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Introduction to particle Dynamics

Accelerator = series of elements for beam guiding (bending, focusing) and
acceleration

» often arranged in a closed loop (ring) or in a periodic “straight” sequence (linacs)
» guiding fields must ensure stability of circulating particles
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Accelerator = series of elements for beam guiding (bending, focusing) and
acceleration

» often arranged in a closed loop (ring) or in a periodic “straight” sequence (linacs)
» guiding fields must ensure stability of circulating particles

questions to be answered:

Can we describe the particle motion?

How to ensure bound motion of a particle beam?

What are conditions for stability?

Statistical beam properties like beam width and angular spread?

How to design magnet lattices (arrangements of dipoles and quads in a line)?
What happens when non-linear effects occur?

What is the impact of field errors in bending and focusing magnets?
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Accelerating particles =2 Towards Relativity

velocity

Einstein:

mass increases }E:mcz ‘.

not velocity
\J\ - energy

Newton:




A.Einstein
1879-1955

Acceleration of particles:
basic relativistic relations

relativistic energy-
momentum relation:

E = \/m%c4 + c2p?

moc® + Ej

v = c\/l — mict/E?

:66
p = Pc-ymg
YA .
in the limit N SR
E o0 U= Meg — OO moc moc
B=+1-1/2

Ex Y p
[MeV] [MeV/c]
590 1.63 0.79

1207 numerical example for protons 6



Particles to Accelerate

1TeV

1 GeV

1 MeV

Wide range of rest masses from electron
to heavy ions

<«— Pb208, 194TeV
The accelerators differ vastly, e.g.
e particle speed in cavities

e synchrotron radiation power
e activation by losses

* requirements for vacuum

The muon as a heavy lepton is
interesting for particle physics

«— Proton, 938MeV

<— Muon, 106MeV, t=2.2us

leV = 1.602x101° Joule
leV =~ 1.783x1036 kg

<«— Electron, 511keV



Speed of different particles vs energy

8

0.1

0.01

relativistic B

; Uranium  ——
v =R 0.001 . prl;?l'jg: :
i electron
0.0001_ Y S Y1 AR S Y S AV Y AR S S ST B Ry
0.1 1 10 100 1000 10000

Relativistic electrons at ~ MeV
Relativistic protons ~ GeV

kinetic energy Ex [MeV]

10000C



Guiding charged particles: Lorentz Force

— 77 X B (charge = e)
electric field magnetic field HA Lorents
1853-1928
energy gain: AE, = eU bending: Bp =p/e, AE, =0
+ : - N
|| i ||

path bending and acceleration ‘
of particles are fundamental

mechanisms of each particle S
— — | accelerator
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Lorentz Force — getting it right

— B,O[Tm] = 3.3356 - BEtot [GGV]
Bf

[see appendix for derivation]
\
—
F B
A
o

T electrons: e<0




Comparison E and B field

Bending radius for protons in B and E:

example: electric and magnetic “ E=10MV/m

force on protons 60 keV 35 mm 12 mm
Fp=e¢ E, Fg=ec-UxB 1MeV 140 mm 200 mm
table: bending radius, varying Ey 1 GeV 5.6 m 150 m

Magnetic fields are used exclusively to bend and focus ultra-relativistic particles
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Make Particles Circulate
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Focusing the Particles
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Bending Magnet - SLS dipole

magnetic
rigidity:
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Quadrupole Magnet - Focusing Element
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Quadrupole magnets

Defocusing
* Focusing in one plane N | S

* Defocusing in the other plane p 4 by
W= JFOEUSIng

////// f N

\\\\\\\ - Gradients g
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Next: Equation of Motion

e suited coordinate system

linearizing forces and deriving differential equation

17



Curvelinear Coordinate System

aim: derive a set of equations that describe the motion of a single particle wrt.

a curved coordinate system around the reference orbit of a beam, (x, y )

€., €y, es unit vectors

reference orbit

S

particle coordinate: R =re, +ye,, r=p+x

) (x,y) €x

T,y L p

see also: Frenet-Serret coordinates, e.g. Wiedemann chap 4.3
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Deriving the Equation of Motion in x-plane
(see Appendix)

starting with general dp 5 o
: i — =ymogR = F
equation of motion: dt
dipole and
. By — BO + gz, BCE =gy quadrupole field
€, ey, es unit vectors
- 1 — €B0 orbit curvature
0. P YMov
P _ aBy an Quadrupole field
g = — gradient
reference orbit 83; 6y sign convention!
e €qg
’ k = k - value

\V YMov

the effect of the curved coordinate system,
i.e. the moving unit vectors e,, e, must be
included in the calculation 1 1 Ap
7
'+ S +k)r = ——
P P Po
T 1 k - value T off momentum term
curved coordinates
19

derivative w.r.t. path-length s, not time t



Equation of Motion in x and y planes
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Equation of Motion in x and y planes

generalised form:

(s)z =

+ K

"
xz

*see also Wiedemann sec. 1.5.8
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Equation of Motion in x and y planes:

Differential Equation valid for:

o (% N k) N 1Ap * drift spaces
P P Po « Quadrupoles (k#0)
' —ky = 0 . .
* combined function magnets (k0,
1/p#0)
» off-momentum particles (Ap#0, first
order)

generalised form: ) ) )
we discuss solutions of different cases

1 Ap of this equations in single accelerator

x4 K(s)x = — magnets, depending on K(s), p(s), Ap
p(s) po

*see also Wiedemann sec. 1.5.8
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Summary on Approximations used

* small displacements x < p,y < p,§ = 0 (paraxial optics)

* only dipole and quadrupole magnets (linear field changes)

* design orbit lies in a plane (flat accelerator)

* no coupling between motion in hor. and vert. plane (upright magnets)
* small momentum deviations (quasi monochromatic beam)

* in general: no quadratic or higher order terms (linear beam optics)



geometric meaning of coefficients

(s)  =curvature ///,,/f”"'—f T“‘*-\\\\\\

1
ds [1) 1/p [m1] / I
0
K<S>‘x:;($,8) K:amplitude ............. j D _____

dependent T~

crvatureKim? T~

24



=PrL

Next: Solving the Equation of
Motion using Matrices

drift space, focusing and defocusing quadrupole

 TWISS matrix and stability criterion

25



Piecewise Solution of Equation

"+ K(s)r = 0 I

general form of equation similar to harmonic I
oscillator with three cases: K=0, K<0, K>0 mi+kr =0, w=4/—
m

K is piecewise constant, in a ring it repeats at least after one turn (s=C)

1w T s T O s 1
| | |

K(s) 4

C S
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Drift Space

On momentum particles (Ap = 0) moves straight

2" + K(s)x

= 0

1) K=0 - Drift Space

-
-
-
-
-
-
-
-~
-

-
’f

.
’f
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Focusing Quadrupole

On momentum particles (Ap = 0) x4+ K(s)r = 0

2) K>0: Focusing Quadrupole

(7).~ (e el ) (2),

i i

1 1 1
thin lens approximation: K = IF ]_liinm sin (\/L/f) Tf) — 7

(5).- (e D), e

28
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Defocusing Quadrupole

3) K<0: Defocusing Quadrupole

<a;) :( cosh(y/|K|L) sinh( \KLA/W)(SLJ)

' sinh(y/|K|L)\/| K] cosh(+/|K|L)

thin lens approximation for defocusing quad:

(2),=Cor 1) (), 'f\/
V

,/
s
’
,/
4
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Quadrupole Doublet

concatenation of particle transport through a series of elements:
M=M,...M,- M, (M = transport matrix 2x2)

T

=~ =
e ]

Mdoublet —



Courant - Snyder parameters: transfer matrices

Consider a transfer matrix M for a full turn starting at some point
 We know thatdet M =1
* Any such matrix with unit determinant can be parameterized:

cos U+ o sin i Bsin i

period ~—

—y sin U cosuU—aosin U

where in order to satisfy the condition of unit determinant

By —a® =1

we can regard this now as just a formal parameterization

Twiss Parameters:  j3(s) B - famous Betafunction of accelerators
a(s) = —15’(3) these variables are not related to
2 relativistic factors

(sorry for the historic nomenclature)




Stability of Motion

The transfer matrix of a beamline that consists of elements

with individual matrices M; , M, , ... M, Mt =M, - ... ‘M3 -M,

(N.B. the order in which matrices are multiplied!)

ad

= Full turn matrix M < >

2
X' n X' 0

m After n turns must remain finite for arbitrarily large n




Stability condition

Let v, and v, be eigenvectors and ., and X, eigenvalues of M

(x) =Av,+ Bv, M”(x,) =AL{v, + BAYV,
0 )

X' X')

= For stability 2|,25 must not grow with n
= since the product of eigenvalues is unity:

detM=1 = XAy =1

we can write in general A, = e, h, =e ik
= For stability p should be real! Tr M =), +A, =2 cosp
~1< JTrM < |




Summary Matrix Treatment

* equation of motion is piecewise solved for constant K(s)

e coordinates x, X" are transported by multiplication with a 2x2 matrix

* matrixes can be concatenated

» defocusing and focusing quadrupoles are combined in overall focusing doublets
e detM=1

* Courant-Snyder Parametrization of M

* linear motion in a ring is stable if | Tr M |<2

M=M,.. M, M,

l oll [ ol [ noll €
| |

K(s) 1

»
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Next: Analytical Solution

Hills equation

Beta function

phase space ellipse
include momentum offset

tune 0, O,

35



Hill equation

* First used by an astronomer G. Hill in his studies of the motion
of the moon, a motion under the influence
of periodically changing forces

X"+ K(s)-x=0

1838 -- 1914

K(s) =K(s + C)

Periodic over one full revolution
C =29 days




Hill equation

* First used by an astronomer G. Hill in his studies of the motion
of the moon, a motion under the influence
of periodically changing forces

Solution is of the type:

u(s) = Ay/B(s) cos [o(s)]

Pseudo-harmonic oscillator

Distance [km)
410000

—

390000 —

370000 =

350 000 T T | T T | T T T T T
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec



Hill: Solution for periodic K

X"+ K(s)- x=0

K(s)=K(s + C)

z(s) = Av/B(s) cos(¢(s) — wo), ¢(s) =

S

dt

= )iy, B®)
3| 2

|

— the beta function is a scaling factor for the amplitude of orbit

oscillations and their local wavelength
A, @, are constants of motion

q

FDFDFDFDFDFDFDFDFDFDFDFD

mplitude [mm]
o -
amplitude [mm]
o [
v

FDFDFDFDFDFDFDFDFDFDFDFD

weak quads strong quads
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Comparison to Classical Harmonic Oscillator

i+ wu=0

u(t) = Acoswt, w:\/ﬁ | ¢ m
m

amplitude is fixed: A = const
k
phase grows linear with time: Et
conserved (energy): EUQ i %{ﬂ — EA2



Hill Equation (pseudo harmonic equation)

x(s) = +/2J B cos(p)

2J ,
z'(s) = — 5 (a cos(¢p) + sin(p))
amplitude varies: x(s) < v/ B(s)
phase increases monotonically ds
but growth rate varies as 1/ : dp = ——

B(s)

conserved (action): va* 4 2axa’ + Bx’® = 2J = const

40



Conserved action : invariant on motion

N\
V2Jvy |~
//.:\/ area = 2wJ = 7r(*y:132 + 20w’ + 555/2)

C//\/m >x phase space area is preserved

tune = number of 1 ds
oscillations per turn: Qe = 21 | Ba(s)

41



Particle motion in phase space

CHANGE OF PARTICLE DISTRIBUTION IN PHASE SPACE

The initial coordinates of a particle ensemble in the transverse phase
plane are contained in the ellipse:

xX=Xx,+85.X,

X'= d_x
ds x'=x,
INITIAL COORDINATES (xo,x;) i ,x‘ )
X

FINAL COORDINATES

Focusing is needed to avoid beam blow up !




Focusing Quadrupole

- —— -

CHANGE OF PARTICLE DISTRIBUTION IN PHASE SPACE

xl

_dx
ds

=
I
=

0

X', e——t

0 f

(xo’xa)

INITIAL COORDINATES

X

D(x,x )

FINAL COORDINATES




De-Focusing Quadrupole

CHANGE OF PARTICLE DISTRIBUTION IN PHASE SPACE

’

X

-

ds

FINAL COORDINATES |

X=X,
' X

x'=x,+—
i
p(x,x )
L (x,,X,)
{ a5
INITIAL COORDINATES



Computing the transport matrix from Twiss
Parameters

transport matrix s=s,...s; (arbitrary section):

o S A/ % (cos Ay + ag sin Ayp) VB Bo sin Ap)
/ / =
¢S —\/g%((a—ao) cos Ay + (1 + aagp) sin Ayp) w/%o(cosAgp—asinAgp)

Bo, oo atsg
, A at s,
A = phase advance between s, s;

45
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The one turn matrix M

rev

transport matrix for one revolution, “One Turn Matrix”

* same location: B = f3,
* A =2nQ phase advance for complete turn, Q = “Tune” of accelerator

( cos 2m() + asin 27() [ sin 2w() )
Mrev —

; — 1+ﬁo‘2 sin 27(Q) cos 2m() — asin 27w(Q)

/
&

* special case: choose symmetry pointo =0

( cos2m(@)  Bsin27Q )
Mrev —

—% sin 2w()  cos2m()

e
N>
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Beta function

* The betatron function ([3) that defines the beam envelope,

B [m]

* Beam size / envelope is proportional to \/[3

~
=3
I3

@
o
S

500

400

300

200

=)
S

o

LHC optics at injection

e -"'":‘::"I\II‘HI\‘\IHlI\IIlHII

5000 10000

zoom

15000

L L
20000

one cell
CJ: >

1200/
s[m]

25000
s [m]
C zoom
300 |—
200 —
l
100 1’
07\||| |||||||| Lo v v b " b v v b v v b v b v by
8000 8500 9000 10000 10500 11000 11500 12000 12500 13000

s [m]
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The Betatron Frequency Q (tune of accelerator)

Qe =

i ds
2w | Bz(s)
/

around ring

Tune = Number of Betatron Oscillations per
Turn

the choice of tune is important to avoid
resonant behaviour

Both integer and fractional part are important
for machine design

48




Tunes and Orbit in LHC

- - . —“ YASP DV LHCRING / INJ-TEST-NB / beam 1 ‘ “J
Example Orbit Oscillations: B 53 o) ) OB e )5 -
LHC Tunes: ol Ll
i jikd
QX - 64-31 . INi-51) . TG65 i Oy . : HCY i
Qy = 59.32 Fr-;450.1262\2‘(-F|II?BZ7IN]DU\1P-lﬂ‘ﬂﬂ,‘llﬂlu-ﬂ-ﬂ e g
relevant for stability: non-integer part | Wﬁwmwl . :
! B (T . (S wa

Example Measured Beam Spectrum:

LHC Revolution Frequency: 11.3kHz
peak position: 3.5kHz = 0.31x11.3kHz

2o | oownd (RIS 2024 PRI 2974 |



Appendix: Magnetic Rigidity (proton)

Lorentz force Fg =e¢-U X B

B, v perpendicular Fp = evB

2
(
centrifugal force F, = —m—
P
02
FB+Fc:0—>€'UB:m_
P
muv
BIO E—
e
Magnetic rigidity Bp = -

N

— M

S

B = magnetic field

o =local bending radius
p = momentum

e =elementary charge



Appendix: Magnetic Rigidity in Practical Units

muv mopcC
Bp =L = = gy 0
€ €
2
mopc
= By
ce
_ 5 Etot
ce
10°
— 6 TEtot [GGV]

!
Bp[Tm]| ~ 3.3356 - Ei|GeV /c]

Bp|Tm] = 3.3356 - p|GeV /c]

B = magnetic field

o =local bending radius
p = momentum

e =elementary charge
E, = kinetic energy

total energy:

Eiot = Ex + moc?

approximations:
6 ~ 17 Cp ~ Ek
for Fi > mgc?

see also Wiedemann, p.101, eq.5.6



Appendix, Derivation: Equation of Motion |

starting with general dp s =
equation of motion: dt gt =&
R = re; +yey, r=p+x
€., €y, es unit vectors R = rez; Hrez - ye,y,
0 R = re; + rées + ye,
P R = re, + (27’“9 — ré)es = réés + ye,
reference orbit é = (7“ — Té2)eaj ER (27"8 + Té)es 4 yey
€x
used here: e, = ées, €; = —éex

comment: the main purpose here is to correctly treat the effect of
the curved coordinate system, i.e. the moving unit vectors e,, e,



Derivation: Equation of Motion Il

right side of equation, the force:

F = eixB |
e e e assumptions: use:
— — x ) S * noB B — BO 4 gz
vX B = (0 Uy Vs / . i _ ”
B, B, 0° B.(=0)=0 \Bx:gy

= —vsBye, +vsByey, + (v:B, —v,By)es dB, 0B,

) Ox oy

result: two equations hor/vert from x,y components:

in literature g has varying

ro_ )2 — _ sign conventions
'Ym() (T T'(9 ) B €Vs (BO _|— gx) Wiedemann,
- — Table 6.2:  g=+dB,/dx
”ymoy - evsgy Schmiser/Hillert: g=-dB,/dx



Derivation: Equation of Motion Il

introduce path length s as independent variable:

ymo (i — r6%) =
Ymoy =

/- 1_ €
T yYmou

72 €

y = 9y

—evs(Bo + gx)
evs gy



Derivation: Equation of Motion IV

/!

/!

/!

/!

use:




