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Outline
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• Why is staging important? 

• Challenges and things to consider between stages 

• Elements of a complete solution so far considered 

• Benefits of having multiple stages 

• Staging demonstrations 

• Conclusions & Outlook

Note – although this is a school, to cover the topic in one hour, there will not be many derivations. 
Rather I will highlight topics, give examples of scalings and supply plenty of references to help you 
get more information and dig deeper



Why Aren’t Electrons Accelerated in Circular Machines?
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• High energy (multi-GeV) electron beams have many applications in HEP 
(Colliders) and Photon Science (X-ray Lasers) 

• A charged particle emits radiation when accelerated. 

• The good: allows devices like synchrotron light sources and free electron lasers 
to work, and can be used to cool beams to make them brighter 

• The bad: radiating can degrade the beam (especially coherent radiation) 

• The ugly: power lost per revolution in a circular machine

So why don’t we just 
make all accelerators 

circular?

low-mass electrons radiate too much!≈
γ4

m2



The Scale for a TeV Linear Collider

31 km

Today’s technology LC 
– a 31km tunnel:

Plasma Wakefield Technology LC:

The Luminosity Challenge:

4 km
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…and must do it for positrons too!

High-efficiency

GeV/m (TeV/km) accelerating gradient



The Electron Beam Driven Plasma Wakefield Accelerator
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• Blow-out when nb >> np 

• Large accelerating gradients ~ GeV/m 

• Strong ideal focusing ~ MT/m 

• Relativistic driver, no de-phasing



Accelerating Particles to Accelerating Beams
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• Two bunches externally injected 

• Dimensions and spacing ~ c/wp ~ 20µm 

• Blow-out when nb >> np 

• Plasma = highly efficient transformer
How much energy do we need? 

• 1nC * 1GeV = 1J 

• For Higgs ~ 1nC * 250GeV = 250J @ 40kHz for 10MW beam power for Luminosity 

• What if XFEL as driver? ~ 1nC * 10GeV = 10J/bunch so need 25 stages 

• Note: SPS/LHC have 20kJ/300kJ/bunch but long bunches at low rep rate (see AWAKE)



AWAKE Collaboration is Studying Proton Driven PWFA
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Goals of the AWAKE Collabora2on: 
 >500 GeV e- in single long plasma cell (400m)! 

 Requires short proton bunches (100µm vs 10 cm) 

 Study physics of self-modulaLon of long p bunches 

 Probe wakefields with externally injected e- 

 Study injecLon dynamics for mulL-GeV e- 

 Develop long, scalable and uniform plasma cells 

 Develop schemes for producLon and acceleraLon of short p bunches

Idea to Harness the Large Stored Energy in Proton 
Bunches to make High Energy Electrons

HIgh energy…but low rep rate (Luminosity)



For context - what might a plasma based collider look like?
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One of the earliest examples: 
“Towards a Plasma Wake-field Acceleration-based Linear Collider”, J.B. Rosenzweig, et 

al., Nuclear Instruments and Methods A 410 532 (1998).



First SLAC Concept Developed with FACET Proposal < 2009
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• ‘Warm’ Drive Linac 
• 4ns bunch spacing 
• Many turnarounds

A CONCEPT OF PLASMA WAKE FIELD ACCELERATION LINEAR 
COLLIDER (PWFA-LC)* 

Andrei Seryi, Mark Hogan, Shilun Pei, Tor Raubenheimer, Peter Tenenbaum (SLAC), Tom 
Katsouleas (Duke University), Chengkun Huang, Chan Joshi, Warren Mori (UCLA, California), 

Patric Muggli (USC, California).

Abstract 
Plasma Wake-Field Acceleration (PWFA) has 

demonstrated acceleration gradients above 50 GeV/m. 
Simulations have shown drive/witness bunch 
configurations that yield small energy spreads in the 
accelerated witness bunch and high energy transfer 
efficiency from the drive bunch to the witness bunch, 
ranging from 30% for a Gaussian drive bunch to 95% for 
a shaped longitudinal profile. These results open the 
opportunity for a linear collider that could be compact, 
efficient and more cost effective that the present 
microwave technologies. A concept of a PWFA-based 
Linear Collider (PWFA-LC) has been developed and is 
described in this paper. The drive beam generation and 
distribution, requirements on the plasma cells, and 
optimization of the interaction region parameters are 
described in detail. The R&D steps needed for further 
development of the concept are also outlined. 

A PWFA-LC CONCEPT 
The requirements for an electron-positron linear 

collider in the TeV energy range are well understood from 
20 years of conceptual design work based on 
conventional rf cavity acceleration systems. The high 
gradients possible with plasma wakefield acceleration 
may provide a path to a new lower cost approach to 
achieving these energies. However, a practical collider 
must also meet the luminosity requirements imposed by 
the physics goals, which is the order of 1034cm-2s-1. To 
achieve this high luminosity requires beams of about ten 
MW average power, which are low emittance and can be 
focused to nanometre size for collisions. A practical 
collider technology must also have high power transfer 
efficiency into the beam.  

Several ideas for plasma wakefield-based linear 
colliders (PWFA-LC) have been suggested in the past.  
The "afterburner" [1] is an approach that uses short 
plasma sections to double the energy of a conventional rf 
linear collider just before the collision point.  Each beam 
is split into pairs of microbunches with the first driving a 
plasma wake that accelerates the second. Luminosity of 
the energy-doubled collider is maintained by employing 
plasma lenses to reduce the spot size before collision. A 
multiple-stage PWFA-LC concept has been suggested at 
the 2006 Advanced Accelerator Workshop [2], which is 
essentially a multi-stage afterburner employing a high-
charge beam with multiple bunches and multiple plasma 
cells to reach high energy.  One implementation would 
use a 100 GeV drive beam and five (four if the incoming 

witness bunch also has 100 GeV) plasma stages to 
accelerate the main beam to 500 GeV. 

The design presented here is an attempt to optimize the 
advantages of PWFA and conventional linear collider 
concepts, based on a reasonable set of R&D milestones 
that could be realized over the next ten years. This 
approach benefits from the extensive R&D for 
conventional linear colliders and has relatively relaxed 
requirements on the plasma acceleration systems while 
still potentially lowering the cost.  These considerations 
led to a larger number of PWFA stages and imposed 
specific requirements on the parameters for the main and 
drive beams. This PWFA-LC concept addresses these 
requirements, and, in contrast to the approaches discussed 
above, uses an electron drive beam for both electron and 
positron main beams. This design will evolve with better 
understanding of plasma wakefield physics based on 
future experimental results and simulation studies. 
Therefore, it is crucial to maintain flexibility in the 
parameter space for a PWFA linear collider.  

The design for a PWFA-based Linear Collider is shown 
schematically in Figure 1 and the key parameters are in 
Table 1. This approach uses established concepts for the 
particle and drive beam generation and focusing systems 
based on twenty years of linear collider R&D. However, 
this constrains the plasma acceleration systems if they are 
to provide the needed high beam power and efficiency. 
These constraints are summarized in Ref. [3] which 
describes a 10 TeV linear collider design.  The proposed 
plasma wakefield research program at FACET is designed 
to demonstrate the viability of this concept. 

This PWFA-LC design uses a conventional 25 GeV 
electron drive beam accelerator, to produce trains of drive 
bunches distributed in counter-propagating directions to 
20 PWFA cells for both the electron and the positron arms 
of the collider to reach energy of 500 GeV for each beam.  
Each cell provides 25 GeV of energy to the main beam in 
about a meter of plasma. The layout and parameters were 
chosen to optimize PWFA performance while also 
providing feasible parameters at the interaction point and 
a practical design for the main beam injector and the drive 
beam acceleration and distribution system.  The drive 
beam system is very similar to the CLIC drive beam 
concept which is being tested at the CTF3 test facility [4]. 

The main beam bunch train consists of 125 bunches, 
each separated by 4 ns. The drive beam train consists of 
20 mini-trains each with 250 bunches separated by 2 ns 
(as described in details in [11]). An RF separator splits the 
drive beam before it is sent to the distribution system. 
There are 100 ns gaps between each mini-train in the 
drive beam train, to accommodate the kicker rise time. To 

_________________________________________  
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allow for the counter-propagation distribution of the drive 
beam, the distance between PWFA cells must be equal to 

half of the distance between mini-trains, i.e. 600 ns/2 or 
about 90 m.  

 
Figure 1: Concept for a multi-stage PWFA-based Linear Collider. 

 
Main beam: bunch population, bunches per train, rate 1×1010, 125, 100 Hz 
Total power of two main beams 20 MW 
Drive beam: energy, peak current and active pulse length 25 GeV, 2.3 A, 10 µs 
Average power of the drive beam 58 MW 
Plasma density, accelerating gradient and plasma cell length 1×1017cm-3, 25 GV/m, 1 m 
Power transfer efficiency drive beam=>plasma =>main beam 35% 
Efficiency: Wall plug=>RF=>drive beam 50% × 90% = 45% 
Overall efficiency and wall plug power for acceleration 15.7%, 127 MW 
Site power estimate (with 40MW for other subsystems) 170 MW 
Main beam emittances, x, y 2, 0.05 mm-mrad 
Main beam sizes at Interaction Point, x, y, z 0.14, 0.0032, 10 µm 
Luminosity 3.5×1034 cm-2s-1 
Luminosity in 1% of energy 1.3×1034 cm-2s-1  

Table 1: Key parameters of the conceptual multi-stage PWFA-based Linear Collider. 

 
Properties of the drive and main beam bunches have 

been optimized by particle-in-cell simulations using the 
code QUICKPIC [5,13]. The main beam bunch charge is 
1.0×1010 particles with a Gaussian distribution. A plasma 
density of 1017cm-3 and a drive bunch charge of 2.9×1010 
were chosen to achieve a power transfer efficiency from 
the drive beam to the main beam of 35% with a gradient 
of roughly 25 GV/m.  The drive beam bunch length is 30 
µm while the main beam bunch length is 10 µm and the 
drive-main beam bunch separation is 115 µm. The 
separation between the two bunches must be 
approximately equal to the plasma wavelength. 

The parameters and luminosity at the interaction 
point (IP) were optimized for the high beamstrahlung 
regime, which is inherent to short bunch length colliders 
[6]. The luminosity within 1% of the nominal center-of-
mass energy is 1.3×1034 cm-2s-1

, which is similar to that in 

the International Linear Collider (ILC) design [7].  The 
relative energy loss due to beamstrahlung is about δB = 
30%. The main beam emittances are typical for TeV 
collider designs, and the β-functions at the IP are βx/y = 
10/0.2 mm. These IP parameters are quite close to those 
for CLIC [8]. Previous physics studies for the interaction 
region and detector design, background and event 
reconstruction techniques [9] are all applicable.  

The main beam generation complex could be 
similar to that of the CLIC design with a polarized 
electron source and a conventional positron source. The 
plasma acceleration process maintains beam polarization, 
and would also accommodate a polarized positron beam. 
The damping rings would store multiple trains of 
bunches, one of which would be extracted on each 100 Hz 
machine cycle. The extracted beams would be 
compressed in multi-stage bunch compressors before 
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The main beam generation complex could be 
similar to that of the CLIC design with a polarized 
electron source and a conventional positron source. The 
plasma acceleration process maintains beam polarization, 
and would also accommodate a polarized positron beam. 
The damping rings would store multiple trains of 
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Our preferred PWFA-LC design consists of a conventional 25 GeV electron drive beam 
accelerator, which produces drive bunches distributed in counter-propagating directions to 20 
PWFA cells for both the electron and the positron arms of the collider.  Each cell provides 25 
GeV of energy to the main beam over about a meter of plasma.  The layout and parameters were 
chosen to optimize PWFA performance while also providing feasible parameters at the 
interaction point and a practical design for the main beam injector and the drive beam 
acceleration and distribution system.  The drive beam system is very similar to CLIC drive beam 
concept which is being tested at the CTF3 test facility [11]. 

The main beam bunch train consists of 125 bunches, each separated by 4 ns. 
Correspondingly, the drive beam train consists of 20 mini-trains each with 250 bunches 
separated by 2 ns as shown in Figure 2-3. An RF separator splits the drive beam before it is sent 
to the drive beam distribution system. There are 100 ns gaps between each mini-train in the drive 
beam train, to accommodate the rise time of kickers of the beam distribution system. For the 
counter-propagation distribution of drive beam, the distance between PWFA cells must be equal 
to half of the distance between mini-trains, i.e., 600 ns/2 or about 90 m.   

 
Figure 2-3.  Structure of the drive beam train. The RF separator will send the odd and 
even bunches into the electron and positron beamlines. 

Properties of the drive and main beam bunches have been optimized by particle-in-cell 
simulations using the code QUICK-PIC [12]; details of the plasma physics and plasma cell 
optimization are given in Section 3.  The PWFA-LC design started from a bunch charge of 
1.0×1010 particles to optimize the collider luminosity characteristics and benefit from the 
extensive studies that have been performed for conventional rf linear colliders.  Next, a plasma 
density of 1017cm-3 and a drive bunch charge of 2.9×1010 were chosen to achieve a power 
transfer efficiency from the drive beam to the main beam of 35% with a gradient of roughly 25 
GV/m.  To achieve these parameters, the drive beam bunch length needs to be 30 μm while the 
main beam bunch length is 10 μm and the drive-main beam bunch separation is 115 μm.  

The optimization of parameters and luminosity at the interaction point (IP) was performed 
for the high beamstrahlung regime, which is inherent to short bunch length colliders [13]. The 
luminosity within 1% of the nominal center-of-mass energy was optimized to be 1.3×1034 cm-2s-1 
which is similar to that in the International Linear Collider (ILC) design [14].  The relative 
energy loss due to beamstrahlung for the case under consideration is about δB = 30%. The 
assumed main beam emittances are typical for TeV collider designs, and the β-functions at the IP 
are βx/y = 10/0.2 mm. These IP parameters are quite close of those for CLIC [11], and moreover, 
a wealth of particle physics studies for the interaction region and detector design, background 



Alternative Conceptual Layout for 
TeV PWFA Linear Collider Developed prior to CSS2013
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•Efficient drive beam generation from recirculating superconducting linacs 

•Rapid & Efficient acceleration in meter long plasma cells 

•Illustrates R&D challenges for next decade: beam quality, positrons, staging

Figure 1: Layout of a 500 GeV PWFA Linear Collider. Each main bunch is accelerated by 25 GeV in each of ten plasma
stages. The plasma is driven by e− bunches, generated by a SCRF CW recirculating linac, and distributed co-linearly
with the main beams.

decelerating field; the transformer ratio. We design for a
transformer ratio of 11. A transformer ratio higher than 1
would reduce the drive beam energy, but tighten the main
bunch injection tolerances, as the main bunch needs to be
positioned closer to the trailing edge of the bubble. Using
Gaussian beam current profiles, the optimization yields [6]
a drive bunch charge of 2x1010, drive bunch length of 40m
(approx. the plasma wavelength/2π), a distance between
the drive bunch and the main bunch of 187 um and a final
main bunch energy spread of a few %. Assuming opera-
tion in the PWFA blow-out with the stated parameters and
electron bunches with a Gaussian charge profile, an over-
all drive bunch to main bunch power transfer efficiency of
50% is achieved in QuickPIC [7] simulations. The drive to
plasma transfer efficiency is 77% and the plasma to main
bunch transfer efficiency is 65% [6]. For positron accel-
eration other regimes such as the near hollow channel pro-
posed most recently by [8] shows promise, however precise
efficiency calculations have not yet been performed for this
regime.

DRIVE BEAM GENERATION
The plasma cells are powered by trains of bunches pro-

duced using recirculating linac acceleration. Each drive
bunch powers one single plasma cell accelerating one sin-
gle main bunch by 25 GeV, and is then ejected to a dump.
The process starts with a CW SC linac for optimum effi-
ciency and a recirculating beam line to reduce the overall
drive beam linac length and the associated cost and cryo-
genics power. The bunches are fed into an accumulator
ring to generate the time structure required to power the

1In the blow-out regime the transformer ratio could be chosen to be
significantly larger than 1.

plasma stages, see Fig. 1. When enough bunches to accel-
erate a single electron and positron bunch to their final en-
ergy have been accumulated in the ring, they are extracted
and distributed to the plasma cells from a co-linear distri-
bution system. This system uses fast kickers, small angle
bends and magnetic chicanes as delay lines to satisfy the
time constraints. Due to the co-linear drive beam, and ex-
ploiting the energy difference drive beam and main beam,
the kick angle required for drive beam injection before a
plasma stage is at most 9 mrad (varying with energy), and
we foresee that a solution based on conventional technol-
ogy (septa and kickers) will fulfill the timing requirements
of the PWFA-LC. More details about the drive beam gen-
eration and injection/extraction can be found in [9].

POWER ESTIMATES
The estimated total wall plug power consumption of the

complex is summarized in Fig. 2. It assumes 50% drive
to main bunch efficiency as discussed above, a realistic
power supply efficiency of 90% and a klystron efficiency
of 65% (based on LEP or CEBAF experience with CW op-
eration). With these efficiencies the rf power to accelerate
the drive beam up to the requested energy of 25 GeV varies
from 26 MW to 114 MW at center of mass energy of 250
GeV and 3 TeV respectively. In addition 1 MW to 13 MW
have to be provided to compensate for synchrotron radi-
ation losses in the accumulator ring. Thus the wall plug
power for drive beam acceleration varies from 61 MW to
211 MW corresponding to the lion’s share of the total wall
power consumption. The cryogenic power of the SC linacs
is only 15.7 MW using recirculation. The resulting drive
beam wall-plug to drive beam efficiency is 40%, and the
total beam acceleration efficiency of about 20% is partic-
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ularly high thanks to the CW operation of the supercon-
ducting drive linac combined with the very good drive to
beam transfer efficiency of the plasma. A power consump-
tion ranging from 56 MW to 70 MW is added for the main
and drive beam injector complexes based on CLIC estima-
tions. The corresponding total wall plug to beam efficiency
ranging from 9.1% at 250 GeV to 16.4% at 3 TeV are com-
parable to that of the ILC at low energy and attractive at
high energy as compared with CLIC (4.8% at 3 TeV). As a
consequence, the total wall plug consumption ranging from
137 MW at 250 GeV to 297 MW at 3 TeV are comparable
to ILC at low energy and attractive at high energies com-
pared with CLIC.

CHALLENGES
The main challenges for a PWFA-LC are directly related

to the beam acceleration mechanism in a plasma, in par-
ticular demonstrating proof of principles for e− and e+

acceleration with high efficiency, small energy spread and
small emittance dilution. At present there exists no study
that demonstrates preservation of ILC level emittances in
plasma for neither positrons nor electrons. The primary is-
sues are ion motion in the plasma (which favors small main
bunch densities or hollow channels) and multiple scattering
(which favors small transverse bunch sizes or hollow chan-
nels) [8]. Transverse and longitudinal injection tolerances
also need to be studied further. In addition, there are tech-
nical challenges for the plasma sources, as for example the
several hundred kW of drive beam power deposited in each
plasma stage.

CONCLUSIONS AND OUTLOOKS
A PWFA based linear collider has the potential for high

luminosity e−e+ collisions in the Multi-TeV range with
reasonable power consumption, due to the very good drive
to main bunch transfer efficiencies in plasma. A reason-
able set of design choices for a plasma based linear col-
lider benefits from the years of extensive R&D performed
for the beam generation and focusing subsystems of con-
ventional rf linear colliders. The linear collider concept
presented here highlights the key PWFA challenges that
must be addressed by further theoretical studies and exper-
imental facilities such as FACET [10]. Over the next four
years the FACET experimental program will address effi-
cient two bunch acceleration with small energy spread and
small emittance growth. Multi-stage PWFA experiments
are proposed for the FACET-II facility. An extensive de-
sign and simulation effort must proceed in parallel with the
experimental studies at FACET to fully develop the PWFA-
LC design concepts outlined here.
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QuickPIC simulations are performed on the Hoffman2
Cluster at UCLA.

Table 1: PWFA-LC parameters for 500 and 3,000 GeV. Pa-
rameters are also available for 250 and 1,000 GeV [9].

Main parameters
ECM [GeV] 500 3,000
Effective gradient [MV/m] 1,000 1,000
Number of bunches [1× 1010] 1 1
Bunch spacing (CW) [µs] 50 100
Main beam power per beam [MW] 8 24
Linac length [km] 0.25 1.5
Overall facility length [km] 3 8
IP parameters
σx [µm] 0.47 0.19
σy [nm] 2.7 1.1
βx [cm] 1.1 1.1
βy [cm] 0.01 0.01
σz [µm] 20 20
Total L [1034/cm2/s] 2.1 6.3
L

1%
[1034/cm2/s] 1.3 3.8

Efficiency and power
Drive to main bunch efficiency [%] 50 50
# of plasma stages per linac 10 60
Drive linac bunch rep. freq. [kHz] 400 1200
Drive beam power per beam [MW] 16.2 48.6
Total wall plug power [MW] 150 297
Beam acceleration efficiency [%] 21 23
Wall plug to main beam efficiency [%] 11 16

Figure 2: Total wall plug power for a PWFA-LC at various
energies, assuming a drive to main bunch efficiency of 50%
in the plasma, compared to ILC and CLIC.
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• ‘Cold’ Drive Linac 
• 100µs bunch spacing 
• Tricky delay chicanes
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A hybrid, asymmetric, linear Higgs factory based on plasma-wakefield and radio-
frequency acceleration 4

RF linac
(5–31 GeV e+/drivers)

Turn-around loops
(31 GeV e+/drivers)

Beam-delivery system
 (500 GeV e–)

Plasma-accelerator linac
(16 stages, ~32 GeV per stage)

Scale: 500 m

Beam-delivery system
with turn-around loop

(31 GeV e+)

Driver source,
RF linac (5 GeV) Electron

source

Facility length: ~3.3 km

Positron transfer line
(31 GeV e+)

Interaction point
(250 GeV c.o.m.) e+ e+

Positron
source

Damping rings
(3 GeV) 

e–
e+

RF linac
(5 GeV e–) 

Figure 1. Schematic layout of the hybrid asymmetric linear Higgs factory. Particle sources provide electrons (orange), positrons
(blue) and electron drivers (red) for acceleration. Electrons are accelerated to 5 GeV and diverted via a return loop back to
produce the positrons in the positron-source complex. The positrons are then captured, accelerated to 3 GeV and injected
into a pre-damping ring. A second damping ring produces low-emittance bunches that are accelerated in the remaining RF
linac up to 31.3 GeV, before being turned around and sent down a transfer line (the kink in the positron transfer line after
the first turn-around is not required but drawn for clarity – the line can pass either below or above the undulating delay
chicanes). The positrons enter the beam-delivery system, which is combined with another turn-around, and then enter the
final focus to collisions. Trains of electron drivers are accelerated, first to 5 GeV in a dedicated RF linac, then accelerated after
the positron bunch to 31.3 GeV. After transfer to a turn-around loop, the drive beams are separated and injected into the
appropriate PWFA stages, sixteen in total, where each sequentially accelerates a electron bunch from a photocathode injector
up to 500 GeV. The spent electron drivers are discarded into separate beam dumps. The accelerated electron bunch enters
the high-energy beam-delivery system and collides with the positron bunch. The spent colliding beams enter beam dumps
located after the interaction point. The dashed line represents an option to use the spent positrons for positron production.
The approximate length of the facility is 3.3 km.

option is to increase the emittance. If additionally the
beta functions are scaled down (similar to that of the
positrons), the emittances can be doubly scaled up – if
the electron energy is four times higher than the sym-
metric case, the normalised emittance can be as much
as sixteen times higher in both planes. This observation
is of great importance since the electrons are accelerated
using PWFAs, where it may be problematic to maintain
nm-scale normalised emittances. The introduction of an
energy asymmetry therefore increases the operational tol-
erance for emittance growth in the PWFA arm.

The beam–beam focusing e↵ect that leads to the well-
known luminosity enhancement [45] is expected to be re-
duced for the high-energy beam and increased for the
low-energy beam for a given bunch length. However, the
overall e↵ect on the luminosity is non-trivial and must
be simulated. Using GUINEA-PIG [37], we compared
the luminosity for a situation with parameters similar to
ILC [47] with that of an asymmetric collider as discussed
above. Table I shows that the luminosity assuming ILC
bunch lengths (300 µm rms) decreases by approximately
17% (23% for the luminosity within 1% of the peak of the
spectrum). Reducing the bunch length by a factor of 4 to
compensate for the hour-glass e↵ect gives a smaller lumi-
nosity reduction of only approximately 7% (23%). Intro-
ducing a charge asymmetry for energy e�ciency changes
this to a 7% (35%) luminosity drop. Furthermore, using
various degrees of asymmetric emittances, ranging from a
factor 4 to 16, decreases the luminosity per bunch cross-
ing from the ILC values by between 10% (37%) and 28%
(50%). In order to benefit from the less stringent toler-
ances in the PWFA arm, we assume the parameters given

in the final row of the top half of Table I (summarised in
Table II).

Also shown in Table I is a comparison of the HALHF
and ILC luminosities per bunch crossing at the peak of
the Z resonance for two situations: firstly where the
positron-beam energy is maintained at 31.3 GeV and the
electron energy set accordingly, which gives a boost of
1.07; secondly where the boost is maintained at 2.13.
In the former case, the HALHF luminosity per bunch
crossing is reduced by 5% (16%), while in the latter it is
reduced by approximately 28% (50%), compared to ILC.

V. SCHEMATIC LAYOUT OF THE COLLIDER

This section gives a broad-brush description of the
main components of HALHF, as shown in Fig. 1. In
order to make comparisons easier, we re-use as much as
possible of existing designs, mostly from ILC and CLIC.

The HALHF structure contains two main accelera-
tors – one consisting of a conventional linac for electron
drivers and positrons, and the other a plasma-based linac
for the colliding electrons – and three particle sources:
one for electrons to hit the positron target and produce
the positrons, one for the electron drivers, and one for the
colliding electrons. The remaining components of the fa-
cility include positron damping rings, beam-delivery sys-
tems, and transfer lines. These aspects are discussed in
more detail below. A summary of the HALHF parame-
ters used is shown in Table II.

https://arxiv.org/abs/2303.10150



Laser-plasma collider concept
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Basic concept:  Staged laser-plasma accelerators: 

• Plasma density scalings indicates operation at n~1017 cm-3 [high average gradient and low 
wall plug power] 

• Quasi-linear regime (a~1): e+ and e- focusing and acceleration; focusing control   

• Staging & laser coupling into plasma channels (for laser guiding):  

- Tens of J laser/energy per stage 

- Energy gain/stage ~ few GeV in < 1m Leemans & Esarey, Physics Today (2009)

C. B. Schroeder et al., PR ST-AB (2010) 
C. B. Schroeder et al., NIMA (2016)

Laser technology development required: 

• High luminosity requires high rep-rate lasers (10s kHz) 

• Requires development of high average power lasers (100s kW) 

• High laser efficiency (~tens of % wall-to-laser)



Rapid Experimental Progress Since Last Snowmass
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8 GeV energy gain in 20 cm stage using BELLA PW laser 
9 GeV in 1.3 m using SLAC beam driver at FACET 

New: >10 GeV from U. Texas laser

M. Litos et al. PPCF (2015)

C. A. Lindstrom et al. PRL (2021)

42% transfer efficiency 
with 0.2% energy spread

B. O’Shea et al. Nature Comm. (2016)

Also: hollow channels for low emittance growth, 0.1 micron emittance 

Plasma recovery at high rep-rate

Proof-of-principle staging (~100 MeV energy gain) 
using laser drivers, high gradient plasma-lenses 

Optimized plasma beam loading  
enables uniform, high-efficiency acceleration. 

Demonstration >1GeV/m gradients 
dielectric structures.

Demonstration 0.5 GW power 
SWFA structures.

S. Steinke et al. Nature (2016)

A. J. Gonsalves et al. PRL (2019)

R. D’Arcy et al., Nature (2022)

Driver Technology: 
Superconducting XFELs, New laser technology (fibers, Thulium) promise high average power at high efficiency

Positron acceleration 
A. Doche et al., Nature Sc. Rep. (2017)



Outline
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• Why is staging important? 

• Challenges and things to consider between stages 

• Elements of a complete solution so far considered 

• Benefits of having multiple stages 

• Staging demonstrations 

• Conclusions & Outlook
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• Uniform ion density ni = initial plasma density ne0 

• Focusing is balance between radial E and v x B ~ Er - cBphi 

• Assume nb/np > 1 and fully blown-out ion column 

- no plasma return currents within the beam (CFI) 

- In beam frame then no currents to drive Bphi 

• Focusing then simply obtained from Gauss law for an infinite cylinder (approximation) 

- linear in r (ideal lens, no geometric aberration) 

- May preserve incoming emittance

Transverse Forces: Focusing in the Ion Column
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• Motion of a single electron in the ion column:

or

Propagation in the Ion Column – Single Electron

• Harmonic motion as long as no energy gain or loss:

• Relativistic electrons though, so will get synchrotron (betatron) radiation

• Particles oscillate at:
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with

or !" = $%recalling

• Beam evolution described by the envelope equation:

• No evolution of spot size (sigma) when have matched condition:

• There is a matched beta (np dependent) – not a matched spot size (εn dependent), e.g. 
np = 1017, c/wp = 17µm and Beta matched = 1mm (<<Lp!). For εn = 1µm, E = 1GeV get a 
matched sigma = 0.7µm

Propagation in the Ion Column for a Beam of Electrons
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Measured Plasma Focusing for Matched & Mismatched Beams
• Start with beam evolution in vacuum

• Increase the density/focusing 
- Can’t always measure in plasma 

- Look on profile monitor downstream 

- Sigma(z) at fixed np same as sigma(np) at fixed z

• Focusing orders of magnitude 
larger than beamline 
quadrupoles  

• Well described by simple model 

• Enables high density beam 
propagation over long 
distances



Matching and Emittance Preservation
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• Need small emittance for Luminosity in 
a collider (as low as 0.01 mm-mrad) and/
or for beam brightness in a free electron 
laser (0.1-1 mm-mrad) 

• Need to limit emittance growth in and in 
between stages to less than above 

• Mismatching bunches with a finite 
energy spread leads to emittance 
growth, because the phase space 
ellipses of different energy slices rotate 
at different rates  

• Saturates after a distance Lsat 

• Avoid emittance growth from mismatch 
by ensuring that β=βm and α=0 

ϵsat
ϵ

¼ 1

2

!
ð1þ α2Þ βm

β
þ β
βm

"
; ð13Þ

where α and β are the Twiss parameters at the plasma
entrance (assuming a flattop density profile). As seen in
Eq. (13), the only way to avoid emittance growth from
mismatching is to ensure that β ¼ βm and α ¼ 0.
Technically, this is also why chromaticity is

problematic—if the central energy slice is matched, but
other energy slices are not, this will result in an emittance
growth. Hence, to avoid mismatching, chromaticity
between stages must be canceled.

2. Dispersion cancellation

When dipoles are used for in- and out-coupling of
drivers, a correlation between energy and position—
dispersion—is intentionally introduced to separate beams
of different energy. This also disperses the accelerating
beam if it has a nonzero energy spread, introducing a
projected emittance growth. We can estimate this emittance
growth in a stage from an uncorrected (first-order)
dispersion to be

ΔϵD ≈
1

2

!
D2

x

βm
þ βmD2

x0

"
σ2δ; ð14Þ

where Dx is the dispersion, Dx0 is the dispersion prime
(i.e., energy-angle correlation), and βm is the matched
beta function in the stage. Using this relation, we can
obtain approximate limits for (first-order) dispersion:
Dx ≪

ffiffiffiffiffiffiffiffiffiffi
2ϵβm

p
=σδ and Dx0 ≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵ=βm

p
=σδ, where ϵ is the

geometric emittance of the beam. As an example, a 1 GeV
beam with 1% energy spread and 1 mmmrad normalized
emittance staged between plasma accelerators of density
1016 cm−3 will require dispersion and dispersion-prime
cancellation to much better than 0.18 mm and 55 mrad,
respectively—this can be quite challenging. We should also
note that, given the large dispersion often introduced in
strong dipoles, we may also need to consider higher-order
dispersion.
Moreover, dispersion can cause additional problems

beyond just an increased projected emittance. If the longi-
tudinal phase space of the bunchhas a correlation—as it often
does—a dispersion implies that the bunch has a tilt and/or
a curvature. Such an asymmetry can seed a beam-breakup
[25] or hosing instability [26,27], which can lead to more
severe emittance growth.

3. Coulomb scattering

Plasma accelerators require on-axis ionized gases or
vapors. This inevitably causes some emittance growth
by Coulomb scattering—random collisions between beam
particles and atoms or ions. The rate of emittance growth is
given by [48–50]

dϵn
ds

≈
2πr2eβx

γ

$
niZ2

i lnΛþ 1.78n0ZðZ þ 1Þ ln
!
287ffiffiffiffi
Z

p
"%

;

ð15Þ

where ni and n0 are the ion and neutral-atom densities,
respectively, Zi is the average ionization state of the ions, Z
is the atomic number, βx is the Twiss beta function, γ is the
relativistic Lorentz factor, lnΛ is the Coulomb logarithm,
and re is the classical electron radius.
In a typical plasma-accelerator stage, the emittance

growth is negligible—this is because, while the density
may be high, the beta function is very small due to strong
focusing. However, this is not the case between stages:
Here, the beta function increases rapidly, placing con-
straints on the density of ions and neutral atoms, especially
for high-Z gas species. To avoid emittance growth between
stages, differential pumping can be used to reduce the gas
density outside the stage, but care must be taken to avoid
transverse wakefields from small-aperture beam pipes. In
addition, rapid beam capture will help in reducing the
maximum beta function as well as the overall distance
where scattering can occur. Lastly, use of vacuum windows
and plasma mirrors can also cause significant scattering,
which may make them unviable for use in low-emittance
plasma accelerators (depending on the material thickness
and density, as well as the beam energy).

B. Isochronicity

During acceleration in the plasma wake, one rarely has to
worry about changes to the bunch length—it is effectively
conserved. However, outside of the stage, there are multiple
ways in which the bunch can be lengthened or compressed.
This can be detrimental to beam loading and energy-spread
conservation [51,52].
If dipoles are used to separate a driver and an accel-

erating bunch, perhaps in the form of a chicane, particles
of different energy may travel different distances before
arriving at the next stage—this is the idea behind a bunch
compressor. In technical terms, we talk about the R56

matrix element of the accelerator lattice, also known as the
longitudinal dispersion (R16 and R36 are the horizontal and
vertical dispersions, respectively). For the bunch length to
be conserved during staging, we will require that R56 ¼ 0,
in which case the lattice is called isochronous. We can
place a limit on this condition for a bunch of a given energy
spread σδ and bunch length σz:

jR56j ≪
σz
σδ

: ð16Þ

In special cases, it can be beneficial to not cancel R56

completely—especially if combined with chirped acceler-
ator stages and symmetric current profiles. If one stage
produces a chirped bunch (e.g., the front particles have
lower energy), a carefully tuned R56 can overcompress the
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of Kl ¼ 2=L. Outside the stage, the beam will diverge to a
beta function β ≈ L2=βm, assuming a small matched beta
function (i.e., βm ≪ L). Putting it all together, we find that
the chromaticity is W ≈ 2L=βm, and, therefore, the pro-
jected emittance growth will be approximately

Δϵ2

ϵ20
≈
4L2

β2m
σ2δ: ð10Þ

This sets strict limits for the acceptable energy spread.
Take, for instance, a plasma accelerator stage at energy
E ¼ 10 GeV with plasma density n ¼ 1016 cm−3 (giving
βm ¼ 10 mm), using a capture length of L ¼ 1 m and
limited to an emittance growth of 1%—the maximum
energy spread is only 0.07% rms.
In conclusion, chromaticity places severe constraints

on the staging of plasma-wakefield accelerators if left
uncorrected. Moreover, while it may be possible to correct
this chromaticity, it will likely take up significant space
between stages. This, in combination with in- and out-
coupling drivers, can significantly reduce the effective
gradient of a multistage plasma accelerator. Ultimately,
the challenge will be to outperform conventional rf accel-
erators and remain in the GV/m range.

III. TECHNICAL REQUIREMENTS

While chromaticity is perhaps the biggest challenge, there
are also many other considerations to keep in mind when
designing a coherent staging scheme. In this section, we will
review some of the most important requirements in detail.

A. Emittance preservation

Delivering low-emittance beams is of prime importance
for most high-energy accelerator applications. In a linear
collider, the luminosity—proportional to the collision
rate—is given by [3]

L ¼ HD
N2fγ

4π
ffiffiffiffiffiffiffiffiffiffiffi
βxϵnx

p ffiffiffiffiffiffiffiffiffiffiffi
βyϵny

p ; ð11Þ

where N is the number of bunch particles, f is the collision
frequency, HD is a numerical factor, βx and βy are the
interaction point beta functions, and ϵny and ϵny are the
normalized transverse emittances. Similarly, in a free-
electron laser (FEL), the lasing power is determined by
the 6D brightness [41]

B6D ¼ N
ϵnxϵnyϵnz

; ð12Þ

where ϵnz is the normalized emittance of the longitudinal
phase space (proportional to the longitudinal-phase-space
area). Equations (11) and (12) indicate that low emittance is
crucial—FELs require normalized transverse emittances of
the order of 0.1–1 mmmrad, whereas linear colliders may
require emittances as low as 0.01 mmmrad (in one plane).
Technically, conservation of charge (N) is equally impor-
tant, and in practice we will require close to 100% charge-
coupling efficiency between stages.
Producing emittances of the order of 1 mmmrad is

routinely done using photocathodes [42] and even plasma-
injection techniques [43–45], whereas reaching emittances
of the order of 0.1 mmmrad or lower (with non-negligible
charge) currently requires the use of a damping ring [46].
Preserving this emittance through a large number of stages
will set very stringent limits on the emittance growth per
stage. It can be useful to imagine an emittance budget,
where each stage gets to contribute only a certain emittance
growth to the final emittance. For plasma-wakefield accel-
erators with many stages, this growth will therefore be
limited to 0.001–0.1 mmmrad or less per stage.

1. Matching

Mismatching bunches with a finite energy spread leads to
emittance growth, because the phase space ellipses of
different energy slices rotate at different rates—eventually
smearing out to a larger area. The end result is a matched
beamwith a larger emittance (see Fig. 4 for illustration). This
process stops (or saturates) after a distance Lsat ≈ βm=σδ,
after which the saturated emittance will be [47]
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FIG. 4. Mismatching of a beam with finite energy spread. The initial phase space (left panel) is mismatched to the focusing channel,
which leads to a smearing in phase space due to the different rates of rotation. This effect is seen to saturate at some point (right panel),
when the beam has been fully smeared in phase space, leading to emittance growth. Source: Ref. [47] (CC BY 3.0).
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of Kl ¼ 2=L. Outside the stage, the beam will diverge to a
beta function β ≈ L2=βm, assuming a small matched beta
function (i.e., βm ≪ L). Putting it all together, we find that
the chromaticity is W ≈ 2L=βm, and, therefore, the pro-
jected emittance growth will be approximately

Δϵ2

ϵ20
≈
4L2

β2m
σ2δ: ð10Þ

This sets strict limits for the acceptable energy spread.
Take, for instance, a plasma accelerator stage at energy
E ¼ 10 GeV with plasma density n ¼ 1016 cm−3 (giving
βm ¼ 10 mm), using a capture length of L ¼ 1 m and
limited to an emittance growth of 1%—the maximum
energy spread is only 0.07% rms.
In conclusion, chromaticity places severe constraints

on the staging of plasma-wakefield accelerators if left
uncorrected. Moreover, while it may be possible to correct
this chromaticity, it will likely take up significant space
between stages. This, in combination with in- and out-
coupling drivers, can significantly reduce the effective
gradient of a multistage plasma accelerator. Ultimately,
the challenge will be to outperform conventional rf accel-
erators and remain in the GV/m range.

III. TECHNICAL REQUIREMENTS

While chromaticity is perhaps the biggest challenge, there
are also many other considerations to keep in mind when
designing a coherent staging scheme. In this section, we will
review some of the most important requirements in detail.

A. Emittance preservation

Delivering low-emittance beams is of prime importance
for most high-energy accelerator applications. In a linear
collider, the luminosity—proportional to the collision
rate—is given by [3]

L ¼ HD
N2fγ

4π
ffiffiffiffiffiffiffiffiffiffiffi
βxϵnx

p ffiffiffiffiffiffiffiffiffiffiffi
βyϵny

p ; ð11Þ

where N is the number of bunch particles, f is the collision
frequency, HD is a numerical factor, βx and βy are the
interaction point beta functions, and ϵny and ϵny are the
normalized transverse emittances. Similarly, in a free-
electron laser (FEL), the lasing power is determined by
the 6D brightness [41]

B6D ¼ N
ϵnxϵnyϵnz

; ð12Þ

where ϵnz is the normalized emittance of the longitudinal
phase space (proportional to the longitudinal-phase-space
area). Equations (11) and (12) indicate that low emittance is
crucial—FELs require normalized transverse emittances of
the order of 0.1–1 mmmrad, whereas linear colliders may
require emittances as low as 0.01 mmmrad (in one plane).
Technically, conservation of charge (N) is equally impor-
tant, and in practice we will require close to 100% charge-
coupling efficiency between stages.
Producing emittances of the order of 1 mmmrad is

routinely done using photocathodes [42] and even plasma-
injection techniques [43–45], whereas reaching emittances
of the order of 0.1 mmmrad or lower (with non-negligible
charge) currently requires the use of a damping ring [46].
Preserving this emittance through a large number of stages
will set very stringent limits on the emittance growth per
stage. It can be useful to imagine an emittance budget,
where each stage gets to contribute only a certain emittance
growth to the final emittance. For plasma-wakefield accel-
erators with many stages, this growth will therefore be
limited to 0.001–0.1 mmmrad or less per stage.

1. Matching

Mismatching bunches with a finite energy spread leads to
emittance growth, because the phase space ellipses of
different energy slices rotate at different rates—eventually
smearing out to a larger area. The end result is a matched
beamwith a larger emittance (see Fig. 4 for illustration). This
process stops (or saturates) after a distance Lsat ≈ βm=σδ,
after which the saturated emittance will be [47]
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of Kl ¼ 2=L. Outside the stage, the beam will diverge to a
beta function β ≈ L2=βm, assuming a small matched beta
function (i.e., βm ≪ L). Putting it all together, we find that
the chromaticity is W ≈ 2L=βm, and, therefore, the pro-
jected emittance growth will be approximately

Δϵ2

ϵ20
≈
4L2

β2m
σ2δ: ð10Þ

This sets strict limits for the acceptable energy spread.
Take, for instance, a plasma accelerator stage at energy
E ¼ 10 GeV with plasma density n ¼ 1016 cm−3 (giving
βm ¼ 10 mm), using a capture length of L ¼ 1 m and
limited to an emittance growth of 1%—the maximum
energy spread is only 0.07% rms.
In conclusion, chromaticity places severe constraints

on the staging of plasma-wakefield accelerators if left
uncorrected. Moreover, while it may be possible to correct
this chromaticity, it will likely take up significant space
between stages. This, in combination with in- and out-
coupling drivers, can significantly reduce the effective
gradient of a multistage plasma accelerator. Ultimately,
the challenge will be to outperform conventional rf accel-
erators and remain in the GV/m range.

III. TECHNICAL REQUIREMENTS

While chromaticity is perhaps the biggest challenge, there
are also many other considerations to keep in mind when
designing a coherent staging scheme. In this section, we will
review some of the most important requirements in detail.

A. Emittance preservation

Delivering low-emittance beams is of prime importance
for most high-energy accelerator applications. In a linear
collider, the luminosity—proportional to the collision
rate—is given by [3]

L ¼ HD
N2fγ

4π
ffiffiffiffiffiffiffiffiffiffiffi
βxϵnx

p ffiffiffiffiffiffiffiffiffiffiffi
βyϵny

p ; ð11Þ

where N is the number of bunch particles, f is the collision
frequency, HD is a numerical factor, βx and βy are the
interaction point beta functions, and ϵny and ϵny are the
normalized transverse emittances. Similarly, in a free-
electron laser (FEL), the lasing power is determined by
the 6D brightness [41]

B6D ¼ N
ϵnxϵnyϵnz

; ð12Þ

where ϵnz is the normalized emittance of the longitudinal
phase space (proportional to the longitudinal-phase-space
area). Equations (11) and (12) indicate that low emittance is
crucial—FELs require normalized transverse emittances of
the order of 0.1–1 mmmrad, whereas linear colliders may
require emittances as low as 0.01 mmmrad (in one plane).
Technically, conservation of charge (N) is equally impor-
tant, and in practice we will require close to 100% charge-
coupling efficiency between stages.
Producing emittances of the order of 1 mmmrad is

routinely done using photocathodes [42] and even plasma-
injection techniques [43–45], whereas reaching emittances
of the order of 0.1 mmmrad or lower (with non-negligible
charge) currently requires the use of a damping ring [46].
Preserving this emittance through a large number of stages
will set very stringent limits on the emittance growth per
stage. It can be useful to imagine an emittance budget,
where each stage gets to contribute only a certain emittance
growth to the final emittance. For plasma-wakefield accel-
erators with many stages, this growth will therefore be
limited to 0.001–0.1 mmmrad or less per stage.

1. Matching

Mismatching bunches with a finite energy spread leads to
emittance growth, because the phase space ellipses of
different energy slices rotate at different rates—eventually
smearing out to a larger area. The end result is a matched
beamwith a larger emittance (see Fig. 4 for illustration). This
process stops (or saturates) after a distance Lsat ≈ βm=σδ,
after which the saturated emittance will be [47]
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of Kl ¼ 2=L. Outside the stage, the beam will diverge to a
beta function β ≈ L2=βm, assuming a small matched beta
function (i.e., βm ≪ L). Putting it all together, we find that
the chromaticity is W ≈ 2L=βm, and, therefore, the pro-
jected emittance growth will be approximately

Δϵ2

ϵ20
≈
4L2

β2m
σ2δ: ð10Þ

This sets strict limits for the acceptable energy spread.
Take, for instance, a plasma accelerator stage at energy
E ¼ 10 GeV with plasma density n ¼ 1016 cm−3 (giving
βm ¼ 10 mm), using a capture length of L ¼ 1 m and
limited to an emittance growth of 1%—the maximum
energy spread is only 0.07% rms.
In conclusion, chromaticity places severe constraints

on the staging of plasma-wakefield accelerators if left
uncorrected. Moreover, while it may be possible to correct
this chromaticity, it will likely take up significant space
between stages. This, in combination with in- and out-
coupling drivers, can significantly reduce the effective
gradient of a multistage plasma accelerator. Ultimately,
the challenge will be to outperform conventional rf accel-
erators and remain in the GV/m range.

III. TECHNICAL REQUIREMENTS

While chromaticity is perhaps the biggest challenge, there
are also many other considerations to keep in mind when
designing a coherent staging scheme. In this section, we will
review some of the most important requirements in detail.

A. Emittance preservation

Delivering low-emittance beams is of prime importance
for most high-energy accelerator applications. In a linear
collider, the luminosity—proportional to the collision
rate—is given by [3]

L ¼ HD
N2fγ

4π
ffiffiffiffiffiffiffiffiffiffiffi
βxϵnx

p ffiffiffiffiffiffiffiffiffiffiffi
βyϵny

p ; ð11Þ

where N is the number of bunch particles, f is the collision
frequency, HD is a numerical factor, βx and βy are the
interaction point beta functions, and ϵny and ϵny are the
normalized transverse emittances. Similarly, in a free-
electron laser (FEL), the lasing power is determined by
the 6D brightness [41]

B6D ¼ N
ϵnxϵnyϵnz

; ð12Þ

where ϵnz is the normalized emittance of the longitudinal
phase space (proportional to the longitudinal-phase-space
area). Equations (11) and (12) indicate that low emittance is
crucial—FELs require normalized transverse emittances of
the order of 0.1–1 mmmrad, whereas linear colliders may
require emittances as low as 0.01 mmmrad (in one plane).
Technically, conservation of charge (N) is equally impor-
tant, and in practice we will require close to 100% charge-
coupling efficiency between stages.
Producing emittances of the order of 1 mmmrad is

routinely done using photocathodes [42] and even plasma-
injection techniques [43–45], whereas reaching emittances
of the order of 0.1 mmmrad or lower (with non-negligible
charge) currently requires the use of a damping ring [46].
Preserving this emittance through a large number of stages
will set very stringent limits on the emittance growth per
stage. It can be useful to imagine an emittance budget,
where each stage gets to contribute only a certain emittance
growth to the final emittance. For plasma-wakefield accel-
erators with many stages, this growth will therefore be
limited to 0.001–0.1 mmmrad or less per stage.

1. Matching

Mismatching bunches with a finite energy spread leads to
emittance growth, because the phase space ellipses of
different energy slices rotate at different rates—eventually
smearing out to a larger area. The end result is a matched
beamwith a larger emittance (see Fig. 4 for illustration). This
process stops (or saturates) after a distance Lsat ≈ βm=σδ,
after which the saturated emittance will be [47]
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FIG. 4. Mismatching of a beam with finite energy spread. The initial phase space (left panel) is mismatched to the focusing channel,
which leads to a smearing in phase space due to the different rates of rotation. This effect is seen to saturate at some point (right panel),
when the beam has been fully smeared in phase space, leading to emittance growth. Source: Ref. [47] (CC BY 3.0).
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Complete decoherence occurs after 1/𝜎𝛿 betatron oscillations. e.g. 
density 1017/cc, 1 GeV, 3% energy spread, 5 mm beta, alpha −1; 
matched beta is 1 mm, resulting in a saturated emittance growth of 
250% after a decoherence length of 0.2 m (33 betatron oscillations).
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• Strong focusing in the plasma 
results in small beam sizes and 
highly diverging beams  

• Difficult to capture and refocus 
without degrading the beam 
quality 

• Different energy slices are not 
all focused in the same way – 
an effect known as 
chromaticity.  

• Defined in terms of the 
chromatic amplitude which 
measures (to first order) the 
combined mismatch of the 
Twiss parameters α and β, for a 
relative energy offset δ = ΔE/E 

simple estimate of the transverse wakefield in a plasma
accelerator [29]

d
dz

!
Wx

Δx

"
≈

k4p
4πϵ0

; ð5Þ

we can estimate the relative chirp required to cancel the
transverse wakefield to be approximately

d
dz

!
Δγ
γ

"
≈ −

eQk2p
2πϵ0mec2

; ð6Þ

where Q is the estimated charge of the front particle
(representing the head of the bunch). As an example, for
a plasma accelerator of density 1016 cm−3 and bunch of
charge 100 pC (∼50 pC in the head) and length 50 μm, an
energy chirp of roughly 3% is required from head to tail.
The implication is that stable acceleration benefits from a
nonzero energy spread [30].
An alternative method proposed to suppress the beam-

breakup instability is to make use of ion motion inside
the wake to induce nonlinear focusing [31] to avoid the
resonance condition, albeit at the cost of direct emittance
growth [32,33].

C. Chromaticity

Strong focusing results in small beam sizes but, more
importantly, highly diverging beams. In terms of Courant-
Snyder or Twiss parameters [34], this means small beta
functions. To avoid emittance growth in a stage, the beta
function must be matched to

βm ¼ 1ffiffiffiffi
K

p ¼
ffiffiffiffiffi
2γ

p

kp
¼

ffiffiffiffiffiffiffiffiffiffi
2ϵ0E
ne2

r
; ð7Þ

where K is the focusing strength and E is the beam
energy—in this case, the natural divergence of the beam
is exactly countered by the focusing field such that the beta
function (and, hence, the beam size) stays constant. For a
plasma accelerator, the matched beta function is typically
on the millimeter-to-centimeter scale for GeV-level beams.
In addition, plasma-wakefield acceleration often results
in non-negligible energy spread because of the rapidly
changing (high-frequency) accelerating field structure—the
energy spread is often 1% or more. While this may be good
for BNS damping, these beams are difficult to capture and
refocus without degrading the beam quality, because the
different energy slices are not all focused in the same way
[35–37]—an effect known as chromaticity.
The chromaticity of the beam focusing is typically

defined in terms of the chromatic amplitude [38,39]

W ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi!∂α
∂δ −

α
β
∂β
∂δ

"
2

þ
!
1

β
∂β
∂δ

"
2

s

; ð8Þ

which measures (to first order) the combined mismatch of
the Twiss parameters α and β, for a relative energy offset
δ ¼ ΔE=E. This chromatic amplitude can be related to the
projected (energy-averaged) emittance growth via [40]

Δϵ2

ϵ20
¼ W2σ2δ þOðσ4δÞ; ð9Þ

expressed to lowest order in σδ (the relative rms energy
spread). It is important to note that this projected emittance
growth is not a “true” emittance growth, since the emittance
of each energy slice is conserved—it can, therefore, in
principle, be reversed. However, when entering the next
stage and observing strong focusing, such a phase space
reversal is practically impossible.
So how large do we expect the emittance growth to be?

Consider a simple example of staging: A beam of energy
spread σδ exits a stage with a beta function βm and then gets
refocused by a (thin) magnetic optics lens after a drift of
length L (see Fig. 3 for illustration). In simple cases like
this, the chromaticity added in the lens is approximately
ΔW ¼ βKl, where Kl is the integrated focusing strength
and β is the beta function in the lens. To capture and refocus
the beam each in a distance L, the focal length of the lens
must be L=2—resulting in an integrated focusing strength

FIG. 3. Example of emittance growth due to chromaticity.
A 10 GeV beam with 3% rms energy spread diverges from a
plasma accelerator of density 1016 cm−3 (βm ≈ 10 mm). A simple
beam optics lens captures and refocuses the beam into the next
stage, which introduces significant chromaticity. As a result, the
projected (energy-averaged) emittance increases by more than a
factor of 5.
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10GeV, 1016/cc with matched Beta 
10mm, L = 1m, limit emittance 
growth to 1% then max dE/E = 
0.07% so severe limit if uncorrected

simple estimate of the transverse wakefield in a plasma
accelerator [29]
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we can estimate the relative chirp required to cancel the
transverse wakefield to be approximately
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where Q is the estimated charge of the front particle
(representing the head of the bunch). As an example, for
a plasma accelerator of density 1016 cm−3 and bunch of
charge 100 pC (∼50 pC in the head) and length 50 μm, an
energy chirp of roughly 3% is required from head to tail.
The implication is that stable acceleration benefits from a
nonzero energy spread [30].
An alternative method proposed to suppress the beam-

breakup instability is to make use of ion motion inside
the wake to induce nonlinear focusing [31] to avoid the
resonance condition, albeit at the cost of direct emittance
growth [32,33].

C. Chromaticity

Strong focusing results in small beam sizes but, more
importantly, highly diverging beams. In terms of Courant-
Snyder or Twiss parameters [34], this means small beta
functions. To avoid emittance growth in a stage, the beta
function must be matched to

βm ¼ 1ffiffiffiffi
K

p ¼
ffiffiffiffiffi
2γ

p

kp
¼

ffiffiffiffiffiffiffiffiffiffi
2ϵ0E
ne2

r
; ð7Þ

where K is the focusing strength and E is the beam
energy—in this case, the natural divergence of the beam
is exactly countered by the focusing field such that the beta
function (and, hence, the beam size) stays constant. For a
plasma accelerator, the matched beta function is typically
on the millimeter-to-centimeter scale for GeV-level beams.
In addition, plasma-wakefield acceleration often results
in non-negligible energy spread because of the rapidly
changing (high-frequency) accelerating field structure—the
energy spread is often 1% or more. While this may be good
for BNS damping, these beams are difficult to capture and
refocus without degrading the beam quality, because the
different energy slices are not all focused in the same way
[35–37]—an effect known as chromaticity.
The chromaticity of the beam focusing is typically

defined in terms of the chromatic amplitude [38,39]

W ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi!∂α
∂δ −

α
β
∂β
∂δ

"
2

þ
!
1

β
∂β
∂δ

"
2

s
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which measures (to first order) the combined mismatch of
the Twiss parameters α and β, for a relative energy offset
δ ¼ ΔE=E. This chromatic amplitude can be related to the
projected (energy-averaged) emittance growth via [40]

Δϵ2

ϵ20
¼ W2σ2δ þOðσ4δÞ; ð9Þ

expressed to lowest order in σδ (the relative rms energy
spread). It is important to note that this projected emittance
growth is not a “true” emittance growth, since the emittance
of each energy slice is conserved—it can, therefore, in
principle, be reversed. However, when entering the next
stage and observing strong focusing, such a phase space
reversal is practically impossible.
So how large do we expect the emittance growth to be?

Consider a simple example of staging: A beam of energy
spread σδ exits a stage with a beta function βm and then gets
refocused by a (thin) magnetic optics lens after a drift of
length L (see Fig. 3 for illustration). In simple cases like
this, the chromaticity added in the lens is approximately
ΔW ¼ βKl, where Kl is the integrated focusing strength
and β is the beta function in the lens. To capture and refocus
the beam each in a distance L, the focal length of the lens
must be L=2—resulting in an integrated focusing strength

FIG. 3. Example of emittance growth due to chromaticity.
A 10 GeV beam with 3% rms energy spread diverges from a
plasma accelerator of density 1016 cm−3 (βm ≈ 10 mm). A simple
beam optics lens captures and refocuses the beam into the next
stage, which introduces significant chromaticity. As a result, the
projected (energy-averaged) emittance increases by more than a
factor of 5.
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F =
L
2

= (Kl)−1W = βKl

apochromatic telescope of arbitrary magnification, they
concluded that while not providing sufficient energy accep-
tance for CLIC, the method was of considerable interest in
less extreme cases. However, their contribution has until
recently remained largely ignored.
Now, a surge in advanced accelerator research has lead to

a renaissance of interest in apochromatic focusing.
Advances on the topic were made by Balandin et al. in
work motivated by requirements at the European XFEL [5],
showing e.g. that any drift-quadrupole beam line has a set of
unique first-order apochromatic Twiss parameters [6], as
well as finding a proof-of-principle 20-quad first-order
apochromatic FODO-lattice [7]. Looking ahead, challeng-
ing demands for tightly focused beams, high emittance
preservation and short beam lines in emerging accelerator
technologies such as laser- and plasma wakefield acceler-
ators highlight the need for apochromatic beam line design.
Although earlier work has successfully demonstrated the

plausibility of apochromatic focusing, mostly by analytical
means and by employing various symmetries, it has not
been sufficiently illustrated how to systematically construct
such lattices in general. In this paper, we take a more
general approach and present a methodical framework for
computing apochromatic beam lines corrected to arbitrary
order, both with and without the use of symmetric lattices.

II. CHROMATICITY DEFINITIONS

Before delving into how chromatic errors are canceled, it
is necessary to distinguish between two closely related, but
different quantities. The chromaticity

ξ ¼ 1

2π
∂μ
∂δ ; ð2Þ

where μ is the betatron phase advance [8], quantifies the
chromatic error of a single particle, whereas the chromatic
amplitude [9] or W-function

W ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi"∂α
∂δ −

α
β
∂β
∂δ

#
2

þ
"
1

β
∂β
∂δ

#
2

s

ð3Þ

quantifies the chromatic error of the beam as a distribution.
In Eq. (3) we have used the definitions

β ¼ hx2i
ϵ

ð4Þ

α ¼ −
hxx0i
ϵ

¼ −
1

2

∂β
∂s ; ð5Þ

where x, x0, ϵ and s are transverse position, angle, geo-
metric emittance and longitudinal position. β and α are
better known as the Courant-Snyder or Twiss parameters
[8] used to describe beam focusing in an accelerator lattice,
and all conclusions in this paper are subject to the
approximations of this framework. Note that throughout
this paper, we will use ∂

∂δ as shorthand for ∂
∂δ jδ¼0, i.e. the

chromatic derivative evaluated at δ ¼ 0.
Circular accelerators demand strict control of tune to

avoid resonances, hence the chromaticity ξ must be

FIG. 2. Plots of
ffiffiffi
β

p
(proportional to rms beam size) vs beam line axis s, and chromatic dependence of βðδÞ and αðδÞ vs δ, shown for

different orders of apochromatic focusing. All solutions satisfy initial and final Twiss parameters β ¼ 1 m and α ¼ 0 in both planes,
with a 1 m drift before and after the first and last quadrupoles respectively. The chromatic dependence of the lattice flattens progressively
with higher orders of apochromatic focusing; No chromatic correction (a) results in chromatic amplitude W ≠ 0 (a slope) at nominal
energy δ ¼ 0, whereas first order correction (b) removes this chromatic amplitude W ¼ 0 (no slope), and second order correction
(c) flattens it further by removing second order chromatic errors (curvature) around δ ¼ 0. Overall, the chromatic dependence can be
decreased at the cost of longer lattices with more quadrupoles, where the appropriate order of the correction is determined by the energy
spread of the beam.
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• The driver initiates the wake so 
the main beam need to overlap 
well in phase space 

• Main beam should be aligned to 
the driver to a fraction of the 
transverse beam size and angle 

• Challenging for small emittance 
and small betas 

• Similarly to mismatch and 
dispersion leakage, finite energy 
spread beams rotate at different 
rates and smear out the phase 
space leading to projected 
emittance growth
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bunch in such a way that the bunch length is conserved, but
the longitudinal phase space is flipped. In this case, the next
stage will exactly dechirp the bunch to give it a significantly
lower energy spread (see Fig. 5) [53].
A different but related problem can occur even if the

longitudinal dispersion is canceled and the energy spread is
negligible. If the bunch is very short (μm-scale) and the
divergence is large—as is often the case in laser plasma
accelerators—particles with a large angle will travel further
before being focused back to a small beam size (related to
the R25 and R45 matrix elements). To avoid bunch length-
ening, the distance to the first or last optic before and after a
stage is therefore restricted by

ΔL ≈
1

2
σ2x0L ≪ σz; ð17Þ

where ΔL is the path length difference for particles at an
angle of σx0 (i.e., the rms divergence) and L is the distance
to the optic. Normally, this is a problem only for lower
energy bunches (sub-GeV), because the matched beta
function is smaller (∼ ffiffiffi

γ
p

) and the geometric emittance is
higher (∼1=γ)—both leading to higher divergence. For
example, a 200 MeV bunch of length 1 μm and normalized
emittance 1 mmmrad exiting a laser plasma accelerator at
density 1017 cm−3 will have a divergence of 2.3 mrad and,
therefore, must, according to Eq. (17), be captured in much
less than 37 cm.

C. Tolerances

All of the above considerations have assumed that the
staged accelerator is perfectly stable. This is, of course, not
the case in practice—everything has a certain level of
random jitter. Two particularly important tolerances for
jitter are those related to the synchronization and the
transverse misalignment between the driver and the accel-
erating beam.

1. Synchronization

Plasma-wakefield accelerators have high-frequency
electromagnetic fields. For stable acceleration, the driver

and the accelerating beam must be synchronized to
within a small fraction of the wakefield period. Con-
sider an accelerator with a wakefield that changes from 0
to Ez in a time 1=ω—an error in the relative arrival
time Δt will result in a relative error of the accelerating
gradient of

ΔEz

Ez
≈ ωΔt: ð18Þ

Random timing jitter, therefore, results in a correspond-
ing energy jitter—an effective multishot energy spread.
As an example, to maintain a 1% energy stability in a
plasma accelerator stage operating at density 1017 cm−3

(characteristic timescale 1=ωp ¼ 177 fs), one would need
to synchronize the driver and the accelerating beam to
better than 2 fs. This is a very challenging goal—current
state-of-the-art techniques can provide synchronization
jitter down to about 10 fs rms [54,55]. In addition, long-
term timing drifts need to be measured and corrected for
with a feedback system operating at the same timescales.

2. Transverse misalignments

Misalignment tolerances will also prove particularly
challenging for plasma-wakefield accelerators. The accel-
erating beam, the driver, and the accelerating structure all
need to be well aligned throughout the full length of the
accelerator. Fortunately, this problem is partially mitigated
in a plasma accelerator, since the driver defines the location
of the accelerating structure—only the driver–accelerating
beam offset matters. Assuming instabilities such as hosing
and beam breakup can be mitigated, what level of emittance
growth do we expect?
Similar to the cases of mismatching (see Sec. III A 1) and

dispersion (see Sec. III A 2), beams with finite energy
spread will see the centroids of different energy slices rotate
in phase space at different rates—leading to a smearing
in phase space. Consider a driver–accelerating beam pair
with a relative position offset Δx and an angle offset Δx0,
propagating in a stage with a matched beta function βm (see
Fig. 6 for illustration). The projected emittance growth
caused by such an offset will gradually increase along the
accelerator and then saturate at [56]

Δϵj ≈
1

2

"
Δx2

βm
þ βmΔx02

#
: ð19Þ

In simple terms, the driver and the accelerating beam must
overlap well in phase space: Δx ≪

ffiffiffiffiffiffiffiffiffiffi
2βmϵ

p
and Δx0 ≪ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ϵ=βm
p

, where ϵ is the geometric emittance of the
accelerating beam. This is particularly challenging for
small βm (i.e., high accelerating gradients) and lower
emittances, as the beam is focused to the submicrometer
scale. If multiple stages are used, the emittance growth per
stage is further constrained—typically by a factor of

FIG. 5. Longitudinal phase space reversal in a chicane with a
fine-tuned R56, which can be used to significantly reduce the
energy spread by compensating the chirp from one stage in the
following stage. Source: Ref. [53].
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Δx′ ≪ 2ϵ/βm

e.g. for densities with GeV/m 
gradients implies <100nm 
and <5µrad (will be true for 
laser drivers as well)

bunch in such a way that the bunch length is conserved, but
the longitudinal phase space is flipped. In this case, the next
stage will exactly dechirp the bunch to give it a significantly
lower energy spread (see Fig. 5) [53].
A different but related problem can occur even if the

longitudinal dispersion is canceled and the energy spread is
negligible. If the bunch is very short (μm-scale) and the
divergence is large—as is often the case in laser plasma
accelerators—particles with a large angle will travel further
before being focused back to a small beam size (related to
the R25 and R45 matrix elements). To avoid bunch length-
ening, the distance to the first or last optic before and after a
stage is therefore restricted by
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where ΔL is the path length difference for particles at an
angle of σx0 (i.e., the rms divergence) and L is the distance
to the optic. Normally, this is a problem only for lower
energy bunches (sub-GeV), because the matched beta
function is smaller (∼ ffiffiffi

γ
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) and the geometric emittance is
higher (∼1=γ)—both leading to higher divergence. For
example, a 200 MeV bunch of length 1 μm and normalized
emittance 1 mmmrad exiting a laser plasma accelerator at
density 1017 cm−3 will have a divergence of 2.3 mrad and,
therefore, must, according to Eq. (17), be captured in much
less than 37 cm.

C. Tolerances

All of the above considerations have assumed that the
staged accelerator is perfectly stable. This is, of course, not
the case in practice—everything has a certain level of
random jitter. Two particularly important tolerances for
jitter are those related to the synchronization and the
transverse misalignment between the driver and the accel-
erating beam.

1. Synchronization

Plasma-wakefield accelerators have high-frequency
electromagnetic fields. For stable acceleration, the driver

and the accelerating beam must be synchronized to
within a small fraction of the wakefield period. Con-
sider an accelerator with a wakefield that changes from 0
to Ez in a time 1=ω—an error in the relative arrival
time Δt will result in a relative error of the accelerating
gradient of
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Random timing jitter, therefore, results in a correspond-
ing energy jitter—an effective multishot energy spread.
As an example, to maintain a 1% energy stability in a
plasma accelerator stage operating at density 1017 cm−3

(characteristic timescale 1=ωp ¼ 177 fs), one would need
to synchronize the driver and the accelerating beam to
better than 2 fs. This is a very challenging goal—current
state-of-the-art techniques can provide synchronization
jitter down to about 10 fs rms [54,55]. In addition, long-
term timing drifts need to be measured and corrected for
with a feedback system operating at the same timescales.

2. Transverse misalignments

Misalignment tolerances will also prove particularly
challenging for plasma-wakefield accelerators. The accel-
erating beam, the driver, and the accelerating structure all
need to be well aligned throughout the full length of the
accelerator. Fortunately, this problem is partially mitigated
in a plasma accelerator, since the driver defines the location
of the accelerating structure—only the driver–accelerating
beam offset matters. Assuming instabilities such as hosing
and beam breakup can be mitigated, what level of emittance
growth do we expect?
Similar to the cases of mismatching (see Sec. III A 1) and

dispersion (see Sec. III A 2), beams with finite energy
spread will see the centroids of different energy slices rotate
in phase space at different rates—leading to a smearing
in phase space. Consider a driver–accelerating beam pair
with a relative position offset Δx and an angle offset Δx0,
propagating in a stage with a matched beta function βm (see
Fig. 6 for illustration). The projected emittance growth
caused by such an offset will gradually increase along the
accelerator and then saturate at [56]
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In simple terms, the driver and the accelerating beam must
overlap well in phase space: Δx ≪
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2βmϵ

p
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p

, where ϵ is the geometric emittance of the
accelerating beam. This is particularly challenging for
small βm (i.e., high accelerating gradients) and lower
emittances, as the beam is focused to the submicrometer
scale. If multiple stages are used, the emittance growth per
stage is further constrained—typically by a factor of

FIG. 5. Longitudinal phase space reversal in a chicane with a
fine-tuned R56, which can be used to significantly reduce the
energy spread by compensating the chirp from one stage in the
following stage. Source: Ref. [53].
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• Extraction and injection optics 
should be symmetric (same 
optics but reverse order) 

• Either mirror symmetric (C) or 
rotationally symmetric (S) 
chicane 

• C: less total bending, less 
synchrotron radiation 

• S: injection and extraction on 
opposite sides freeing up space 
for beam dumps and diverting 
radiation away from beam 
distribution and injection 
systems

matched [2], the beam envelope will oscillate and the projected
emittance increases. The Twiss [3] matching condition at the
plasma cell is

βx ¼ βy ¼ βmat ¼
ffiffiffiffiffiffi
2γ

p

kp
; ð1Þ

αx ¼ αy ¼ 0; ð2Þ

where kp is the plasma wavenumber and γ is the Lorentz factor. For
our parameters, βmat ¼ 2:3 cm at 100 GeV.

2.3. Dispersion cancellation

The drive beam injection/extraction dipoles also disperse the
main beam, due to its energy spread. Very small emittances
require cancellation of dispersion:

Dx ¼D0
x ¼ 0; ð3Þ

where Dx is the first-order dispersion. Higher order dispersions
may also require cancellation to avoid emittance growth.

2.4. Isochronicity

The dipoles form a chicane with a non-zero longitudinal dis-
persion R56. This leads to bunch lengthening or compression,
which alters beam loading and the energy spread might increase.
To avoid this we require

R56⪡
σz

σE
; ð4Þ

which is Oð1 mmÞ for our parameters.

2.5. Chromaticity cancellation

Placing quadrupoles immediately before and after the plasma
will focus the drive and main beams differently due to their energy
difference, hence injection/extraction dipoles should be placed
between the plasma and quadrupoles. However, this allows tightly
focused main beams to diverge significantly after exiting the
plasma, resulting in a large chromatic amplitude W. Since emit-
tance growth from chromaticity is given by Δϵ=ϵ0 ¼ 1=
2W2σ2

EþOðσ4
EÞ, we require

Wx ¼Wy ¼ 0; ð5Þ

in which case the σ4
E-term will dominate chromatic emittance

growth.

3. Drive beam injection and extraction

3.1. Symmetry between injection and extraction

After plasma interaction, particles in the rear of the drive beam
will have lost a significant fraction of their energy, but those in the
front will remain at the injected energy. We assume that injection
and extraction may be treated as inverse processes using the same
optics, but in reverse order. This enforces either a mirror sym-
metric (C) or rotationally (S) symmetric chicane (Fig. 1). The C-
chicane has less total bending, producing less synchrotron radia-
tion, whereas the S-chicane places injection and extraction on
opposite sides, freeing up space for beam dumps and diverting
radiation away from drive beam distribution and injection
systems.

3.2. Injection/extraction dipole length

In order to reduce chromaticity, the distance to the first
quadrupole should be minimized. The two beams will separate in
the dipole by a distance

Δx¼
1
2
l2dBce

1
Ed

%
1
Em

" #
; ð6Þ

where ld is the dipole length, B is the dipole magnetic field
strength, and Em is the main beam energy.

A defocusing quadrupole placed next to the dipole can be used
to further separate the beams, hence shortening the necessary
dipole length. However, it also focuses the drive beam and leads to
larger dispersion. Injector/extractor design has not been studied in
detail in this work.

3.3. Dispersion cancellation

Although C and S-chicanes intrinsically cancel dispersion, they
do not in the presence of quadrupoles. This can be corrected by
either appropriately matching quadrupoles or by introducing extra
dipoles. However, quadrupole dispersion matching is not inde-
pendent of beta and chromaticity matching, further complicating
their simultaneous matching. Adding extra dipoles allows disper-
sion cancellation independently of quadrupole matching.

Using a mirror symmetric quadrupole lattice, a single extra
dipole per side is necessary, satisfying D0

x ¼ 0 for C-chicanes or
Dx¼0 for S-chicanes at the point of symmetry.

Fig. 1. Symmetric layouts for injection/extraction dipoles. A mirror symmetric C-chicane is shown in (a), and a rotationally symmetric S-chicane is shown in (b).
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where kp is the plasma wavenumber and γ is the Lorentz factor. For
our parameters, βmat ¼ 2:3 cm at 100 GeV.
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main beam, due to its energy spread. Very small emittances
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Dx ¼D0
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where Dx is the first-order dispersion. Higher order dispersions
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persion R56. This leads to bunch lengthening or compression,
which alters beam loading and the energy spread might increase.
To avoid this we require
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which is Oð1 mmÞ for our parameters.
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will focus the drive and main beams differently due to their energy
difference, hence injection/extraction dipoles should be placed
between the plasma and quadrupoles. However, this allows tightly
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in which case the σ4
E-term will dominate chromatic emittance

growth.

3. Drive beam injection and extraction

3.1. Symmetry between injection and extraction

After plasma interaction, particles in the rear of the drive beam
will have lost a significant fraction of their energy, but those in the
front will remain at the injected energy. We assume that injection
and extraction may be treated as inverse processes using the same
optics, but in reverse order. This enforces either a mirror sym-
metric (C) or rotationally (S) symmetric chicane (Fig. 1). The C-
chicane has less total bending, producing less synchrotron radia-
tion, whereas the S-chicane places injection and extraction on
opposite sides, freeing up space for beam dumps and diverting
radiation away from drive beam distribution and injection
systems.

3.2. Injection/extraction dipole length

In order to reduce chromaticity, the distance to the first
quadrupole should be minimized. The two beams will separate in
the dipole by a distance
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where ld is the dipole length, B is the dipole magnetic field
strength, and Em is the main beam energy.

A defocusing quadrupole placed next to the dipole can be used
to further separate the beams, hence shortening the necessary
dipole length. However, it also focuses the drive beam and leads to
larger dispersion. Injector/extractor design has not been studied in
detail in this work.

3.3. Dispersion cancellation

Although C and S-chicanes intrinsically cancel dispersion, they
do not in the presence of quadrupoles. This can be corrected by
either appropriately matching quadrupoles or by introducing extra
dipoles. However, quadrupole dispersion matching is not inde-
pendent of beta and chromaticity matching, further complicating
their simultaneous matching. Adding extra dipoles allows disper-
sion cancellation independently of quadrupole matching.

Using a mirror symmetric quadrupole lattice, a single extra
dipole per side is necessary, satisfying D0

x ¼ 0 for C-chicanes or
Dx¼0 for S-chicanes at the point of symmetry.

Fig. 1. Symmetric layouts for injection/extraction dipoles. A mirror symmetric C-chicane is shown in (a), and a rotationally symmetric S-chicane is shown in (b).
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Some considerations: 
• 10GeV drive, infinite witness, 1T, 60cm long dipole gives 1cm offset 
• Dipole + septum combination? 
• Kickers not fast enough (~1ns rise time) 
• TCAV likely won’t handle 100% energy spread 
• Caution that need high power beam dumps
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• Dipoles used for in/out coupling 

• Gives a correlation between energy 
and position = dispersion that 
intentionally introduces separation 
between beams of different energy 

• Will also disperse single beam with 
finite energy spread producing 
projected emittance growth

ϵsat
ϵ

¼ 1

2

!
ð1þ α2Þ βm

β
þ β
βm

"
; ð13Þ

where α and β are the Twiss parameters at the plasma
entrance (assuming a flattop density profile). As seen in
Eq. (13), the only way to avoid emittance growth from
mismatching is to ensure that β ¼ βm and α ¼ 0.
Technically, this is also why chromaticity is

problematic—if the central energy slice is matched, but
other energy slices are not, this will result in an emittance
growth. Hence, to avoid mismatching, chromaticity
between stages must be canceled.

2. Dispersion cancellation

When dipoles are used for in- and out-coupling of
drivers, a correlation between energy and position—
dispersion—is intentionally introduced to separate beams
of different energy. This also disperses the accelerating
beam if it has a nonzero energy spread, introducing a
projected emittance growth. We can estimate this emittance
growth in a stage from an uncorrected (first-order)
dispersion to be

ΔϵD ≈
1

2

!
D2

x

βm
þ βmD2

x0

"
σ2δ; ð14Þ

where Dx is the dispersion, Dx0 is the dispersion prime
(i.e., energy-angle correlation), and βm is the matched
beta function in the stage. Using this relation, we can
obtain approximate limits for (first-order) dispersion:
Dx ≪

ffiffiffiffiffiffiffiffiffiffi
2ϵβm

p
=σδ and Dx0 ≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵ=βm

p
=σδ, where ϵ is the

geometric emittance of the beam. As an example, a 1 GeV
beam with 1% energy spread and 1 mmmrad normalized
emittance staged between plasma accelerators of density
1016 cm−3 will require dispersion and dispersion-prime
cancellation to much better than 0.18 mm and 55 mrad,
respectively—this can be quite challenging. We should also
note that, given the large dispersion often introduced in
strong dipoles, we may also need to consider higher-order
dispersion.
Moreover, dispersion can cause additional problems

beyond just an increased projected emittance. If the longi-
tudinal phase space of the bunchhas a correlation—as it often
does—a dispersion implies that the bunch has a tilt and/or
a curvature. Such an asymmetry can seed a beam-breakup
[25] or hosing instability [26,27], which can lead to more
severe emittance growth.

3. Coulomb scattering

Plasma accelerators require on-axis ionized gases or
vapors. This inevitably causes some emittance growth
by Coulomb scattering—random collisions between beam
particles and atoms or ions. The rate of emittance growth is
given by [48–50]

dϵn
ds

≈
2πr2eβx

γ

$
niZ2

i lnΛþ 1.78n0ZðZ þ 1Þ ln
!
287ffiffiffiffi
Z

p
"%

;

ð15Þ

where ni and n0 are the ion and neutral-atom densities,
respectively, Zi is the average ionization state of the ions, Z
is the atomic number, βx is the Twiss beta function, γ is the
relativistic Lorentz factor, lnΛ is the Coulomb logarithm,
and re is the classical electron radius.
In a typical plasma-accelerator stage, the emittance

growth is negligible—this is because, while the density
may be high, the beta function is very small due to strong
focusing. However, this is not the case between stages:
Here, the beta function increases rapidly, placing con-
straints on the density of ions and neutral atoms, especially
for high-Z gas species. To avoid emittance growth between
stages, differential pumping can be used to reduce the gas
density outside the stage, but care must be taken to avoid
transverse wakefields from small-aperture beam pipes. In
addition, rapid beam capture will help in reducing the
maximum beta function as well as the overall distance
where scattering can occur. Lastly, use of vacuum windows
and plasma mirrors can also cause significant scattering,
which may make them unviable for use in low-emittance
plasma accelerators (depending on the material thickness
and density, as well as the beam energy).

B. Isochronicity

During acceleration in the plasma wake, one rarely has to
worry about changes to the bunch length—it is effectively
conserved. However, outside of the stage, there are multiple
ways in which the bunch can be lengthened or compressed.
This can be detrimental to beam loading and energy-spread
conservation [51,52].
If dipoles are used to separate a driver and an accel-

erating bunch, perhaps in the form of a chicane, particles
of different energy may travel different distances before
arriving at the next stage—this is the idea behind a bunch
compressor. In technical terms, we talk about the R56

matrix element of the accelerator lattice, also known as the
longitudinal dispersion (R16 and R36 are the horizontal and
vertical dispersions, respectively). For the bunch length to
be conserved during staging, we will require that R56 ¼ 0,
in which case the lattice is called isochronous. We can
place a limit on this condition for a bunch of a given energy
spread σδ and bunch length σz:

jR56j ≪
σz
σδ

: ð16Þ

In special cases, it can be beneficial to not cancel R56

completely—especially if combined with chirped acceler-
ator stages and symmetric current profiles. If one stage
produces a chirped bunch (e.g., the front particles have
lower energy), a carefully tuned R56 can overcompress the
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where α and β are the Twiss parameters at the plasma
entrance (assuming a flattop density profile). As seen in
Eq. (13), the only way to avoid emittance growth from
mismatching is to ensure that β ¼ βm and α ¼ 0.
Technically, this is also why chromaticity is

problematic—if the central energy slice is matched, but
other energy slices are not, this will result in an emittance
growth. Hence, to avoid mismatching, chromaticity
between stages must be canceled.

2. Dispersion cancellation

When dipoles are used for in- and out-coupling of
drivers, a correlation between energy and position—
dispersion—is intentionally introduced to separate beams
of different energy. This also disperses the accelerating
beam if it has a nonzero energy spread, introducing a
projected emittance growth. We can estimate this emittance
growth in a stage from an uncorrected (first-order)
dispersion to be
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where Dx is the dispersion, Dx0 is the dispersion prime
(i.e., energy-angle correlation), and βm is the matched
beta function in the stage. Using this relation, we can
obtain approximate limits for (first-order) dispersion:
Dx ≪

ffiffiffiffiffiffiffiffiffiffi
2ϵβm

p
=σδ and Dx0 ≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵ=βm

p
=σδ, where ϵ is the

geometric emittance of the beam. As an example, a 1 GeV
beam with 1% energy spread and 1 mmmrad normalized
emittance staged between plasma accelerators of density
1016 cm−3 will require dispersion and dispersion-prime
cancellation to much better than 0.18 mm and 55 mrad,
respectively—this can be quite challenging. We should also
note that, given the large dispersion often introduced in
strong dipoles, we may also need to consider higher-order
dispersion.
Moreover, dispersion can cause additional problems

beyond just an increased projected emittance. If the longi-
tudinal phase space of the bunchhas a correlation—as it often
does—a dispersion implies that the bunch has a tilt and/or
a curvature. Such an asymmetry can seed a beam-breakup
[25] or hosing instability [26,27], which can lead to more
severe emittance growth.

3. Coulomb scattering

Plasma accelerators require on-axis ionized gases or
vapors. This inevitably causes some emittance growth
by Coulomb scattering—random collisions between beam
particles and atoms or ions. The rate of emittance growth is
given by [48–50]
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where ni and n0 are the ion and neutral-atom densities,
respectively, Zi is the average ionization state of the ions, Z
is the atomic number, βx is the Twiss beta function, γ is the
relativistic Lorentz factor, lnΛ is the Coulomb logarithm,
and re is the classical electron radius.
In a typical plasma-accelerator stage, the emittance

growth is negligible—this is because, while the density
may be high, the beta function is very small due to strong
focusing. However, this is not the case between stages:
Here, the beta function increases rapidly, placing con-
straints on the density of ions and neutral atoms, especially
for high-Z gas species. To avoid emittance growth between
stages, differential pumping can be used to reduce the gas
density outside the stage, but care must be taken to avoid
transverse wakefields from small-aperture beam pipes. In
addition, rapid beam capture will help in reducing the
maximum beta function as well as the overall distance
where scattering can occur. Lastly, use of vacuum windows
and plasma mirrors can also cause significant scattering,
which may make them unviable for use in low-emittance
plasma accelerators (depending on the material thickness
and density, as well as the beam energy).

B. Isochronicity

During acceleration in the plasma wake, one rarely has to
worry about changes to the bunch length—it is effectively
conserved. However, outside of the stage, there are multiple
ways in which the bunch can be lengthened or compressed.
This can be detrimental to beam loading and energy-spread
conservation [51,52].
If dipoles are used to separate a driver and an accel-

erating bunch, perhaps in the form of a chicane, particles
of different energy may travel different distances before
arriving at the next stage—this is the idea behind a bunch
compressor. In technical terms, we talk about the R56

matrix element of the accelerator lattice, also known as the
longitudinal dispersion (R16 and R36 are the horizontal and
vertical dispersions, respectively). For the bunch length to
be conserved during staging, we will require that R56 ¼ 0,
in which case the lattice is called isochronous. We can
place a limit on this condition for a bunch of a given energy
spread σδ and bunch length σz:

jR56j ≪
σz
σδ

: ð16Þ

In special cases, it can be beneficial to not cancel R56

completely—especially if combined with chirped acceler-
ator stages and symmetric current profiles. If one stage
produces a chirped bunch (e.g., the front particles have
lower energy), a carefully tuned R56 can overcompress the
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Example: 1GeV, 1% dE/E, 1mm-mrad staged between 
two plasma cells of 1016/cc requires cancellation of D 
and D’ to better than 0.18mm and 55mrad – tough!

• Coupled with correlated energy spread 
can also lead to beam tilt and seed hosing

D

D’
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• Separating drive and witness beams 
will likely be done with dipoles 

• Synchrotron radiation becomes 
more important at higher energies 

• Incoherent for long bunches (ISR) 
becoming partially coherent (CSR) 
as the bunches get shorter as with 
plasma accelerators 

• Represents loss of efficiency, 
energy spread growth and when 
coupled with chicanes, intra-bunch 
correlations may act as seed for 
hosing

S. Heifets, G. Stupakov, and S. Krinsky, Coherent synchrotron radiation 
instability in a bunch compressor, Phys. Rev. Accel. Beams 5, 064401 (2002).  
A. D. Brynes et al., Characterisation of microbunching instability with 2D 
Fourier analysis, Sci. Rep. 10, 5059 (2020).

1=
ffiffiffiffiffiffi
Ns

p
, where Ns is the number of independent stages. For

plasma accelerators with relevant gradients (GV/m scale),
the alignment tolerance is estimated to be around 10–50 nm
and 1–5 μrad [57,58]—a fraction of the beam size and
divergence in the plasma, respectively. By implication, this
is also how well, for instance, a laser in-coupling mirror
needs to be aligned.
Furthermore, while the single-bunch emittance is the

relevant quantity for a free-electron laser, where the bright-
ness is inversely proportional to the emittance, this is not
the case in a particle collider. Instead, since bunches not
only need to be very small at the interaction point, but also
need to hit the colliding bunches head on, the multibunch
emittance (i.e., averaged over many shots) is more impor-
tant. This means that any error in the orbit introduced along
the accelerator—induced by a relative positional or angular
offset between the accelerating beam and the driver—will
need to be suppressed. For linear-collider parameters, this
can impose even more stringent alignment tolerances, as
low as the nanometer and nanoradian scale [59]. This poses
a serious challenge that may require the introduction of
dedicated cancellation techniques (e.g., in the optics
between stages) to be overcome.

D. Synchrotron radiation

As discussed in Sec. II A, one of the main methods to
separate the driver and the accelerating beam is to disperse
them using a magnetic dipole—possibly the only way for a
beam-driven wakefield accelerator. When accelerating to
higher energies—the objective of staging—we will natu-
rally hit the same problem as we tried to avoid by using a
linear accelerator (as opposed to a circular accelerator):
synchrotron radiation. For long bunches, particles emit
incoherent synchrotron radiation (ISR), with an average
power emitted per bunch [60,61]

PISR ¼ e4

6πϵ0m2c
Nγ2B2; ð20Þ

where m and e are the particle mass and charge, respec-
tively, c and ϵ0 are the vacuum light speed and permittivity,
respectively, γ is the relativistic Lorentz factor, B is the
magnetic field, and N is the number of particles.
However, plasma-wakefield accelerators often operate

with short bunches, in which case the bunch will emit
coherent synchrotron radiation (CSR) [62,63]. In the case
of full coherence, the electric fields of all particles add
linearly such that the radiated power scales quadratically
with particle number

PCSR ¼ NPISR ∼ N2: ð21Þ

The radiation is fully coherent only if the bunch length is
less than σSR ¼ ρ=γ3 ¼ mc=Beγ2, where ρ is the bending
radius of the magnetic field. Conversely, the radiation will
be completely incoherent if the bunch length is longer than
σSRN3=4. In the intermediate, partially coherent regime,
the radiated power depends critically on the current profile
of the bunch, such that simulations are normally required
for an accurate prediction of the effect. However, for a
longitudinally Gaussian bunch, we can estimate the emitted
power to be

PCSR ¼ κe2c
ϵ0

N2

ρ2=3σ4=3z
; ð22Þ

where κ ≈ 0.0279 is a numerical factor. Consider the
example of a 10 GeV bunch of length 10 μm rms and
charge 1 nC being bent by a magnetic field of 1 T—
the radiation would be partially coherent, and the bunch
would radiate about 0.3% of its energy per meter of dipole.

FIG. 6. (a) Illustration of projected emittance growth due to misalignments in a strong-focusing channel. (b) The accelerating bunch
starts with an offset and an angle, which due to a finite energy spread smears out to a larger-area ring in phase space. Source: Ref. [56]
(CC BY 3.0).
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beam-driven wakefield accelerator. When accelerating to
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where m and e are the particle mass and charge, respec-
tively, c and ϵ0 are the vacuum light speed and permittivity,
respectively, γ is the relativistic Lorentz factor, B is the
magnetic field, and N is the number of particles.
However, plasma-wakefield accelerators often operate

with short bunches, in which case the bunch will emit
coherent synchrotron radiation (CSR) [62,63]. In the case
of full coherence, the electric fields of all particles add
linearly such that the radiated power scales quadratically
with particle number

PCSR ¼ NPISR ∼ N2: ð21Þ

The radiation is fully coherent only if the bunch length is
less than σSR ¼ ρ=γ3 ¼ mc=Beγ2, where ρ is the bending
radius of the magnetic field. Conversely, the radiation will
be completely incoherent if the bunch length is longer than
σSRN3=4. In the intermediate, partially coherent regime,
the radiated power depends critically on the current profile
of the bunch, such that simulations are normally required
for an accurate prediction of the effect. However, for a
longitudinally Gaussian bunch, we can estimate the emitted
power to be
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where κ ≈ 0.0279 is a numerical factor. Consider the
example of a 10 GeV bunch of length 10 μm rms and
charge 1 nC being bent by a magnetic field of 1 T—
the radiation would be partially coherent, and the bunch
would radiate about 0.3% of its energy per meter of dipole.

FIG. 6. (a) Illustration of projected emittance growth due to misalignments in a strong-focusing channel. (b) The accelerating bunch
starts with an offset and an angle, which due to a finite energy spread smears out to a larger-area ring in phase space. Source: Ref. [56]
(CC BY 3.0).
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plasma accelerators with relevant gradients (GV/m scale),
the alignment tolerance is estimated to be around 10–50 nm
and 1–5 μrad [57,58]—a fraction of the beam size and
divergence in the plasma, respectively. By implication, this
is also how well, for instance, a laser in-coupling mirror
needs to be aligned.
Furthermore, while the single-bunch emittance is the

relevant quantity for a free-electron laser, where the bright-
ness is inversely proportional to the emittance, this is not
the case in a particle collider. Instead, since bunches not
only need to be very small at the interaction point, but also
need to hit the colliding bunches head on, the multibunch
emittance (i.e., averaged over many shots) is more impor-
tant. This means that any error in the orbit introduced along
the accelerator—induced by a relative positional or angular
offset between the accelerating beam and the driver—will
need to be suppressed. For linear-collider parameters, this
can impose even more stringent alignment tolerances, as
low as the nanometer and nanoradian scale [59]. This poses
a serious challenge that may require the introduction of
dedicated cancellation techniques (e.g., in the optics
between stages) to be overcome.

D. Synchrotron radiation

As discussed in Sec. II A, one of the main methods to
separate the driver and the accelerating beam is to disperse
them using a magnetic dipole—possibly the only way for a
beam-driven wakefield accelerator. When accelerating to
higher energies—the objective of staging—we will natu-
rally hit the same problem as we tried to avoid by using a
linear accelerator (as opposed to a circular accelerator):
synchrotron radiation. For long bunches, particles emit
incoherent synchrotron radiation (ISR), with an average
power emitted per bunch [60,61]

PISR ¼ e4

6πϵ0m2c
Nγ2B2; ð20Þ

where m and e are the particle mass and charge, respec-
tively, c and ϵ0 are the vacuum light speed and permittivity,
respectively, γ is the relativistic Lorentz factor, B is the
magnetic field, and N is the number of particles.
However, plasma-wakefield accelerators often operate

with short bunches, in which case the bunch will emit
coherent synchrotron radiation (CSR) [62,63]. In the case
of full coherence, the electric fields of all particles add
linearly such that the radiated power scales quadratically
with particle number

PCSR ¼ NPISR ∼ N2: ð21Þ

The radiation is fully coherent only if the bunch length is
less than σSR ¼ ρ=γ3 ¼ mc=Beγ2, where ρ is the bending
radius of the magnetic field. Conversely, the radiation will
be completely incoherent if the bunch length is longer than
σSRN3=4. In the intermediate, partially coherent regime,
the radiated power depends critically on the current profile
of the bunch, such that simulations are normally required
for an accurate prediction of the effect. However, for a
longitudinally Gaussian bunch, we can estimate the emitted
power to be

PCSR ¼ κe2c
ϵ0

N2

ρ2=3σ4=3z
; ð22Þ

where κ ≈ 0.0279 is a numerical factor. Consider the
example of a 10 GeV bunch of length 10 μm rms and
charge 1 nC being bent by a magnetic field of 1 T—
the radiation would be partially coherent, and the bunch
would radiate about 0.3% of its energy per meter of dipole.

FIG. 6. (a) Illustration of projected emittance growth due to misalignments in a strong-focusing channel. (b) The accelerating bunch
starts with an offset and an angle, which due to a finite energy spread smears out to a larger-area ring in phase space. Source: Ref. [56]
(CC BY 3.0).
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e.g. for 10GeV, 1nC charge, bunch length 10µm, 1T magnetic field radiation 
is partially coherent and will radiate 0.3% of its energy per meter of dipole

1=
ffiffiffiffiffiffi
Ns

p
, where Ns is the number of independent stages. For

plasma accelerators with relevant gradients (GV/m scale),
the alignment tolerance is estimated to be around 10–50 nm
and 1–5 μrad [57,58]—a fraction of the beam size and
divergence in the plasma, respectively. By implication, this
is also how well, for instance, a laser in-coupling mirror
needs to be aligned.
Furthermore, while the single-bunch emittance is the

relevant quantity for a free-electron laser, where the bright-
ness is inversely proportional to the emittance, this is not
the case in a particle collider. Instead, since bunches not
only need to be very small at the interaction point, but also
need to hit the colliding bunches head on, the multibunch
emittance (i.e., averaged over many shots) is more impor-
tant. This means that any error in the orbit introduced along
the accelerator—induced by a relative positional or angular
offset between the accelerating beam and the driver—will
need to be suppressed. For linear-collider parameters, this
can impose even more stringent alignment tolerances, as
low as the nanometer and nanoradian scale [59]. This poses
a serious challenge that may require the introduction of
dedicated cancellation techniques (e.g., in the optics
between stages) to be overcome.

D. Synchrotron radiation

As discussed in Sec. II A, one of the main methods to
separate the driver and the accelerating beam is to disperse
them using a magnetic dipole—possibly the only way for a
beam-driven wakefield accelerator. When accelerating to
higher energies—the objective of staging—we will natu-
rally hit the same problem as we tried to avoid by using a
linear accelerator (as opposed to a circular accelerator):
synchrotron radiation. For long bunches, particles emit
incoherent synchrotron radiation (ISR), with an average
power emitted per bunch [60,61]

PISR ¼ e4

6πϵ0m2c
Nγ2B2; ð20Þ

where m and e are the particle mass and charge, respec-
tively, c and ϵ0 are the vacuum light speed and permittivity,
respectively, γ is the relativistic Lorentz factor, B is the
magnetic field, and N is the number of particles.
However, plasma-wakefield accelerators often operate

with short bunches, in which case the bunch will emit
coherent synchrotron radiation (CSR) [62,63]. In the case
of full coherence, the electric fields of all particles add
linearly such that the radiated power scales quadratically
with particle number

PCSR ¼ NPISR ∼ N2: ð21Þ

The radiation is fully coherent only if the bunch length is
less than σSR ¼ ρ=γ3 ¼ mc=Beγ2, where ρ is the bending
radius of the magnetic field. Conversely, the radiation will
be completely incoherent if the bunch length is longer than
σSRN3=4. In the intermediate, partially coherent regime,
the radiated power depends critically on the current profile
of the bunch, such that simulations are normally required
for an accurate prediction of the effect. However, for a
longitudinally Gaussian bunch, we can estimate the emitted
power to be

PCSR ¼ κe2c
ϵ0

N2

ρ2=3σ4=3z
; ð22Þ

where κ ≈ 0.0279 is a numerical factor. Consider the
example of a 10 GeV bunch of length 10 μm rms and
charge 1 nC being bent by a magnetic field of 1 T—
the radiation would be partially coherent, and the bunch
would radiate about 0.3% of its energy per meter of dipole.

FIG. 6. (a) Illustration of projected emittance growth due to misalignments in a strong-focusing channel. (b) The accelerating bunch
starts with an offset and an angle, which due to a finite energy spread smears out to a larger-area ring in phase space. Source: Ref. [56]
(CC BY 3.0).
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• Dipole chicanes typically used to compress 
bunches needed for PWFA (kp*σz ~ 1) 

• If also use for injection/extraction, need to 
ensure they do not change the bunch length 
significantly 

• Requirements might be relaxed by adjusting 
successive chicanes to compress, over 
compress, compress to compensate for 
imperfect beam loading and reduce energy 
spread 

• For low energy, short beams with large 
divergence (LWFA), different energies can 
take different path length in focussing optics

ϵsat
ϵ

¼ 1

2

!
ð1þ α2Þ βm

β
þ β
βm

"
; ð13Þ

where α and β are the Twiss parameters at the plasma
entrance (assuming a flattop density profile). As seen in
Eq. (13), the only way to avoid emittance growth from
mismatching is to ensure that β ¼ βm and α ¼ 0.
Technically, this is also why chromaticity is

problematic—if the central energy slice is matched, but
other energy slices are not, this will result in an emittance
growth. Hence, to avoid mismatching, chromaticity
between stages must be canceled.

2. Dispersion cancellation

When dipoles are used for in- and out-coupling of
drivers, a correlation between energy and position—
dispersion—is intentionally introduced to separate beams
of different energy. This also disperses the accelerating
beam if it has a nonzero energy spread, introducing a
projected emittance growth. We can estimate this emittance
growth in a stage from an uncorrected (first-order)
dispersion to be

ΔϵD ≈
1

2

!
D2

x

βm
þ βmD2

x0

"
σ2δ; ð14Þ

where Dx is the dispersion, Dx0 is the dispersion prime
(i.e., energy-angle correlation), and βm is the matched
beta function in the stage. Using this relation, we can
obtain approximate limits for (first-order) dispersion:
Dx ≪

ffiffiffiffiffiffiffiffiffiffi
2ϵβm

p
=σδ and Dx0 ≪

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2ϵ=βm

p
=σδ, where ϵ is the

geometric emittance of the beam. As an example, a 1 GeV
beam with 1% energy spread and 1 mmmrad normalized
emittance staged between plasma accelerators of density
1016 cm−3 will require dispersion and dispersion-prime
cancellation to much better than 0.18 mm and 55 mrad,
respectively—this can be quite challenging. We should also
note that, given the large dispersion often introduced in
strong dipoles, we may also need to consider higher-order
dispersion.
Moreover, dispersion can cause additional problems

beyond just an increased projected emittance. If the longi-
tudinal phase space of the bunchhas a correlation—as it often
does—a dispersion implies that the bunch has a tilt and/or
a curvature. Such an asymmetry can seed a beam-breakup
[25] or hosing instability [26,27], which can lead to more
severe emittance growth.

3. Coulomb scattering

Plasma accelerators require on-axis ionized gases or
vapors. This inevitably causes some emittance growth
by Coulomb scattering—random collisions between beam
particles and atoms or ions. The rate of emittance growth is
given by [48–50]

dϵn
ds

≈
2πr2eβx

γ

$
niZ2

i lnΛþ 1.78n0ZðZ þ 1Þ ln
!
287ffiffiffiffi
Z

p
"%

;

ð15Þ

where ni and n0 are the ion and neutral-atom densities,
respectively, Zi is the average ionization state of the ions, Z
is the atomic number, βx is the Twiss beta function, γ is the
relativistic Lorentz factor, lnΛ is the Coulomb logarithm,
and re is the classical electron radius.
In a typical plasma-accelerator stage, the emittance

growth is negligible—this is because, while the density
may be high, the beta function is very small due to strong
focusing. However, this is not the case between stages:
Here, the beta function increases rapidly, placing con-
straints on the density of ions and neutral atoms, especially
for high-Z gas species. To avoid emittance growth between
stages, differential pumping can be used to reduce the gas
density outside the stage, but care must be taken to avoid
transverse wakefields from small-aperture beam pipes. In
addition, rapid beam capture will help in reducing the
maximum beta function as well as the overall distance
where scattering can occur. Lastly, use of vacuum windows
and plasma mirrors can also cause significant scattering,
which may make them unviable for use in low-emittance
plasma accelerators (depending on the material thickness
and density, as well as the beam energy).

B. Isochronicity

During acceleration in the plasma wake, one rarely has to
worry about changes to the bunch length—it is effectively
conserved. However, outside of the stage, there are multiple
ways in which the bunch can be lengthened or compressed.
This can be detrimental to beam loading and energy-spread
conservation [51,52].
If dipoles are used to separate a driver and an accel-

erating bunch, perhaps in the form of a chicane, particles
of different energy may travel different distances before
arriving at the next stage—this is the idea behind a bunch
compressor. In technical terms, we talk about the R56

matrix element of the accelerator lattice, also known as the
longitudinal dispersion (R16 and R36 are the horizontal and
vertical dispersions, respectively). For the bunch length to
be conserved during staging, we will require that R56 ¼ 0,
in which case the lattice is called isochronous. We can
place a limit on this condition for a bunch of a given energy
spread σδ and bunch length σz:

jR56j ≪
σz
σδ

: ð16Þ

In special cases, it can be beneficial to not cancel R56

completely—especially if combined with chirped acceler-
ator stages and symmetric current profiles. If one stage
produces a chirped bunch (e.g., the front particles have
lower energy), a carefully tuned R56 can overcompress the
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E.g. 1017/cc 
σz = 17µm 
σE = 1% 
then R56 < 1.7mm

bunch in such a way that the bunch length is conserved, but
the longitudinal phase space is flipped. In this case, the next
stage will exactly dechirp the bunch to give it a significantly
lower energy spread (see Fig. 5) [53].
A different but related problem can occur even if the

longitudinal dispersion is canceled and the energy spread is
negligible. If the bunch is very short (μm-scale) and the
divergence is large—as is often the case in laser plasma
accelerators—particles with a large angle will travel further
before being focused back to a small beam size (related to
the R25 and R45 matrix elements). To avoid bunch length-
ening, the distance to the first or last optic before and after a
stage is therefore restricted by

ΔL ≈
1

2
σ2x0L ≪ σz; ð17Þ

where ΔL is the path length difference for particles at an
angle of σx0 (i.e., the rms divergence) and L is the distance
to the optic. Normally, this is a problem only for lower
energy bunches (sub-GeV), because the matched beta
function is smaller (∼ ffiffiffi

γ
p

) and the geometric emittance is
higher (∼1=γ)—both leading to higher divergence. For
example, a 200 MeV bunch of length 1 μm and normalized
emittance 1 mmmrad exiting a laser plasma accelerator at
density 1017 cm−3 will have a divergence of 2.3 mrad and,
therefore, must, according to Eq. (17), be captured in much
less than 37 cm.

C. Tolerances

All of the above considerations have assumed that the
staged accelerator is perfectly stable. This is, of course, not
the case in practice—everything has a certain level of
random jitter. Two particularly important tolerances for
jitter are those related to the synchronization and the
transverse misalignment between the driver and the accel-
erating beam.

1. Synchronization

Plasma-wakefield accelerators have high-frequency
electromagnetic fields. For stable acceleration, the driver

and the accelerating beam must be synchronized to
within a small fraction of the wakefield period. Con-
sider an accelerator with a wakefield that changes from 0
to Ez in a time 1=ω—an error in the relative arrival
time Δt will result in a relative error of the accelerating
gradient of

ΔEz

Ez
≈ ωΔt: ð18Þ

Random timing jitter, therefore, results in a correspond-
ing energy jitter—an effective multishot energy spread.
As an example, to maintain a 1% energy stability in a
plasma accelerator stage operating at density 1017 cm−3

(characteristic timescale 1=ωp ¼ 177 fs), one would need
to synchronize the driver and the accelerating beam to
better than 2 fs. This is a very challenging goal—current
state-of-the-art techniques can provide synchronization
jitter down to about 10 fs rms [54,55]. In addition, long-
term timing drifts need to be measured and corrected for
with a feedback system operating at the same timescales.

2. Transverse misalignments

Misalignment tolerances will also prove particularly
challenging for plasma-wakefield accelerators. The accel-
erating beam, the driver, and the accelerating structure all
need to be well aligned throughout the full length of the
accelerator. Fortunately, this problem is partially mitigated
in a plasma accelerator, since the driver defines the location
of the accelerating structure—only the driver–accelerating
beam offset matters. Assuming instabilities such as hosing
and beam breakup can be mitigated, what level of emittance
growth do we expect?
Similar to the cases of mismatching (see Sec. III A 1) and

dispersion (see Sec. III A 2), beams with finite energy
spread will see the centroids of different energy slices rotate
in phase space at different rates—leading to a smearing
in phase space. Consider a driver–accelerating beam pair
with a relative position offset Δx and an angle offset Δx0,
propagating in a stage with a matched beta function βm (see
Fig. 6 for illustration). The projected emittance growth
caused by such an offset will gradually increase along the
accelerator and then saturate at [56]

Δϵj ≈
1

2

"
Δx2

βm
þ βmΔx02

#
: ð19Þ

In simple terms, the driver and the accelerating beam must
overlap well in phase space: Δx ≪

ffiffiffiffiffiffiffiffiffiffi
2βmϵ

p
and Δx0 ≪ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ϵ=βm
p

, where ϵ is the geometric emittance of the
accelerating beam. This is particularly challenging for
small βm (i.e., high accelerating gradients) and lower
emittances, as the beam is focused to the submicrometer
scale. If multiple stages are used, the emittance growth per
stage is further constrained—typically by a factor of

FIG. 5. Longitudinal phase space reversal in a chicane with a
fine-tuned R56, which can be used to significantly reduce the
energy spread by compensating the chirp from one stage in the
following stage. Source: Ref. [53].

STAGING OF PLASMA-WAKEFIELD ACCELERATORS PHYS. REV. ACCEL. BEAMS 24, 014801 (2021)

014801-7

bunch in such a way that the bunch length is conserved, but
the longitudinal phase space is flipped. In this case, the next
stage will exactly dechirp the bunch to give it a significantly
lower energy spread (see Fig. 5) [53].
A different but related problem can occur even if the

longitudinal dispersion is canceled and the energy spread is
negligible. If the bunch is very short (μm-scale) and the
divergence is large—as is often the case in laser plasma
accelerators—particles with a large angle will travel further
before being focused back to a small beam size (related to
the R25 and R45 matrix elements). To avoid bunch length-
ening, the distance to the first or last optic before and after a
stage is therefore restricted by

ΔL ≈
1

2
σ2x0L ≪ σz; ð17Þ

where ΔL is the path length difference for particles at an
angle of σx0 (i.e., the rms divergence) and L is the distance
to the optic. Normally, this is a problem only for lower
energy bunches (sub-GeV), because the matched beta
function is smaller (∼ ffiffiffi

γ
p

) and the geometric emittance is
higher (∼1=γ)—both leading to higher divergence. For
example, a 200 MeV bunch of length 1 μm and normalized
emittance 1 mmmrad exiting a laser plasma accelerator at
density 1017 cm−3 will have a divergence of 2.3 mrad and,
therefore, must, according to Eq. (17), be captured in much
less than 37 cm.

C. Tolerances

All of the above considerations have assumed that the
staged accelerator is perfectly stable. This is, of course, not
the case in practice—everything has a certain level of
random jitter. Two particularly important tolerances for
jitter are those related to the synchronization and the
transverse misalignment between the driver and the accel-
erating beam.

1. Synchronization

Plasma-wakefield accelerators have high-frequency
electromagnetic fields. For stable acceleration, the driver

and the accelerating beam must be synchronized to
within a small fraction of the wakefield period. Con-
sider an accelerator with a wakefield that changes from 0
to Ez in a time 1=ω—an error in the relative arrival
time Δt will result in a relative error of the accelerating
gradient of

ΔEz

Ez
≈ ωΔt: ð18Þ

Random timing jitter, therefore, results in a correspond-
ing energy jitter—an effective multishot energy spread.
As an example, to maintain a 1% energy stability in a
plasma accelerator stage operating at density 1017 cm−3

(characteristic timescale 1=ωp ¼ 177 fs), one would need
to synchronize the driver and the accelerating beam to
better than 2 fs. This is a very challenging goal—current
state-of-the-art techniques can provide synchronization
jitter down to about 10 fs rms [54,55]. In addition, long-
term timing drifts need to be measured and corrected for
with a feedback system operating at the same timescales.

2. Transverse misalignments

Misalignment tolerances will also prove particularly
challenging for plasma-wakefield accelerators. The accel-
erating beam, the driver, and the accelerating structure all
need to be well aligned throughout the full length of the
accelerator. Fortunately, this problem is partially mitigated
in a plasma accelerator, since the driver defines the location
of the accelerating structure—only the driver–accelerating
beam offset matters. Assuming instabilities such as hosing
and beam breakup can be mitigated, what level of emittance
growth do we expect?
Similar to the cases of mismatching (see Sec. III A 1) and

dispersion (see Sec. III A 2), beams with finite energy
spread will see the centroids of different energy slices rotate
in phase space at different rates—leading to a smearing
in phase space. Consider a driver–accelerating beam pair
with a relative position offset Δx and an angle offset Δx0,
propagating in a stage with a matched beta function βm (see
Fig. 6 for illustration). The projected emittance growth
caused by such an offset will gradually increase along the
accelerator and then saturate at [56]

Δϵj ≈
1

2

"
Δx2

βm
þ βmΔx02

#
: ð19Þ

In simple terms, the driver and the accelerating beam must
overlap well in phase space: Δx ≪

ffiffiffiffiffiffiffiffiffiffi
2βmϵ

p
and Δx0 ≪ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ϵ=βm
p

, where ϵ is the geometric emittance of the
accelerating beam. This is particularly challenging for
small βm (i.e., high accelerating gradients) and lower
emittances, as the beam is focused to the submicrometer
scale. If multiple stages are used, the emittance growth per
stage is further constrained—typically by a factor of

FIG. 5. Longitudinal phase space reversal in a chicane with a
fine-tuned R56, which can be used to significantly reduce the
energy spread by compensating the chirp from one stage in the
following stage. Source: Ref. [53].
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E.g. 1017/cc 
200MeV 
σz = 1µm 
εn = 1 mm-mrad 
σx’ = 2.3mrad 
L < 37cm
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• Need to confine the plasma to the 
plasma accelerator region with vacuum 
in the interstage optics in between 

• Well established formulas for angular 
scattering in a neutral vapor  

• Extend the range of Coulomb 
interaction to include the effects of 
traveling through an ion column  

• Negligible for length of total 
acceleration in low Z materials (need 
differential pumping) 

• Important at higher Z or when beam is 
mismatched

>< xx&  term.  The scatter term was calculated in the 
earlier part of this paper. 
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The relationship to the normalized emittance growth can 
be found by substituting equations 9 and 21 into 20, 
multiplying by γ, and dividing by ε. 
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Now substituting back in for the relationship between the 
emittance and the size: 
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where εN is the normalized emittance.  The derivative in z 
can be turned into a derivative in γ [6]. 
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This can then be integrated from the initial Lorentz factor, 

i f

emittance: 
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Equation 25 can be simplified a step further by taking into 
account the scale of the acceleration. By assuming the 
beam is accelerated by an electric field of mc2kp/e then 
dγ/dz = kp.   

 

( )ifcN Sr γγε −⋅⋅⋅=∆ 2            (26) 

 
   One current scheme for a PWFA is to use it at the end 
of a conventional linear collider to double the energy of a 
witness electron bunch [7].  As an example equation 26 
was used to calculate the emittance growth from doubling 
the energy of an electron beam initially at 500 GeV 
through various materials that have been singly ionized 
(see Fig. 1).  The blow out radius was set to 2.5·10-5 m, 
and the atomic radius was set to 10-10 m.  ILC projected 
emittances are εN,y = 4·10-8m, and εN,x = 9.6·10-6m [8].  At 
Z ~ 60 the y normalized emittance will double after 

energy doubling.  The red dotted lines were put in for the 
normalized emittance growth of the following elements: 
Li = 2.0·10-10 m, Na = 1.7·10-9 m, K = 4.6·10-9 m, Rb = 
1.6·10-8 m, and Cs = 3.3·10-8 m.   
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Figure 1:  Normalized emittance growth from doubling 
the energy of an electron beam initially at 500 GeV 
through singly ionized materials with various atomic 
numbers. 

CONCLUSION 
A calculation is shown for the normalized emittance 

growth of a beam traversing a PWFA operated in the blow 
out regime.  Emittance growth is negligible for low Z 
materials; however, becomes important for high Z 
materials. 
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γ , to the final Lorentz factor, γ , which gives the 
following formula for the change in normalized 
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The total rate of angular scatter is then the addition of the 
vapor and ion scattering terms.  Equations 9 and 10 are 
the result of some algebra. 
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where θT is the total angle, kp = np·e2/(me·ε0·c2), np is the 
plasma density (np = Q·n), and rc is the classical electron 
radius.  For Z=1, the terms from the ion column and 
neutral vapor are roughly the same size; however, for 
higher Z the term from the neutral vapor dominates. 

BEAM PROPAGATION 
Beam size in the plasma relates the rate of angular 

scatter to the emittance growth.  The beam size can be 
found by understanding the focusing forces.  The 
following differential equation is appropriate for 
describing an ultra relativistic electron oscillating through 
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equation 11 can be turned into 12. 
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where the dots represent derivatives in z.  There are 
conditions in which the beam size doesn’t change along 
the accelerator.  When these conditions are satisfied the 
beam is matched to the plasma.  The conditions for 
matching can be found by taking derivatives of the beam 
size. 
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The angle brackets refer to expectation values over the 
entire beam.  The second derivative of x can be replaced 
from equation 12 into 14.  By setting the first two 
derivates equal to zero, it insures that all higher order 
derivatives are also zero.  This makes <x2> a constant, 
with the following criterion for a matched beam: 
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The following is the definition for the geometric 
emittance: 
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Plugging in from equation 15 into 16 gives the 
relationship between the emittance and beam size. 
 

><
⋅

= 2

2
x

k p
γ

ε                      (17) 

 

EMITTANCE GROWTH 
The rate of emittance growth is found by taking a z 

derivative of equation 16. 
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The next step is to substitute for x&& .  In order to do this it 
is now important to include not only the energy change 
term but also rate of angular growth from scattering.  By 
converting time derivatives to z derivatives and by adding 
the angular growth from the scatterers shown in equation 
9, equation 11 can be turned into the following 
differential equation: 
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Equation 19 is next substituted into equation 18. 
 

>><<+>><<+−=⋅ TT xxxxx θθε
γ
γεε &&&&
&

& 22  (20) 

 
As long as the relative angular growth in one betatron 
oscillation is small, then a beam that starts match will 
remain closely matched.  This means we can drop the 

[5]. 
matched retains the conditions expressed in equation 15 
It can be shown that an accelerating beam that starts 

the beam axis of the ion column [4]. 

where x is the electron position coordinate in the x plane.  
For an ultra relativistic electron with constant energy, 
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N. Kirby et al., Emittance growth from multiple Coulomb scattering in a plasma wakefield 
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Rb = blowout radius 
Ra = range from atomic radius to blow out radius 
Q = ion charge 
Z = atomic number

>< xx&  term.  The scatter term was calculated in the 
earlier part of this paper. 
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The relationship to the normalized emittance growth can 
be found by substituting equations 9 and 21 into 20, 
multiplying by γ, and dividing by ε. 
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Now substituting back in for the relationship between the 
emittance and the size: 
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where εN is the normalized emittance.  The derivative in z 
can be turned into a derivative in γ [6]. 
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This can then be integrated from the initial Lorentz factor, 
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emittance: 
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Equation 25 can be simplified a step further by taking into 
account the scale of the acceleration. By assuming the 
beam is accelerated by an electric field of mc2kp/e then 
dγ/dz = kp.   
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   One current scheme for a PWFA is to use it at the end 
of a conventional linear collider to double the energy of a 
witness electron bunch [7].  As an example equation 26 
was used to calculate the emittance growth from doubling 
the energy of an electron beam initially at 500 GeV 
through various materials that have been singly ionized 
(see Fig. 1).  The blow out radius was set to 2.5·10-5 m, 
and the atomic radius was set to 10-10 m.  ILC projected 
emittances are εN,y = 4·10-8m, and εN,x = 9.6·10-6m [8].  At 
Z ~ 60 the y normalized emittance will double after 

energy doubling.  The red dotted lines were put in for the 
normalized emittance growth of the following elements: 
Li = 2.0·10-10 m, Na = 1.7·10-9 m, K = 4.6·10-9 m, Rb = 
1.6·10-8 m, and Cs = 3.3·10-8 m.   
 

0 10 20 30 40 50 60
0

1

2

3

4
x 10

-8 Normalized Emittance Growth

∆ε
N

 [
m

]

Atomic Number of Scatterer  

Figure 1:  Normalized emittance growth from doubling 
the energy of an electron beam initially at 500 GeV 
through singly ionized materials with various atomic 
numbers. 

CONCLUSION 
A calculation is shown for the normalized emittance 

growth of a beam traversing a PWFA operated in the blow 
out regime.  Emittance growth is negligible for low Z 
materials; however, becomes important for high Z 
materials. 
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Design of the FACET-II Upstream Differential Pumping System

27

4 x 2000 L/s turbopumps:

2 x 10,000 L/min backing pumps:

1e-2 Torr
5 Torr He

1e-5 Torr1e-8 Torr~1e-9 TorrPressure at each stage:

5 x 100mm
18 x 700mm18 x 700mm18 x 700mmApertures b/w stages:

XTCAV
Picnic BasketQ2FF Q1FF Q0FF

Multiple scattering not significant as long as gas/plasma is confined to the accelerating cells 
• Need differential pumping system to limit scattering as illustrated at FACET-II 

• Four stages of differential pumping, separated by conductance limiting apertures 

• 1e-9 Torr achievable in each operating state 

• Adds additional demands for beam line space between stages

Plasma Targets



Effective or Geographic Gradient
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• Plasma cells have fantastic gradients but we can see there are many things to do 
between stages that require significant space 

• 1017/cc has unloaded gradient of 30GeV/m, but if need 30m to handle the beams 
in between, effective gradient is back down to 1GeV/m

C. A. Lindstrøm, E. Adli, J. M. Allen, J. P. Delahaye, M. J. Hogan, C. Joshi, P. Muggli, T. O. Raubenheimer, and V. Yakimenko, Staging 
optics considerations for a plasma wakefield acceleration linear collider, Nucl. Ins- trum. Methods Phys. Res., Sect. A 829, 224 (2016).

7. Further work

Further work includes finding emittance preserving lattices at
lower energies by considering second-order dispersion and chro-
maticity cancellation, incorporating the inherent chromaticity of
plasma channels ðW ¼ ∂β=∂δ=β¼ 1=2Þ into the linear lattice
chromaticity correction, and studying the use of a positive R56
combined with the energy chirp in the plasma cavity in order to
reduce the energy spread of the main beam.

8. Conclusions

The optics section between plasma cells in a staged PWFA
linear accelerator needs to extract and inject drive beams using
bending magnets, which sets stringent requirements on dispersion
and R56 cancellation. Focusing of the highly diverging main beam
leads to large chromaticity, which must be canceled to avoid
emittance growth. Based on these constraints, using the symmetry
of the system and a linear lattice without sextupoles for chroma-
ticity correction, a high energy solution was found that meets
these requirements. Scaling laws were found, which allow solu-
tions to be scaled to very high main beam energies, however low
energies will require higher order cancellation of dispersion and
chromaticity for sufficient energy acceptance.
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Fig. 3. Phase space in x (upper) and y (lower) for initial (left) and final beam (right) of the 0.5% rms energy spread example in Section 5, tracked in Elegant [7] using 1:5$ 106

particles. Emittance is well-preserved, however the final x-phase space (upper right) shows a small 2% emittance growth due to uncorrected second-order dispersion.

Table 1
Energy scaling laws for the high energy regime ðEm⪢EdÞ. The same lattice is used for
all energies, by scaling lengths as ffiffiffi

γ
p , where γ is the main beam Lorentz factor.

Variable Symbol Energy scaling

Lattice length L ffiffiffi
γ

p

Dipole, quad. length ld, lq
ffiffiffi
γ

p , ffiffiffi
γ

p

β-functions β
ffiffiffi
γ

p

Spot size σx 1= ffiffiffi
γ4

p

Dispersion Dx 1= ffiffiffi
γ

p

Isochronicity R56 1= ffiffiffi
γ

p

Chromatic amplitude W Const.
Emittance growth Δϵ

ϵ0

Const.

Quad. field gradient gmax Const.
SR power, energy loss PSR, WSR γ, γ1:5

C.A. Lindstrøm et al. / Nuclear Instruments and Methods in Physics Research A 829 (2016) 224–228 227

3.4. R56 correction

The longitudinal dispersion R56 is given by [4]

R56 ¼
Z

DxðsÞ
ρðsÞ

ds; ð7Þ

where ρ is the bending radius, indicating that the longitudinal
dispersion can be decreased by placing dipoles in regions of low
Dx, and canceled by introducing new dipoles with opposing R56.

4. Main beam focusing and emittance preservation

4.1. Beta matching

Symmetry dictates that quadrupoles must form either a long-
itudinally mirror symmetric (same polarity) or anti-symmetric
(opposite polarity) lattice. If both injection and extraction require
assistive defocusing quadrupoles, the lattice cannot be anti-
symmetric.

Matching α and β-functions in both planes requires in general
four degrees of freedom; e.g. four quadrupoles. Only two degrees
of freedom are required for symmetric lattices (αx ¼ αy ¼ 0 or
βx ¼ βy, αx ¼ $αy at the symmetry point), which greatly simplifies
matching.

Using plasma density ramps [5], which adiabatically relaxes
the β-function, it may be possible to match to an order of
magnitude larger β. This dramatically improves chromaticity (as
W % βquads % 1=βmat) as well as dispersion tolerances.

4.2. Chromaticity correction

Chromaticity is conventionally corrected using sextupoles.
Although very effective, sextupoles require large dispersion and
introduce non-linear terms whose cancellation result in more
complex lattices. Since dispersion needs to stay constant with
energy, dipoles must get longer or stronger, resulting in a poor
synchrotron radiation scaling with main beam energy. Motivated
by this, a novel method was developed to correct chromaticity
using linear lattices only [6], giving both shorter lattices and a
better energy scaling.

5. Working example

A working example for a high main beam energy of 500 GeV is
shown in Fig. 2; a 39 m long C-chicane with 8 quadrupoles and
5 dipoles. This example assumes an energy spread of 0.5%, a 1 m
injection/extraction dipole with field strength 1 T, quadrupole field
gradients 95 T/m, and a plasma density ramp β-magnification of
15, giving an effective βmat ¼ 79 cm. Note that this is neither a
general nor an optimized solution.

Particle tracking in Elegant [7] (Fig. 3), shows that emittance
growth due to chromaticity is just 0.03% and 0.04% in x and y
respectively, and the bunch length is preserved with R56 ¼ 1:2 μm.
Emittance growth in x from second-order dispersion is 2%. How-
ever, at 1% energy spread, this emittance growth is 40%. In addi-
tion, this problem gets worse at lower energies as dispersion
increases, indicating that second-order dispersion needs to be
actively canceled to achieve a higher energy acceptance. This will
be addressed in further work.

6. Scaling laws

Since the drive beam energy stays constant, dipoles will bend
the main beam less at higher energies. In addition, quadrupoles

must increase in length to still focus the main beam. We can
identify two regimes, where Ed and Em are the drive and main
beam energies respectively:

1. Low energy ðOðEmÞ ¼OðEdÞÞ: dominated by relatively strong
dipoles.

2. High energy ðEm⪢EdÞ: dipoles are weak and quadrupoles dom-
inate the lattice.

6.1. Low energy regime

Dipoles produce large dispersion, demanding higher order
cancellation. In addition, the length of injection/extraction dipoles
is larger relative to βmat, which requires chromaticity to also be
canceled to higher order. This results in complex lattices custom
made for each energy, with no clear scaling. In this case, with large
dispersions and low energies, a solution using sextupoles may be
favorable.

6.2. High energy regime

Assuming a constant quadrupole filling factor, where all
quadrupoles operate at maximum field gradient, the lattice length
scales as ffiffiffiγp , where γ is the main beam Lorentz factor. Since also
βmat scales as ffiffiffiγp , the β-profile scales with energy without chan-
ging shape. Hence the same scaled lattice can be used for all (high)
energies. Scaling laws are listed in Table 1.

Two options exist for scaling dipole lengths: constant length
(ld ¼ const, B¼ const), or constant filling factor (ld %

ffiffiffiγp , B% 1= ffiffiffiγp ).
Based on energy loss from synchrotron radiation WSR % PSRld %
γ2B2ld, the latter is preferable (WSR % γ1:5 compared to WSR % γ2).

Emittance growth scales as σ4
E (if W¼0), strongly encouraging

lower energy spreads. Moreover, increasing the plasma density
ramp magnification Mpdr or the quadrupole field gradient gmax

suppresses emittance growth roughly as 1=M3
pdr and 1=g1:5max and

shortens the total lattice length by 1=
ffiffiffiffiffiffiffiffiffiffi
gmax

p
.

It is worth noting that laser wakefield acceleration (LWFA)
operates in the “high energy regime” at any energy, as laser
injection/extraction does not require dipoles.

Fig. 2. Working example for 500 GeV, where 5 dipoles and 8 quadrupoles form a
39 m long C-chicane. Chromaticity is canceled by a linear lattice without sextu-
poles, however an uncorrected second-order dispersion leads to a 2% emittance
growth.

C.A. Lindstrøm et al. / Nuclear Instruments and Methods in Physics Research A 829 (2016) 224–228226
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Plasma Density Ramps
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• Gradually ramp plasma density on 
either side of the acceleration region 

• Increases matched beta before the 
beam begins to diverge into vacuum 

• Use adiabatic ramps to remain 
matched – slow change in density s.t. 
alpha remains ~ 0 throughout the ramp 

• Ideal profiles can be calculated 
analytically or effects can be modeled 
for measured profiles

K. A. Marsh et al., Beam matching to a plasma wake field accelerator using a ramped 
density profile at the plasma boundary, in Proceedings of the 21st Particle Accelerator 
Conference, Knoxville, TN, 2005 (IEEE, Piscataway, NJ, 2005), p. 2702.  
I. Dornmair et al., Emittance conservation by tailored focusing profiles in a plasma 
accelerator, Phys. Rev. Accel. Beams 18, 041302 (2015). 

Calculating the evolution of the beta function through a
tailored plasma-density profile is relatively straightforward
via the betatron equation [86]

1

2
β00ðsÞβðsÞ − 1

4
β0ðsÞ2 þ KðsÞβðsÞ2 ¼ 1; ð23Þ

where the focusing force is given by

KðsÞ ¼ e2

2ϵ0

nðsÞ
EðsÞ

: ð24Þ

Both the exposed charge density nðsÞ and the particle
energy EðsÞ are changing with the longitudinal position s.
While it is possible to solve Eq. (23) analytically in certain
cases [87], in general, it needs to be integrated numerically.
It is important to note that, although most plasma-density

ramps can successfully reduce the divergence, they do not
necessarily solve the chromaticity problem—while one
energy slice might be matched and emittance preserved,
this does not mean that every energy slice will. To ensure
that all energies remain matched throughout the accelerator
stage, the ramps must be adiabatic [88,89]. This means that
the plasma density is changing sufficiently slowly,

!!!!
n0ðsÞ
nðsÞ

!!!! ≪
1

βmðsÞ
; ð25Þ

such that α ≈ 0 throughout the entire ramp—true for all
energy slices, making the adiabatic ramp quasiachro-
matic. An example of such a ramp would be nðsÞ ¼
n0ð1þ s=lrÞ−2, where n0 is the flattop density and lr ≫
2βm0 is the characteristic ramp decay length (βm0 is the
matched beta function in the flattop). To reach a beta
function β% at the entrance or exit of such an adiabatic
ramp, the overall ramp length must be Lr ≫ 2β%. As an
example, to avoid significant emittance growth from
chromaticity in a meter-scale gap between stages [see
Eq. (10)], the ramp entrance or exit beta function must

be around 100 mm or more for a beam of 1% rms energy
spread, resulting in a meter-scale plasma-density ramp.
Therefore, while adiabatic ramps are desirable due to their
insensitivity to energy spread or slight mismatching, this
comes at the price of significantly longer ramp sections.
Long ramps will reduce both the energy efficiency and the
effective gradient of the accelerating structure and can
introduce potentially non-negligible and nonuniform dece-
lerating fields, which must be compensated for in the main
accelerating section.
In short, plasma-density ramps constitute a crucial tool

for reducing high divergence and chromatic effects but will
likely not be able to entirely solve the problem.

B. Plasma lenses

Another useful tool for capturing and refocusing beams
between stages is the plasma lens—a charged-particle
optics device that provides strong focusing in both planes
simultaneously (as opposed to the quadrupole). Plasma
lenses fall into two categories: passive and active plasma
lenses, referring to whether the focusing force is externally
(i.e., actively) driven or not.

1. Passive plasma lenses

Passive plasma lenses utilize the same mechanism as
plasma-density ramps—plasma-wakefield focusing. The
wakefield can be driven either by the beam itself or by a
separate driver (laser or particle beam). Typically, such
lenses can provide very strong focusing fields—in the
MT/m range—and so can be made very compact. While the
concept dates all the way back to 1922 [90–93], passive
plasma lenses in their modern form were proposed in
1989 [94] and have been successfully demonstrated for
both beam drivers [95,96] and laser drivers [97]. Figure 10
illustrates how a passive plasma lens might be applied in
practice.
Two regimes are often identified: the underdense and

the overdense regime, referring to whether the plasma
density in the lens is lower or higher than the beam
density, respectively. If the lens is underdense, a nonlinear
plasma wakefield (a blowout) forms with a fully exposed
ion column—this provides a linear focusing force and is
therefore, in principle, emittance preserving. Although the
focusing force for electrons is exerted by an electric field,
we can calculate the equivalent magnetic field gradient
(as Er ≡ cBϕ for ultrarelativistic particles)

gPPL ¼ en
2cϵ0

; ð26Þ

where n is the plasma density of the lens. This focusing is
uniform for all particles inside the wake.
Compare that to a lens in the overdense regime, where a

linear wakefield forms—in this case, the local focusing
force will also be given by Eq. (26), but the exposed charge

FIG. 9. Schematic of a plasma accelerator with density ramps.
The beam is focused by external focusing to the vacuum waist
(β%) close to the start of the entrance ramp. If perfectly matched to
the ramp, the beam stays matched throughout the accelerator
(β ¼ βm in the flattop). Finally, the beam is transported through
the exit ramp, which reduces the divergence before exiting into
the outside vacuum. Source: Ref. [85] (CC BY 4.0).
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Calculating the evolution of the beta function through a
tailored plasma-density profile is relatively straightforward
via the betatron equation [86]

1

2
β00ðsÞβðsÞ − 1

4
β0ðsÞ2 þ KðsÞβðsÞ2 ¼ 1; ð23Þ

where the focusing force is given by

KðsÞ ¼ e2

2ϵ0

nðsÞ
EðsÞ

: ð24Þ

Both the exposed charge density nðsÞ and the particle
energy EðsÞ are changing with the longitudinal position s.
While it is possible to solve Eq. (23) analytically in certain
cases [87], in general, it needs to be integrated numerically.
It is important to note that, although most plasma-density

ramps can successfully reduce the divergence, they do not
necessarily solve the chromaticity problem—while one
energy slice might be matched and emittance preserved,
this does not mean that every energy slice will. To ensure
that all energies remain matched throughout the accelerator
stage, the ramps must be adiabatic [88,89]. This means that
the plasma density is changing sufficiently slowly,

!!!!
n0ðsÞ
nðsÞ

!!!! ≪
1

βmðsÞ
; ð25Þ

such that α ≈ 0 throughout the entire ramp—true for all
energy slices, making the adiabatic ramp quasiachro-
matic. An example of such a ramp would be nðsÞ ¼
n0ð1þ s=lrÞ−2, where n0 is the flattop density and lr ≫
2βm0 is the characteristic ramp decay length (βm0 is the
matched beta function in the flattop). To reach a beta
function β% at the entrance or exit of such an adiabatic
ramp, the overall ramp length must be Lr ≫ 2β%. As an
example, to avoid significant emittance growth from
chromaticity in a meter-scale gap between stages [see
Eq. (10)], the ramp entrance or exit beta function must

be around 100 mm or more for a beam of 1% rms energy
spread, resulting in a meter-scale plasma-density ramp.
Therefore, while adiabatic ramps are desirable due to their
insensitivity to energy spread or slight mismatching, this
comes at the price of significantly longer ramp sections.
Long ramps will reduce both the energy efficiency and the
effective gradient of the accelerating structure and can
introduce potentially non-negligible and nonuniform dece-
lerating fields, which must be compensated for in the main
accelerating section.
In short, plasma-density ramps constitute a crucial tool

for reducing high divergence and chromatic effects but will
likely not be able to entirely solve the problem.

B. Plasma lenses

Another useful tool for capturing and refocusing beams
between stages is the plasma lens—a charged-particle
optics device that provides strong focusing in both planes
simultaneously (as opposed to the quadrupole). Plasma
lenses fall into two categories: passive and active plasma
lenses, referring to whether the focusing force is externally
(i.e., actively) driven or not.

1. Passive plasma lenses

Passive plasma lenses utilize the same mechanism as
plasma-density ramps—plasma-wakefield focusing. The
wakefield can be driven either by the beam itself or by a
separate driver (laser or particle beam). Typically, such
lenses can provide very strong focusing fields—in the
MT/m range—and so can be made very compact. While the
concept dates all the way back to 1922 [90–93], passive
plasma lenses in their modern form were proposed in
1989 [94] and have been successfully demonstrated for
both beam drivers [95,96] and laser drivers [97]. Figure 10
illustrates how a passive plasma lens might be applied in
practice.
Two regimes are often identified: the underdense and

the overdense regime, referring to whether the plasma
density in the lens is lower or higher than the beam
density, respectively. If the lens is underdense, a nonlinear
plasma wakefield (a blowout) forms with a fully exposed
ion column—this provides a linear focusing force and is
therefore, in principle, emittance preserving. Although the
focusing force for electrons is exerted by an electric field,
we can calculate the equivalent magnetic field gradient
(as Er ≡ cBϕ for ultrarelativistic particles)

gPPL ¼ en
2cϵ0

; ð26Þ

where n is the plasma density of the lens. This focusing is
uniform for all particles inside the wake.
Compare that to a lens in the overdense regime, where a

linear wakefield forms—in this case, the local focusing
force will also be given by Eq. (26), but the exposed charge

FIG. 9. Schematic of a plasma accelerator with density ramps.
The beam is focused by external focusing to the vacuum waist
(β%) close to the start of the entrance ramp. If perfectly matched to
the ramp, the beam stays matched throughout the accelerator
(β ¼ βm in the flattop). Finally, the beam is transported through
the exit ramp, which reduces the divergence before exiting into
the outside vacuum. Source: Ref. [85] (CC BY 4.0).
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of Kl ¼ 2=L. Outside the stage, the beam will diverge to a
beta function β ≈ L2=βm, assuming a small matched beta
function (i.e., βm ≪ L). Putting it all together, we find that
the chromaticity is W ≈ 2L=βm, and, therefore, the pro-
jected emittance growth will be approximately

Δϵ2

ϵ20
≈
4L2

β2m
σ2δ: ð10Þ

This sets strict limits for the acceptable energy spread.
Take, for instance, a plasma accelerator stage at energy
E ¼ 10 GeV with plasma density n ¼ 1016 cm−3 (giving
βm ¼ 10 mm), using a capture length of L ¼ 1 m and
limited to an emittance growth of 1%—the maximum
energy spread is only 0.07% rms.
In conclusion, chromaticity places severe constraints

on the staging of plasma-wakefield accelerators if left
uncorrected. Moreover, while it may be possible to correct
this chromaticity, it will likely take up significant space
between stages. This, in combination with in- and out-
coupling drivers, can significantly reduce the effective
gradient of a multistage plasma accelerator. Ultimately,
the challenge will be to outperform conventional rf accel-
erators and remain in the GV/m range.

III. TECHNICAL REQUIREMENTS

While chromaticity is perhaps the biggest challenge, there
are also many other considerations to keep in mind when
designing a coherent staging scheme. In this section, we will
review some of the most important requirements in detail.

A. Emittance preservation

Delivering low-emittance beams is of prime importance
for most high-energy accelerator applications. In a linear
collider, the luminosity—proportional to the collision
rate—is given by [3]

L ¼ HD
N2fγ

4π
ffiffiffiffiffiffiffiffiffiffiffi
βxϵnx

p ffiffiffiffiffiffiffiffiffiffiffi
βyϵny

p ; ð11Þ

where N is the number of bunch particles, f is the collision
frequency, HD is a numerical factor, βx and βy are the
interaction point beta functions, and ϵny and ϵny are the
normalized transverse emittances. Similarly, in a free-
electron laser (FEL), the lasing power is determined by
the 6D brightness [41]

B6D ¼ N
ϵnxϵnyϵnz

; ð12Þ

where ϵnz is the normalized emittance of the longitudinal
phase space (proportional to the longitudinal-phase-space
area). Equations (11) and (12) indicate that low emittance is
crucial—FELs require normalized transverse emittances of
the order of 0.1–1 mmmrad, whereas linear colliders may
require emittances as low as 0.01 mmmrad (in one plane).
Technically, conservation of charge (N) is equally impor-
tant, and in practice we will require close to 100% charge-
coupling efficiency between stages.
Producing emittances of the order of 1 mmmrad is

routinely done using photocathodes [42] and even plasma-
injection techniques [43–45], whereas reaching emittances
of the order of 0.1 mmmrad or lower (with non-negligible
charge) currently requires the use of a damping ring [46].
Preserving this emittance through a large number of stages
will set very stringent limits on the emittance growth per
stage. It can be useful to imagine an emittance budget,
where each stage gets to contribute only a certain emittance
growth to the final emittance. For plasma-wakefield accel-
erators with many stages, this growth will therefore be
limited to 0.001–0.1 mmmrad or less per stage.

1. Matching

Mismatching bunches with a finite energy spread leads to
emittance growth, because the phase space ellipses of
different energy slices rotate at different rates—eventually
smearing out to a larger area. The end result is a matched
beamwith a larger emittance (see Fig. 4 for illustration). This
process stops (or saturates) after a distance Lsat ≈ βm=σδ,
after which the saturated emittance will be [47]
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FIG. 4. Mismatching of a beam with finite energy spread. The initial phase space (left panel) is mismatched to the focusing channel,
which leads to a smearing in phase space due to the different rates of rotation. This effect is seen to saturate at some point (right panel),
when the beam has been fully smeared in phase space, leading to emittance growth. Source: Ref. [47] (CC BY 3.0).
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i.e. typical ramps are cm to 10’s cm 
and increase beta by ~10 and 
dropping emittance growth by 100
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X.L. Xu et al., Physics of Phase Space Matching for Staging Plasma and 
Traditional Accelerator Components Using Longitudinally Tailored 
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• Two types – active or passive 

• Strong focussing in both planes 
simultaneously  

• Active: drive large current through 
plasma to produce large magnetic field 
(next slide) 

• Passive: utilize focussing from ion 
column (same as for PWFA, ramps etc) 

• Laser or beam ionized 

• Head of the drive beam will experience 
varying focusing as reach full blowout 

• Constant focussing for the main beam 

• Stronger than active plasma lens
C. E. Doss et al., Laser-ionized, beam-driven, underdense, passive 
thin plasma lens, Phys. Rev. Accel. Beams 22, 111001 (2019).

Calculating the evolution of the beta function through a
tailored plasma-density profile is relatively straightforward
via the betatron equation [86]

1

2
β00ðsÞβðsÞ − 1

4
β0ðsÞ2 þ KðsÞβðsÞ2 ¼ 1; ð23Þ

where the focusing force is given by

KðsÞ ¼ e2

2ϵ0

nðsÞ
EðsÞ

: ð24Þ

Both the exposed charge density nðsÞ and the particle
energy EðsÞ are changing with the longitudinal position s.
While it is possible to solve Eq. (23) analytically in certain
cases [87], in general, it needs to be integrated numerically.
It is important to note that, although most plasma-density

ramps can successfully reduce the divergence, they do not
necessarily solve the chromaticity problem—while one
energy slice might be matched and emittance preserved,
this does not mean that every energy slice will. To ensure
that all energies remain matched throughout the accelerator
stage, the ramps must be adiabatic [88,89]. This means that
the plasma density is changing sufficiently slowly,

!!!!
n0ðsÞ
nðsÞ

!!!! ≪
1

βmðsÞ
; ð25Þ

such that α ≈ 0 throughout the entire ramp—true for all
energy slices, making the adiabatic ramp quasiachro-
matic. An example of such a ramp would be nðsÞ ¼
n0ð1þ s=lrÞ−2, where n0 is the flattop density and lr ≫
2βm0 is the characteristic ramp decay length (βm0 is the
matched beta function in the flattop). To reach a beta
function β% at the entrance or exit of such an adiabatic
ramp, the overall ramp length must be Lr ≫ 2β%. As an
example, to avoid significant emittance growth from
chromaticity in a meter-scale gap between stages [see
Eq. (10)], the ramp entrance or exit beta function must

be around 100 mm or more for a beam of 1% rms energy
spread, resulting in a meter-scale plasma-density ramp.
Therefore, while adiabatic ramps are desirable due to their
insensitivity to energy spread or slight mismatching, this
comes at the price of significantly longer ramp sections.
Long ramps will reduce both the energy efficiency and the
effective gradient of the accelerating structure and can
introduce potentially non-negligible and nonuniform dece-
lerating fields, which must be compensated for in the main
accelerating section.
In short, plasma-density ramps constitute a crucial tool

for reducing high divergence and chromatic effects but will
likely not be able to entirely solve the problem.

B. Plasma lenses

Another useful tool for capturing and refocusing beams
between stages is the plasma lens—a charged-particle
optics device that provides strong focusing in both planes
simultaneously (as opposed to the quadrupole). Plasma
lenses fall into two categories: passive and active plasma
lenses, referring to whether the focusing force is externally
(i.e., actively) driven or not.

1. Passive plasma lenses

Passive plasma lenses utilize the same mechanism as
plasma-density ramps—plasma-wakefield focusing. The
wakefield can be driven either by the beam itself or by a
separate driver (laser or particle beam). Typically, such
lenses can provide very strong focusing fields—in the
MT/m range—and so can be made very compact. While the
concept dates all the way back to 1922 [90–93], passive
plasma lenses in their modern form were proposed in
1989 [94] and have been successfully demonstrated for
both beam drivers [95,96] and laser drivers [97]. Figure 10
illustrates how a passive plasma lens might be applied in
practice.
Two regimes are often identified: the underdense and

the overdense regime, referring to whether the plasma
density in the lens is lower or higher than the beam
density, respectively. If the lens is underdense, a nonlinear
plasma wakefield (a blowout) forms with a fully exposed
ion column—this provides a linear focusing force and is
therefore, in principle, emittance preserving. Although the
focusing force for electrons is exerted by an electric field,
we can calculate the equivalent magnetic field gradient
(as Er ≡ cBϕ for ultrarelativistic particles)

gPPL ¼ en
2cϵ0

; ð26Þ

where n is the plasma density of the lens. This focusing is
uniform for all particles inside the wake.
Compare that to a lens in the overdense regime, where a

linear wakefield forms—in this case, the local focusing
force will also be given by Eq. (26), but the exposed charge

FIG. 9. Schematic of a plasma accelerator with density ramps.
The beam is focused by external focusing to the vacuum waist
(β%) close to the start of the entrance ramp. If perfectly matched to
the ramp, the beam stays matched throughout the accelerator
(β ¼ βm in the flattop). Finally, the beam is transported through
the exit ramp, which reduces the divergence before exiting into
the outside vacuum. Source: Ref. [85] (CC BY 4.0).
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Calculating the evolution of the beta function through a
tailored plasma-density profile is relatively straightforward
via the betatron equation [86]

1

2
β00ðsÞβðsÞ − 1

4
β0ðsÞ2 þ KðsÞβðsÞ2 ¼ 1; ð23Þ

where the focusing force is given by

KðsÞ ¼ e2

2ϵ0

nðsÞ
EðsÞ

: ð24Þ

Both the exposed charge density nðsÞ and the particle
energy EðsÞ are changing with the longitudinal position s.
While it is possible to solve Eq. (23) analytically in certain
cases [87], in general, it needs to be integrated numerically.
It is important to note that, although most plasma-density

ramps can successfully reduce the divergence, they do not
necessarily solve the chromaticity problem—while one
energy slice might be matched and emittance preserved,
this does not mean that every energy slice will. To ensure
that all energies remain matched throughout the accelerator
stage, the ramps must be adiabatic [88,89]. This means that
the plasma density is changing sufficiently slowly,

!!!!
n0ðsÞ
nðsÞ

!!!! ≪
1

βmðsÞ
; ð25Þ

such that α ≈ 0 throughout the entire ramp—true for all
energy slices, making the adiabatic ramp quasiachro-
matic. An example of such a ramp would be nðsÞ ¼
n0ð1þ s=lrÞ−2, where n0 is the flattop density and lr ≫
2βm0 is the characteristic ramp decay length (βm0 is the
matched beta function in the flattop). To reach a beta
function β% at the entrance or exit of such an adiabatic
ramp, the overall ramp length must be Lr ≫ 2β%. As an
example, to avoid significant emittance growth from
chromaticity in a meter-scale gap between stages [see
Eq. (10)], the ramp entrance or exit beta function must

be around 100 mm or more for a beam of 1% rms energy
spread, resulting in a meter-scale plasma-density ramp.
Therefore, while adiabatic ramps are desirable due to their
insensitivity to energy spread or slight mismatching, this
comes at the price of significantly longer ramp sections.
Long ramps will reduce both the energy efficiency and the
effective gradient of the accelerating structure and can
introduce potentially non-negligible and nonuniform dece-
lerating fields, which must be compensated for in the main
accelerating section.
In short, plasma-density ramps constitute a crucial tool

for reducing high divergence and chromatic effects but will
likely not be able to entirely solve the problem.

B. Plasma lenses

Another useful tool for capturing and refocusing beams
between stages is the plasma lens—a charged-particle
optics device that provides strong focusing in both planes
simultaneously (as opposed to the quadrupole). Plasma
lenses fall into two categories: passive and active plasma
lenses, referring to whether the focusing force is externally
(i.e., actively) driven or not.

1. Passive plasma lenses

Passive plasma lenses utilize the same mechanism as
plasma-density ramps—plasma-wakefield focusing. The
wakefield can be driven either by the beam itself or by a
separate driver (laser or particle beam). Typically, such
lenses can provide very strong focusing fields—in the
MT/m range—and so can be made very compact. While the
concept dates all the way back to 1922 [90–93], passive
plasma lenses in their modern form were proposed in
1989 [94] and have been successfully demonstrated for
both beam drivers [95,96] and laser drivers [97]. Figure 10
illustrates how a passive plasma lens might be applied in
practice.
Two regimes are often identified: the underdense and

the overdense regime, referring to whether the plasma
density in the lens is lower or higher than the beam
density, respectively. If the lens is underdense, a nonlinear
plasma wakefield (a blowout) forms with a fully exposed
ion column—this provides a linear focusing force and is
therefore, in principle, emittance preserving. Although the
focusing force for electrons is exerted by an electric field,
we can calculate the equivalent magnetic field gradient
(as Er ≡ cBϕ for ultrarelativistic particles)

gPPL ¼ en
2cϵ0

; ð26Þ

where n is the plasma density of the lens. This focusing is
uniform for all particles inside the wake.
Compare that to a lens in the overdense regime, where a

linear wakefield forms—in this case, the local focusing
force will also be given by Eq. (26), but the exposed charge

FIG. 9. Schematic of a plasma accelerator with density ramps.
The beam is focused by external focusing to the vacuum waist
(β%) close to the start of the entrance ramp. If perfectly matched to
the ramp, the beam stays matched throughout the accelerator
(β ¼ βm in the flattop). Finally, the beam is transported through
the exit ramp, which reduces the divergence before exiting into
the outside vacuum. Source: Ref. [85] (CC BY 4.0).
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!∂α
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∂β
∂δ
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þ
!
1

β
∂β
∂δ

"
2

: ð11Þ

The ratio of the projected geometric emittance at the exit of
the lens, εf, to the initial geometric emittance, ε0, is then
given by

εf
ε0

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þW2σ2E

q
; ð12Þ

where ∂=∂δ are derivatives with respect to a relative energy
offsets δ centered at δ ¼ 0 with a Gaussian rms spread σE.
Equation (11) is evaluated by letting K → K=ð1þ δÞ.

The chromatic amplitude reduces to a compact form which
depends on the phase advance through the lens and the ratio
of the incoming beta function to the initial beam emittance,
captured in the parameter χ:

W2
thin ¼ K2L2β20 ¼ ðΔψÞ2χ: ð13Þ

The expression for geometric emittance growth in a passive
thin lens from Eqs. (12) and (13) is identical to the
definition of aberration power from Ref. [33] for a general
rms focusing strength variation.
In addition to the geometric emittance growth within the

plasma, the normalized emittance can increase rapidly for a
tightly focused beam propagating in vacuum. This normal-
ized emittance growth is quantified in Ref. [34] as

ϵ2n ¼ hγbi2ðs2σ2Eσ4x0 þ ϵ2Þ ð14Þ

where s is the drift distance and σx0 ¼
ffiffiffiffiffi
γϵ

p
is the beam’s

rms size in momentum space. The normalized emittance
growth at the focus is written

ϵ2n ¼ hγLi2ððKLβ0 þ α0 − Lγ0Þ2σ2E þ 1Þϵ2f: ð15Þ

For a passive thin plasma lens of f ¼ 3.3 cm focusing a
beam of β%v ¼ β0 ¼ 5 cm and σE ¼ 0.25%, Eq. (12) pre-
dicts the geometric emittance to grow by a factor of
7 × 10−6. Equation (15) also predicts the normalized
emittance to grow further by a factor 7 × 10−6. Under
most realistic conditions, ðKLβ0 þ α0 − Lγ0Þ2 will be on
the order of 1 and σ2E will be on the order of 10−4 or smaller,
thus the chromatic emittance growth from the passive thin
plasma lens will be negligibly small.

III. PWFA BEAM MATCHING

To demonstrate that a plasma lens can focus a beam for
beam matching, we consider a PWFA with a 10 cm-long
uniform density flat-top region of 3 × 1016 cm−3 and
Gaussian density ramps on either side with a half-width
at half-maximum of σhw ¼ 2.54 cm. For a 10 GeVelectron
beam to be matched into this plasma source, it must have a

vacuum waist beta function of β% ¼ 2.5 cm at a position
4.55 cm before the start of the flattop [16].
The smallest vacuum beta function that can be produced

by the final focus quadrupole electromagnets at the
upcoming FACET-II facility is β%v ¼ 5 cm [35,36]. An
appropriate thin plasma lens can provide the additional
focusing necessary to reach the matching beta function. By
solving Eq. (10) with M ¼ 1=2 and np ¼ 3 × 1016 cm−3,
the required lens thickness is found to be 737 μm. The ideal
location of the plasma lens can be inferred from Eq. (5),
which gives the distance from the plasma lens to the new
waist location.
Figure 1 shows the beta function evolution of a 10 GeV

electron beam as it propagates through the thin plasma lens
and PWFA described above. The simulation treats the
plasma as an axisymmetric, linear focusing element. The
plasma axial density profile of lens is given in Sec. IV.
Figure 1 also includes an identical plasma lens at the PWFA
exit that acts to control the high-divergence outgoing beam.
After the exit lens, the beam evolves as if propagating from
a vacuum waist beta function of β%f ≃ 5 cm. Energy gain in
the PWFA is modeled according to Ref. [16], and an
increase of 1.72 GeV for the witness beam slightly
diminishes the focusing strength of the exit lens with
respect to its counterpart at the PWFA entrance. This
can be compensated for by simply adjusting the thickness
or position of the exit lens to achieve the desired value
of β%f.
Lastly, we investigate the experimental tolerance on

plasma lens thickness and location. Figure 2 shows the ratio

FIG. 1. Evolution of the beta function of a 10 GeV electron
beam through a plasma wakefield accelerator (PWFA) with
density ramps of half-width 2.54 cm and peak density
n0 ¼ 3 × 1016 cm−3. A thin plasma lens is located at the entrance
and exit of the PWFA to match the incoming beam and mitigate
its final divergence, respectively. The plasma density profile np is
given by the solid green line. The electron beam’s beta function β
is given by the solid blue line. The beta function corresponding to
vacuum propagation is given by the dashed blue line.

C. E. DOSS et al. PHYS. REV. ACCEL. BEAMS 22, 111001 (2019)
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Illustration of two thin plasma lenses used to couple a 10 GeV 
beam in/out of a 3x1016/cc plasma source used at FACET-II
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• Strong focussing in both planes 
simultaneously  

• Active: drive current through plasma 
to produce large magnetic field 

• kT/m symmetric focusing (less than 
PPL but more than PMQs) 

• Ideal focusing requires uniform 
current density (heat flow effects) 

• Current limited by z-pinch 

• Beam density limited else get blow-
out and active morphs to passive 

• Multiple scattering at higher-z gases 
and large betas C. A. Lindstrøm et al., Emittance Preservation in an Aberration-

Free Active Plasma Lens, Phys. Rev. Lett. 121, 194801 (2018). 
R. Pompili et al., Focusing of High-Brightness Electron Beams with 
Active-Plasma Lenses, Phys. Rev. Lett. 121, 174801 (2018)

density can vary throughout the beam, both transversely
and longitudinally. This nonuniform focusing force can
result in emittance growth. The same effect can also occur
in underdense plasma lenses for self-focused beams, where
the wake builds up longitudinally along the bunch, result-
ing in a projected emittance growth.
Note that, since the lenses are usually very short, energy

changes from the longitudinal wakefield are typically
ignored.

2. Active plasma lenses

An alternative way to focus beams is to use the plasma as
a conductor and use large currents to produce strong
magnetic fields. This actively driven plasma lens can
provide a uniform focusing field for the entire bunch
without the need for a driver, which makes them compact
and simple to operate. On the other hand, the focusing
strength is typically limited to the kT/m range [100]—
orders of magnitude weaker than passive plasma lenses but
still very strong compared to conventional quadrupoles.
This is the type of plasma lens that was used for the BELLA
staging experiment (see Fig. 1) [4].
The history of active plasma lenses started in

1950 [101,102], during which they were studied for various
purposes such as ion focusing [103] and antimatter
capture [104], before their recent revival for use in plasma
accelerators [105]. Modern active plasma lenses consist of
a thin (millimeter-scale) gas-filled capillary with electrodes
on either side [106] (see Fig. 11 for a schematic overview).
A high-voltage discharge ionizes the gas before a large
current passes through the plasma. By Ampere’s law, the
azimuthal magnetic field at each radius inside the lens is
proportional to the total current enclosed at that radius.

If, ideally, the current density inside is uniform, the
resulting magnetic field is linear and has a field gradient

gAPL ¼ μ0I
2πR2

; ð27Þ

where I is the overall current, R is the capillary radius,
and μ0 is the permittivity of free space. As an example,
plugging in numbers for a typical lens of radius 500 μm
and current 500 A, we obtain a magnetic field gradient
of 400 T/m—a relatively strong lens. Equation (27) also
indicates an advantage of active plasma lenses: By
inverting the direction of the current, the lens can also
focus positively charged particles—this is not easily done
with a passive plasma lens.
Unfortunately, active plasma lenses are not always

emittance preserving. There are three principal ways
in which these lenses can degrade the beam quality.
(1) Nonuniform current density [107] leads to nonlinear
focusing fields, which causes emittance growth. This can
be caused by a temperature gradient between the core and
the wall (where the heat escapes) [108,109]. Interestingly,
while this aberration is present in light gases like hydrogen
and helium [110], it is possible to fully suppress it in a
heavier gas like argon, where the heat transfer to the wall is
significantly slower [111]. Another effect which can cause
nonuniform focusing fields is the z-pinch effect [112],
where the magnetic field of the lens is strong enough to
self-focus its own current. (2) Coulomb scattering (see
Sec. III A 3) can cause emittance growth due to the atomic
or ionic density on axis [48–50]. Since the emittance
growth rate [see Eq. (15)] scales as dϵn

ds ∼ βxZ2, where βx
is the beta function in the lens and Z is the atomic number,
we observe that the beta function should be kept to a
minimum (also good for reduced chromaticity) and that
scattering is more severe for heavier gases. The effect is
usually negligible in hydrogen or helium but can be pro-
blematic for an argon-based active plasma lens. (3) Passive

FIG. 10. Passive plasma lensing scheme proposed for FACET-
II [98], where the lenses are integrated into the plasma-density
ramps. A gas jet produces a locally higher gas density that is
ionized by a laser. The lens is driven by the same beam driver
as is used in the main accelerating section. Source: Ref. [99]
(CC BY 4.0).
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FIG. 11. Schematic of an active plasma lens: An electron beam
enters a gas-filled capillary, which is discharged via two high-
voltage electrodes. The current flowing between the electrodes
induces an azimuthal magnetic field Bϕ that increases with radius
r—a radial focusing force that focuses the electron beam in both
planes. Source: Ref. [105].
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For cylindrical geometry, from Ampere’s Law:
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Compact, tunable, radially symmetric focusing of electrons is critical to laser-plasma accelerator (LPA)
applications. Experiments are presented demonstrating the use of a discharge-capillary active plasma lens
to focus 100-MeV-level LPA beams. The lens can provide tunable field gradients in excess of 3000 T=m,
enabling cm-scale focal lengths for GeV-level beam energies and allowing LPA-based electron beams and
light sources to maintain their compact footprint. For a range of lens strengths, excellent agreement with
simulation was obtained.
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Laser-plasma accelerators (LPAs) [1] have produced
MeV-to-multi-GeV electron beams in mm-to-cm-scale
plasma structures [2–9]. This maturing technology is being
developed for use in applications such as ultrafast electron-
beam pump-probe studies [10], compact light sources
including coherent x rays [11–13] and incoherent MeV
photons [14–17], and high-energy particle colliders driven
bymultiple LPA stages [18,19]. For all of these, transport and
focusing of electron beams over short, cm-scale distances is
important. Traditional magnetic elements are challenging to
apply: (i) Because of the 1=γ2 scaling of the focusing
strength, with γ the electron relativistic Lorentz factor,
solenoids have weak focusing for relativistic electrons and
have, hence, only been applied to energies of a few MeVor
less [20]; (ii) the strong field gradients of miniature quadru-
poles (of order 500 T=m [21]) are promising, as is the more
favorable 1=γ scaling of the focusing strength, but the
effective field gradient is strongly reduced when one con-
siders that three lenses of varying andopposite strengths need
to be combined to achieve radially symmetric focusing [22].
This leads to a longer effective focal length (of order> tens of
cm) with increased chromaticity.
This Letter describes recent multistage LPA experiments

where we have realized strong, single-element, radially
symmetric focusing of electron beams by applying a dis-
charge current in a gas-filled capillary. Figure 1(a) illustrates
the radial focusing force on an electron propagating collin-
early to an externally driven discharge current. Such a lens is
also referred to as an active plasma lens.Active plasma lenses
were first discussed by Panofsky andBaker in 1950 [23], and
have been extensively demonstrated on ion beams using
z-pinch plasma discharges [24–26]. Until now, applications
for electron beams have received little experimental
attention. Figure 1(b) highlights the advantage of the active
plasma lens, which can provide field gradients> 3000 T=m

for typical parameters considered here. The focal length F0

for 300-MeV electrons is compared for a state-of-the-art
solenoid, quadrupole triplet, and active plasma lens, with
values of, respectively, 500, 20, and 1.7 cm. The chromatic
dependence can be expressed as the energy-dependent
change in focal length jΔFj relative to F0, as shown in
Fig. 1(b), and is much weaker for the shorter focal length of
the active plasma lens (red curve). Note that plasma-wake-
field lenses, where focusing wakefields are driven by either
the electron beam itself [27–30] or a laser pulse [31,32], have
been considered for their ultrastrong focusing fields,
approaching even 1 T=μm [28]. However, their applicability
is challenging since the focusing force has an intrinsic
longitudinal variation (electrons in the head of the beam
experience a different lens strength than the electrons in the
tail), and tunability is limited since electron-beamparameters
(charge, current profile, and size) strongly affect the focusing
forces and lens aberrations.
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FIG. 1 (color online). (a) Schematic concept of the focusing
force in an active plasma lens. (b) The focal length F0 for 300-
MeV electrons and chromatic dependency jΔF=F0j is displayed
for a state-of-the-art solenoid (black curve), quadrupole triplet
(blue curve), and active plasma lens (red curve), illustrating the
advantage of the active plasma lens (cm-scale focal length with
reduced chromatic dependence).

PRL 115, 184802 (2015) P HY S I CA L R EV I EW LE T T ER S
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I.e. for R=500µm, I=500A, g=400T/m

J. van Tilborg et al., Active Plasma Lensing for Relativistic Laser-Plasma-
Accelerated Electron Beams, Phys. Rev. Lett. 115, 184802 (2015).

Example APL comparison for 300MeV beam provides 
cm-scale focal length and reduced chromatic 

dependance vs solenoid, PMQ triplet
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• Compact geometry for catching beam near exit of plasma stage but limiting 
aberrations in the lens places restrictions on the maximum beam density

C. A. Lindstrøm and E. Adli, Analytic plasma wakefield limits for active plasma lenses, arXiv:1802.02750.

8

Experiment LBNL INFN DESY INFN CERN
BELLA Frascati #1 Mainz Frascati #2 CLEAR

Energy (MeV) 62 126 855 127 200
Charge (pC) 10-50 50 1 50 1-1000
Bunch length (µm) 2 330 ⇠106 350 300-1500
Beam size, rms (µm) 600-2100 130 150 95 30-70
Capillary radius (µm) 500 500 500 500 500
Capillary length (mm) 15 30 7-33 30 15
Peak current (A) 440 93 740 95 450-750
Gas pressure (mbar) 3.3 (He) 40 (H2) 4 (H2) 300 (H2) 4-50 (Ar)
Plasma density (cm�3) 8⇥1016 9⇥1016 1017  6⇥1016  1018

Active plasma lens gradient (T/m) 350 74 590 76 360-600
Max. gradient from wakefields (T/m) 10�4-0.01 3.5 4⇥10�5 . 180 . 7000

TABLE I. Beam and plasma lens parameters for recent and current active plasma lens experiments. Also shown is the predicted
active plasma lens focusing gradient (using Eq. 8) as well as the maximum focusing gradient within the bunch caused by plasma
wakefields (using Eq. 35). Three of the experiments (LBNL [3], INFN Frascati #1 [12] and DESY [14]) have reported no plasma
wakefield distortion, consistent with expectation. However, a dedicated passive plasma lensing experiment (INFN Frascati #2
[13]) has observed the e↵ect, which should be even stronger in the CERN-experiment [15]. In these latter experiments, the
subsequent plasma decay after the current discharge is used to scan the plasma density, which couples most strongly to the
⇠300 µm long bunches at around 1014 cm�3 (used to calculate of the wakefield gradient).

Minimum beam size for negligible (< 3%) plasma wakefields
in an active plasma lens with 1 kA discharge current
and a capillary diameter 10 r (but at least 250 m)

Higher density better
(2.4 1018 cm -3  used)

Lower density better
(2.4 1015 cm -3  used)
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FIG. 5. (a) Minimum beam size required in an active plasma lens to have negligible distortion, i.e. when the gradient from
plasma wakefields is 3% or less of the active plasma lens gradient, and (b) the corresponding active plasma lens gradient given
this size. Note that the capillary diameter is constrained to 10 times the beam size, such that a smaller beam size gives a
larger gradient (Eq. 8), but that this lens diameter is constrained to be at least 250 µm. The parameter space is divided in
two parts, where lower (left) and higher (right) plasma densities allow smaller beam sizes, respectively. A typical discharge
current of 1 kA is used, but smaller beam sizes can be tolerated if this current is increased. Collider parameters from Table II
are indicated as colored circles.

ternative is to instead consider constant current density.
However, this is again unrealistic for large capillary di-
ameters, where at some point the total current is beyond
what can be supplied. Since it is not yet clear what these
limits are quantitatively, we will consider as an example
the combination of a typical current of 1 kA and a min-
imum lens diameter of 250 µm, based on the smallest
capillaries used for active plasma lensing [1].

Figure 5 shows both the minimum beam size and cor-
responding active plasma lens gradient for the parameter
space relevant to linear colliders. For each combination of
bunch length and charge, we are free to choose a plasma
density to minimize plasma wakefields. This divides the
parameter space in two parts: one which favors lower
densities and one which favors higher densities, where the
equivalent of 0.1 mbar and 100 mbar gas pressures were
used, respectively. The collider parameters from Table II

are indicated in the plots, and are seen to mostly require
beam sizes of approximately 100-400 µm rms.

We observe that of all the linear collider designs listed
in the example, the ILC is most promising with close
to a kT/m of focusing gradient. On the opposite end,
both the plasma wakefield accelerator-based collider de-
signs require large capillaries (2-4 mm diameter) reaching
only about 100 T/m. However, while large capillaries and
weak focusing is not ideal, these machines also require low
emittances, which means that a large beam size is equiva-
lent to a very large beta function of order 104-106 m (see
Table II). Using an active plasma lens is therefore not
practical in the main linac, where a significantly smaller
beta function (1-100 m) is required: in ILC and CLIC
this is needed to reduce alignment tolerances, whereas in
plasma-based colliders it is to avoid large chromaticity in
the staging optics [23] between plasma cells. However,
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• Strong focussing and chromatic correction are desired to properly inject and 
extract the beam from the plasma 

• Traditional FF designs (search literature for P. Raimondi, A. Seryi, G. White…) 

- Chromaticity is compensated in dedicated chromatic correction sections (CCX 
and CCY) 

- Sextupoles in high dispersion and high beta regions 

- Geometric aberrations generated by the sextuples are cancelled using -I 
transform between them 

- FFTB@SLAC was >200m at 50GeV 

• Local chromaticity correction schemes reduce length and have been studied at 
ATF2@KEK and designs for 500m @500GeV 

• Apochromatic focusing is a lesser-known alternative approach, whereby chromatic 
errors of Twiss parameters are corrected without the use of bends and sextupoles

See for example G. White et al., Experimental Validation of a Novel Compact Focusing Scheme 
for Future Energy-Frontier Linear Lepton Colliders, Phys. Rev. Lett. 112, 034802 (2014).
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• Inspired by camera lenses, add 
additional lenses and tune so that 
multiple colors are in focus

Design of general apochromatic drift-quadrupole beam lines

C. A. Lindstrøm* and E. Adli
Department of Physics, University of Oslo, 0316 Oslo, Norway

(Received 24 March 2016; published 15 July 2016)

Chromatic errors are normally corrected using sextupoles in regions of large dispersion. In low emittance
linear accelerators, use of sextupoles can be challenging. Apochromatic focusing is a lesser-known
alternative approach, whereby chromatic errors of Twiss parameters are corrected without the use of
sextupoles, and has consequently been subject to renewed interest in advanced linear accelerator research.
Proof of principle designs were first established by Montague and Ruggiero and developed more recently
by Balandin et al. We describe a general method for designing drift-quadrupole beam lines of arbitrary
order in apochromatic correction, including analytic expressions for emittance growth and other merit
functions. Worked examples are shown for plasma wakefield accelerator staging optics and for a simple
final focus system.

DOI: 10.1103/PhysRevAccelBeams.19.071002

I. INTRODUCTION

Chromatic errors are inherent to charged particle beam
optics, due to the energy dependent kick exerted by a
magnetic quadrupole, as seen explicitly in the normalized
quadrupole strength

k ¼ eg
p0ð1þ δÞ

; ð1Þ

where g is the quadrupole field gradient, e is the particle
charge, p0 is the nominal particle momentum, and δ is the
relative momentum offset. Coupled with an energy spread,
this results in mostly unwanted nonlinear distortions of
the beam.
Correcting chromatic errors is conventionally done using

sextupoles in regions of large dispersion [1]. This method
introduces nonlinear force terms, of which some may be
canceled by careful lattice design, and adds additional
dispersion and synchrotron radiation in the case of linear
accelerators. In particular, this results in unfavorable energy
vs length scaling laws for future high-energy, low emittance
advanced accelerator concepts [2].
Fortunately, another method known as apochromatic

focusing can be used to correct chromatic effects in linear
accelerators without sextupoles or dipoles. Inspired by light
ray optics, the aim is to simultaneously focus a range of
colors (energies) to the same focal point using lenses
(quadrupoles) only. Figure 1 illustrates this mechanism
for both light beams and charged particle beams. In (a) three
distinct colors are focused, while in (b) the energy
dependence of the focusing is canceled to first order.

This method was introduced in 1987 by Montague and
Ruggiero [3] in an attempt to meet the requirements of the
Compact Linear Collider (CLIC) [4] final focus system.
Presenting an analytical solution for a thin-lens first-order

FIG. 1. Plot (a) shows width w of three light beams vs the
optical axis s for a 3-color apochromat. Plot (b) shows transverse
beam size

ffiffiffi
β

p
in x and y vs s for a first-order apochromat. Both

apochromats use the same principle: beams of different color/
energy are focused differently through the system, but end up
focused to the same point. However, the two examples are
different in a subtle way: In plot (a) three distinct colors are
focused to the same point, leaving intermediate colors slightly
unfocused. This is how achromatic lenses for light optics are
often designed. In contrast, in plot (b) the nominal energy is
perfectly focused, and the focusing error is canceled to first order
in δ, leaving small-offset energies well focused. In this paper, we
study arbitrary order apochromats for charged particle beams.

*c.a.lindstrom@fys.uio.no

Published by the American Physical Society under the terms of
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[16], we use βmat ¼ 2.5 cm for a 100 GeV witness beam,
which has an energy spread of approximately 1%. Using a
plasma density ramp [17] of β-magnification 13, the
staging optics must match to and from β0 ¼ 32.5 cm.
Injection and extraction of drive beams introduce further
considerations, discussed in Ref. [2]. Here we simply
reserve 1 m of drift space at the beginning and end of
the lattice for eventual injection and extraction sections.
The combination of large energy spread and tightly

focused β-functions with long adjacent drift spaces results
in significant chromatic errors that require cancellation. A
naive beam line with no chromatic correction produces a
projected emittance growth of around 10%.

1. First order quadrupole solution

We start by solving the problem with lowest (first) order
apochromatic correction using conventional magnetic
quadrupoles. Since the problem is mirror symmetric, we
can work with the first half of the lattice only, reducing the
original 4 constraints (βx ¼ βy ¼ β0 and αx ¼ αy ¼ 0 at the
end) to only 2 constraints. Two solutions exist: mirror
symmetry (αx ¼ αy ¼ 0 halfway) and mirror antisymmetry
(βx ¼ βy and αx ¼ −αy halfway), where quadrupole

polarity is switched. We choose the latter for its similar
emittance growth in both planes.
A first-order apochromat must satisfy both the zeroth

order matching constraints and cancellation of their first-
order chromatic derivatives, resulting in a total of 4
constraints at the halfway point:

βx − βy ¼ 0 ð32Þ

αx þ αy ¼ 0 ð33Þ

∂βx
∂δ −

∂βy
∂δ ¼ 0 ð34Þ

∂αx
∂δ þ

∂αy
∂δ ¼ 0: ð35Þ

Since this requires 4 d.o.f., we define a half-lattice of 4
quadrupoles. To minimize the total length, we use quadru-
poles of alternating maximum field strength, assumed to be
%160 T=m, and vary their lengths. Solving Eqs. (32)–(35))
using the method outlined in Sec. V produces the solution
presented in Fig. 4(a): a 32.5 m long lattice of 8 quadru-
poles transporting a 100 GeV beam of 1% energy spread

FIG. 4. Example A: PWFA staging optics, both using quadrupoles (a) and plasma lenses (b). Plots show
ffiffiffi
β

p
(proportional to rms beam

size) vs beam line axis s, and chromatic dependence of αðδÞ and βðδÞ vs offset δ. Both solutions capture a 100 GeV beam exiting a
plasma (with density ramps) matched to β0 ¼ 32.5 cm and refocuses it back to 32.5 cm, with a 1 m drift space at the start and end for
injection and extraction of drive beams. Solution (a) is a first-order apochromatic lattice using 8 quadrupoles with field gradient
160 T=m are placed antisymmetrically (mirrored with polarity switched), whereas solution (b) is a third-order apochromatic lattice
using 7 discharge capillary plasma lenses [18] with field gradient 3000 T=m placed symmetrically. Transporting a beam with 1% rms
energy spread leads to a projected emittance growth of 0.96% in lattice (a), and 0.000004% in lattice (b). Note the different δ-scales in
the two chromatic dependence plots.

C. A. LINDSTRØM and E. ADLI PHYS. REV. ACCEL. BEAMS 19, 071002 (2016)
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NEW CONCEPT #1: ACHROMATIC TRANSPORT WITH TRANS. TAPERED PLASMA LENSES

> Transversely tapered plasma lenses (APL/PPL) 

> Disperse the bunch into the PL with a dipole, match 
the focusing of each energy with a transverse taper. 

> Local chromaticity correction* (used in final focus 
systems)


> Simple in/out-coupling of laser and beam drivers.


> Large, dispersed beams in the plasma lenses  
⇒ minimal wakefield-distortion in APLs.

* Raimondi & Seryi, Phys. Rev. Lett. 86, 3779 (2001)

Dipole magnet Plasma lens

(transversely tapered)

Plasma

accelerator

Dipole magnet

Plasma

accelerator

Lower energy

Higher energy

Plasma lens

(transversely tapered)

Stronger 
focusing

Weaker 
focusingDepleted 

driver beam
New 

driver beam

Sextupole
(cancels second-order  

dispersion)

-1 0 1
x (mm)

-1

-0.5

0

0.5

1

y 
(m

m
)

B field (no taper)

-1 0 1
x (mm)

-1

-0.5

0

0.5

1

y 
(m

m
)

Kick direction

-1 0 1
x (mm)

-1

-0.5

0

0.5

1

y 
(m

m
)

B field (trans. taper)

-1 0 1
x (mm)

-1

-0.5

0

0.5

1

y 
(m

m
)

Kick direction

(manuscript in preparation)

Apochromatic Transport with Transversely Tapered Plasma Lens
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• Plasmas are high-field and high-
frequency accelerators 

• The driver initiates the wake so the 
main beam needs to be synched to the 
driver to a small fraction of the 
wakefield period 

• Random timing jitter Δt will produce 
energy jitterbunch in such a way that the bunch length is conserved, but

the longitudinal phase space is flipped. In this case, the next
stage will exactly dechirp the bunch to give it a significantly
lower energy spread (see Fig. 5) [53].
A different but related problem can occur even if the

longitudinal dispersion is canceled and the energy spread is
negligible. If the bunch is very short (μm-scale) and the
divergence is large—as is often the case in laser plasma
accelerators—particles with a large angle will travel further
before being focused back to a small beam size (related to
the R25 and R45 matrix elements). To avoid bunch length-
ening, the distance to the first or last optic before and after a
stage is therefore restricted by

ΔL ≈
1

2
σ2x0L ≪ σz; ð17Þ

where ΔL is the path length difference for particles at an
angle of σx0 (i.e., the rms divergence) and L is the distance
to the optic. Normally, this is a problem only for lower
energy bunches (sub-GeV), because the matched beta
function is smaller (∼ ffiffiffi

γ
p

) and the geometric emittance is
higher (∼1=γ)—both leading to higher divergence. For
example, a 200 MeV bunch of length 1 μm and normalized
emittance 1 mmmrad exiting a laser plasma accelerator at
density 1017 cm−3 will have a divergence of 2.3 mrad and,
therefore, must, according to Eq. (17), be captured in much
less than 37 cm.

C. Tolerances

All of the above considerations have assumed that the
staged accelerator is perfectly stable. This is, of course, not
the case in practice—everything has a certain level of
random jitter. Two particularly important tolerances for
jitter are those related to the synchronization and the
transverse misalignment between the driver and the accel-
erating beam.

1. Synchronization

Plasma-wakefield accelerators have high-frequency
electromagnetic fields. For stable acceleration, the driver

and the accelerating beam must be synchronized to
within a small fraction of the wakefield period. Con-
sider an accelerator with a wakefield that changes from 0
to Ez in a time 1=ω—an error in the relative arrival
time Δt will result in a relative error of the accelerating
gradient of

ΔEz

Ez
≈ ωΔt: ð18Þ

Random timing jitter, therefore, results in a correspond-
ing energy jitter—an effective multishot energy spread.
As an example, to maintain a 1% energy stability in a
plasma accelerator stage operating at density 1017 cm−3

(characteristic timescale 1=ωp ¼ 177 fs), one would need
to synchronize the driver and the accelerating beam to
better than 2 fs. This is a very challenging goal—current
state-of-the-art techniques can provide synchronization
jitter down to about 10 fs rms [54,55]. In addition, long-
term timing drifts need to be measured and corrected for
with a feedback system operating at the same timescales.

2. Transverse misalignments

Misalignment tolerances will also prove particularly
challenging for plasma-wakefield accelerators. The accel-
erating beam, the driver, and the accelerating structure all
need to be well aligned throughout the full length of the
accelerator. Fortunately, this problem is partially mitigated
in a plasma accelerator, since the driver defines the location
of the accelerating structure—only the driver–accelerating
beam offset matters. Assuming instabilities such as hosing
and beam breakup can be mitigated, what level of emittance
growth do we expect?
Similar to the cases of mismatching (see Sec. III A 1) and

dispersion (see Sec. III A 2), beams with finite energy
spread will see the centroids of different energy slices rotate
in phase space at different rates—leading to a smearing
in phase space. Consider a driver–accelerating beam pair
with a relative position offset Δx and an angle offset Δx0,
propagating in a stage with a matched beta function βm (see
Fig. 6 for illustration). The projected emittance growth
caused by such an offset will gradually increase along the
accelerator and then saturate at [56]

Δϵj ≈
1

2

"
Δx2

βm
þ βmΔx02

#
: ð19Þ

In simple terms, the driver and the accelerating beam must
overlap well in phase space: Δx ≪

ffiffiffiffiffiffiffiffiffiffi
2βmϵ

p
and Δx0 ≪ffiffiffiffiffiffiffiffiffiffiffiffiffi

2ϵ=βm
p

, where ϵ is the geometric emittance of the
accelerating beam. This is particularly challenging for
small βm (i.e., high accelerating gradients) and lower
emittances, as the beam is focused to the submicrometer
scale. If multiple stages are used, the emittance growth per
stage is further constrained—typically by a factor of

FIG. 5. Longitudinal phase space reversal in a chicane with a
fine-tuned R56, which can be used to significantly reduce the
energy spread by compensating the chirp from one stage in the
following stage. Source: Ref. [53].

STAGING OF PLASMA-WAKEFIELD ACCELERATORS PHYS. REV. ACCEL. BEAMS 24, 014801 (2021)

014801-7

e.g. to remain within 1% energy bandwidth 
at 1017/cc (1/ωp = 177fs) would need to 
synchronize main beam to driver to better 
than 2fs. XFELs now down to ~10fs so this is 
challenging but does not feel much beyond 
state of the art
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> Introduce a small compression between stages (magnetic chicane; R56)


> (1) Synchrotron oscillations of the centroid ⇒ phase stability.


> (2) Feedback between beam loading and shape of current profile 
     ⇒ automatic wakefield flattening (optimal beam loading).


> Self-correcting long. phase space: Damps energy spread and energy offset


> Robust mechanism: specific wakefield regime or exact R56 not critical.

NEW CONCEPT #2: SELF-CORRECTION FOR STABILITY AND ENERGY-SPREAD DAMPING
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and the wakefield are given by

8l0 ¼ r2b þ 1
2ð!$ !!s þ

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8l0 $ r2!s

q
Þ2; (12)

Ez ¼ $1
4ð!$ !!sÞ þ Ezð! ¼ ! !sÞ (13)

and the innermost particle will reach the !-axis at !!s þ
"!!s, where "!!s ¼

ffiffi
2

p
r!s
ðR2

b $
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R4
b $ r4!s

q
Þ. In this case, the

energy absorption per unit length is identical to that of an
optimal trapezoidal bunch 2"l0"!!shjEzji ¼ QsEs. The
difference in the accelerating force experienced by the
front and the back of the bunch will tend to increase the
bunch’s energy spread. This can be avoided either by
injecting the bunch with an initial energy chirp to compen-
sate for the effect caused by the field in Eq. (13) or by using
a monoenergetic trapezoidal bunch.

If the driver travels with a velocity slower than that of
the accelerating electrons, these electrons will move with
respect to the wake. In this context, it is interesting to see
what happens if a flat-top electron bunch optimized for
some !1 is instead placed at !2 and !3, both smaller than
!1.

In Fig. 2(a), we compare the lineouts of the wakefield
Ezð!; rb ¼ 0Þ from three 2D cylindrically symmetric simu-
lations with the theoretical results for flat-top beams. For
each simulation, an electron bunch with l0 ¼ 0:25R2

b and
length "! !s ¼ 0:27Rb is loaded at one of three locations:
!1 ¼ 0:67Rb, !2 ¼ 0:53Rb, !3 ¼ 0:31Rb. The open red

squares correspond to loading at !1, the solid blue dia-
monds to !2, and the open green circles to !3. The solid
lines are derived from the theory [for l0 > R4

b=ð8r2!sÞ, the
particle trajectory in the region ! !s & !< !m can be writ-
ten in terms of the integral Eð’jmÞ] and are in excellent
agreement with the simulations in all three cases.
We repeated the simulations using Gaussian bunches

with the same number of particles as in the flat-top cases
and NbðzÞ ¼ Nbffiffiffiffiffi

2"
p

#z
e$z2=ð2#2

z Þ, where #z ¼ "!!s=ð2
ffiffiffi
2

p
Þ.

Each bunch is placed so that its center is at a distanceffiffiffi
2

p
#z from !1, !2, and !3 for the three simulations. The

results, shown in Fig. 2(b), confirm that the Gaussian
bunches may be treated using the theory for flat-top
bunches. In both Figs. 2(a) and 2(b), we observe that the
wakefield is relatively flat regardless of the placement of
the bunch. The initial negative slope is balanced by a
smaller positive slope for most of the acceleration process.
Last we note that we started from Eq. (1), which is the

ultrarelativistic limit of Eq. (11) of Ref. [13] and is ex-
pected to hold for kpRb * 3. For lower kpRb the formalism
described here can still be applied if one numerically
solves Eq. (11) of Ref. [13].
Work supported by the Department of Energy under

Grants No. DE-FG02-03ER54721, No. DE-FG03-
92ER40727, No. DE-FG52-06NA26195, and No. DE-
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• Beam loading (Energy, energy spread) 
sensitive to longitudinal shape and location 

• Magnetic chicanes provide energy 
dependent path length 

• Possibility for feedback mechanism
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> No need for ultra-precise shaping of current profiles.


> Improved synchronization tolerances by several orders to 
magnitude.


> (Strong beam loading ⇒ natural high efficiency.)


> Implication: Staging not only relevant to high energies


> Also beneficial for small-scale plasma accelerators.

NEW CONCEPT #2: SELF-CORRECTION FOR STABILITY AND ENERGY-SPREAD DAMPING
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> More R&D required to investigate…


> …the coupling to the transverse phase space.


> …the effect of CSR, betatron radiation, etc.

-150

-100

-50

0

Lo
ng

itu
di

na
l p

os
iti

on
, ξ

 (μ
m

)

0

5

10

15

20

25

30

35

B
ea

m
 c

ur
re

nt
, I

b (k
A

)

Initial profile

-150 -100 -50 0
ξ (μm)

0
10
20

I b (k
A

)

Final profile

-150 -100 -50 0
ξ (μm)

0
10
20

I b (k
A

)

50 100 150 200
Stage

-2

-1

0

1

2

R
el

. e
ne

rg
y 

(%
)

0

5

10

15

20

S
pe

ct
ra

l d
en

si
ty

 (n
C

/%
)

100 101 102

Stage

10-1

100

E
ne

rg
y 

sp
re

ad
, r

m
s 

(%
)

Simulation
Analytical model (Eq. 1)

-113.5 -113 -112.5 -112
Mean position (μm)

-0.2

-0.1

0

0.1

0.2

M
ea

n 
en

er
gy

 o
ffs

et
 (%

)

a

b c

d

e f
-150

-100

-50

0

Lo
ng

itu
di

na
l p

os
iti

on
, ξ

 (μ
m

)

0

5

10

15

20

25

30

35

B
ea

m
 c

ur
re

nt
, I

b (k
A

)

Initial profile

-150 -100 -50 0
ξ (μm)

0
10
20

I b (k
A

)

Final profile

-150 -100 -50 0
ξ (μm)

0
10
20

I b (k
A

)

50 100 150 200
Stage

-2

-1

0

1

2

R
el

. e
ne

rg
y 

(%
)

0

5

10

15

20

S
pe

ct
ra

l d
en

si
ty

 (n
C

/%
)

100 101 102

Stage

10-1

100

E
ne

rg
y 

sp
re

ad
, r

m
s 

(%
)

Simulation
Analytical model (Eq. 1)

-113.5 -113 -112.5 -112
Mean position (μm)

-0.2

-0.1

0

0.1

0.2

M
ea

n 
en

er
gy

 o
ffs

et
 (%

)

a

b c

d

e f



Some Nice Movies to Illustrate What is Happening
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Charge higher

Charge lower

Density higher

Density lower

Longer Bunch

Shorter Bunch



Outline
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• Why is staging important? 

• Challenges and things to consider between stages 

• Elements of a complete solution so far considered 

• Benefits of having multiple stages 

• Staging demonstrations 

• Conclusions & Outlook
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BELLA Center houses multiple laser facilities addressing  
laser, accelerator, and light source R&D and applications

44

BELLA-HTT 
3 Joule in 30fs (100 TW @ 5Hz) 
• Mono-chromatic gamma rays 
• Pump-probe X-rays 
• Medium-intensity p+ acceleration

BELLA-IP2 at BELLA-PW 
40 Joule in 30fs (1 PW @ 1Hz) 
• High-intensity p+ acceleration 
• Strong-field physics

BELLA-HTU, 3 Joule in 30fs  
(100 TW @ 5Hz) 
• Electron transport line 
• Undulator X-rays

1TW-kHz, 4mJ Joule in 4fs (1 TW 
@ 1kHz) 
• Few-MeV electrons & X-rays 
• Emergency response etc

BELLA FIBER 
100s mJ in <100fs (>1kHz) 
• Laser R&D 
• Light sources at >1kHz

Future kBELLA: 100TW, 
operation at 1kHz

BELLA-PW 1st and 2nd beamlines 
40 Joule in ~30fs (1 PW @ 1Hz) 
• multi-GigaVolt e- acceleration 
• Medium-intensity p+ acceleration



BELLA Center Houses a 1Hz Repetition Rate Petawatt Laser for LPA Science

BELLA 
Laser

Plasma source 
(accelerating 

medium)

Off-axis 
parabolic 

mirror

High power 
diagnostics

Magnetic 
spectrometer

10 m

On target (focus) Value Fluctuation

Energy 40 [J] 1%

Peak Power 1 [PW] (for 31fs) 5%

Peak Intensity 1.5 [1019 W/cm2] (for w0 53µm) 10% 45K. Nakamura et al., IEEE JQE 53 1200121 (2017)



Multi-GeV staging: a key next step on the LPA collider roadmap
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Upcoming BELLA PW 2nd beamline experiments

• Staging at ∼100MeV using 30TW (BELLA TREX laser) in 2016, but low capture efficiency 

• BELLA PW laser will be used to investigate multi-GeV staging with high efficiency

S. Steinke PoP 23, 056705 (2016);  B. H. Shaw, PoP 23, 063117 (2016); J. van Tilborg, PRL 115, 184802 (2015); S. Steinke, Nature 530, 190 (2016)



BELLA PW Facility Layout before 2BL installation

Gray / Black: 
elements that 
existed before 
2BL upgrade. 



BELLA 2nd bemline (2BL) adds additional laser pulse to the target chamber 
for the next generation of laser accelerator experiments

Gray / Black: 
elements that 
existed before 
2BL upgrade. 

Colored: 
elements 
installed / 
modified 

because of 
2BL 

installation.

Potential OAP focal lengths 
<1m, 6m, 13m, 18m



2BL enables experiments on multi-GeV staging with high efficiency

Schematic target chamber layout for 
staging experiments

Staging elements: 

● Injector to produce electron bunch. 
● LPA 1 driven by 1BL pulse producing quality 

electron bunch (GeV-energies, ΔE/E < 10%, 
divergence < 2 mrad). 

● Active plasma lens to refocus electron beam. 
● Plasma mirror to couple in 2BL pulse. 
● LPA 2 driven by 2BL pulse.

Un-guided 
experiments: 

INF&RNO Simulations 
predict ~100% charge 

capture, multi-GeV 
electron energies and 

quality bunches.

Optimized guided 
experiments: 

INF&RNO Simulations 
predict ~100% charge 
capture and electron 

energies up to ~10GeV. 



Conclusion & Outlook
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• Staging will be needed for collider applications of PWFA/LWFA 

• Community making steady progress understanding and optimizing individual 
stages 

• Only one staging experiment performed to date 

• Next few years will see more 

• A complete staging solution is challenging 

• …but a great opportunity for smart young people to have an impact 

• e.g. the many new and interesting ideas highlighted here from Carl Lindstrøm 

• U. Oslo team is developing a workflow to model staging for HALHF concept in 
preparation for next European Strategy 

• Ideas will inform designs for next generation facilities and demonstrations



Facility for Advanced 
Accelerator Experimental Tests

Questions?


