GW170817. It is
argued in [10–12] that N0 ∼ 100 − 104, but we see that
this is only possible if β & 0.1 and f ! 70 Hz using just
GW170817. This limit would extend to all frequencies of
importance for the p-g instability (! 100 Hz; [12, 13]) by
the time detectors reach A+ sensitivity.

Next, we consider two parameterizations to determine
the effect of the p-g instability on the phase shift ∆Φ.
The first from [13] is

∆Φ(f > f0) = −
2C0

3B2(3− n0)(4− n0)

(

f

fref

)n0−3

= −2π × 3.1× 106 M−10/3
1.4 q−2

×
A0

(3− n0)(4− n0)

(

100 Hz

f

)3−n0

,(9)

where B = (32/5)(GMπfref/c3)5/3, C0 = [2/(1 +
q)]2/3A0, fref (= 100 Hz here) is an arbitrary reference
frequency, and n0 describes the frequency scaling of the

[Ho & NA]

beyond mass and radius
The g-modes carry information about the internal 
matter composition. 


Sensitive to deviation from chemical equilibrium, 
e.g. the (local) Brunt-Väisälä frequency
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[Hammond+ in preparation]
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mergers
Merger dynamics should be within reach of 
next-generation detectors.

Requires robust nonlinear simulations 
with a reliable physics implementation 

Assuming a 3-parameter model 

 and stepping 
up the complexity, we may

• assume that reactions are fast enough that 

the matter remains in equilibrium, or

• slow enough that the composition is 

frozen, or

• add whatever other physics we may be 

interested in…

p = p(n, ε, Ye = ne/nb)
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[Bernuzzi+]

another “universal relation”

Numerical simulations suggest a more 
“surprising” universal relation, linking the 
tidal deformability (=cold EoS) to the peak 
frequency from the merger dynamics (=hot 
EoS).

The origin of this relation is not well 
understood.

Also do not (yet) know how “robust” it is…



I have outlined:

• the main idea behind asteroseismology and why it is 

relevant for GW astronomy (now and in the future)


I have not talked about:

• the technical state of the art (Newtonian vs relativity/

phenomenology vs precision)

• nonlinear tides (p-g instability?)

• other scenarios, e.g. core collapse supernovae or the 

gravitational-wave driven instability (f-mode/r-mode) in 
(isolated) spinning neutron stars


• starquakes/glitches/GW searches

• neutron star ocean modes/crust seismology/X-rays



