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Introduction

Dimensionally regulated Feynman Integrals

L

d?k;
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We need a parametric representation
(i.e. over an integer number of scalar variables)

We are going to talk about the Baikov representation.
N(z)B(z)? d”

Iy = ICEO‘/ _—

H xy

The integration variables are the propagators!

e Performing (generalized unitarity) cuts
e Using twisted cohomology and intersection theory
e Unvealing underlying geometries
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Introduction

The (standard) Baikov representation:

B An
Itay :/cga/w
c il

The integration variables are the propagators!

B = Gram(ky,...,kp,p1,-.-,PE) B=(d-E-L-1)/2
& = Gram(p1,...,PE) a=(E-d+1)/2
L = nr. of loops, FE = nr. of (independent) external momenta

n = L(L+1)/2+ LE = nr. of independent scalar products

J (—’L)L ﬂ.(Lfn)/Z

- ~ 9L—n
I, T((d4+1-E—1)/2) T~z

C: {l; > O} The integration contour
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Introduction

n = L(L+1)/2+4 LE has quadratic growth
but the nr. of propagators grows linearly
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Introduction

n = L(L+1)/2+4 LE has quadratic growth
but the nr. of propagators grows linearly

The loop-by-loop Baikov representation:

A [I2, &(2)% By(x)®
Ity = ’C/ Lo

Bl Gram(kl,ql,...,qu) Bl = (d*Elf2)/2
& = Gram(q1, ..., qg,) a = (Ej—d+1)/2

E; = nr. of (independent) momenta external to loop nr. [

io= L+ZE1 (linear scaling)

_ j(_Z)L 7T(L7ﬁ)/2 ~ 2L7ﬁ C . @ O
e (a2 ﬂ{ >of
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Loop-by-loop examples
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Loop-by-loop examples
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Standard Baikov: n = L(L+1)/24+ LE. L=2, E=3 = n=9
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Loop-by-loop examples
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Standard Baikov: n = L(L+1)/24+ LE. L=2, E=3 = n=9
Three extra props needed. Candidates: (k1+p4)?, (k2—p1)?, (k2—p12)?.
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Loop-by-loop examples
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Standard Baikov: n = L(L+1)/24+ LE. L=2, E=3 = n=9
Three extra props needed. Candidates: (k1+p4)?, (k2—p1)?, (k2—p12)?.

But why introduce e.g. ks - p1? This motivates LBL:
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Loop-by-loop examples
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k1—p1

Standard Baikov: n = L(L+1)/24+ LE. L=2, E=3 = n=9
Three extra props needed. Candidates: (k1+p4)?, (k2—p1)?, (k2—p12)?.
But why introduce e.g. ks - p1? This motivates LBL:
Ey,=2, By, =3, n=L+) ,E =17
Only one extra propagator needed: (ki+p4)2.
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Loop-by-loop examples

A graphical approach:

First open all vertices to three-point vertices
such that the smallest polygons are as small as possible.

Then remove (i.e. “integrating out”) the loops one by one
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A graphical approach:

First open all vertices to three-point vertices
such that the smallest polygons are as small as possible.
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Loop-by-loop examples

A graphical approach:

First open all vertices to three-point vertices
such that the smallest polygons are as small as possible.

Then remove (i.e. “integrating out”) the loops one by one
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The Baikov Package  https://github.com/HjalteFrellesvig/BaikovPackage

Ly = K / d"z I, £i(a) Bi(a)"
C [1; =3
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The Baikov Package  https://github.com/HjalteFrellesvig/BaikovPackag

Ly = K / d"z I, £i(a) Bi(a)"
C [1; =3

age.nb * - Wolfram Mathematica

Ele Edt Insert Fomat Cell Graphics Evaluation Palettes Window Help

B8 [ Jol Bl 8 % % @ @0 T @ L P
In[1]:= << "/home/hjalte/science/baikovcode/BaikovPackage.m";
In[2]:= Internal = {k};
External = {pl, p2, p4};
Propagators = {k*2, (k+pl)22, (k+pl+p2)r2, (k-p4d)~r2};
PropagatorsExtra = {};
Replacements = {p1*2 50, p222-50, p4"2-50, pl*xp2->5s/2, plxpd>t/2, p2xps-> (-s-t)/2};
In[7):= components = BaikovLBL[] ;

resultl = BaikovCombine[components]
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The Baikov Package  https://github.com/HjalteFrellesvig/BaikovPackag

Ly = K / d"z I, £i(a) Bi(a)"
C [1; =3

age.nb * - Wolfram Mathematica

Ele Edt Insert Fomat Cell Graphics Evaluation Palettes Window Help

B @ [ Jol Bl 8 % % @ @0 T @ L P
In[1]:= << "/home/hjalte/science/baikovcode/BaikovPackage.m";

In[2]:= Internal = {k};

External = {pl, p2, p4};

Propagators = {k*2, (k+pl)22, (k+pl+p2)r2, (k-p4d)~r2};

PropagatorsExtra = {};

Replacements = {p1*2 50, p222-50, p4"2-50, pl*xp2->5s/2, plxpd>t/2, p2xps-> (-s-t)/2};
In[7):= components = BaikovLBL[] ;

resultl = BaikovCombine[components]

1
outfgls ———
/2 Gamma [ (-3 +d) |
2
4-d
129 (st(s+t)) 2 (7€ -2stx([1] -t x[1]7 - 287 €x[2] +2stX[1] x[2] + s’ x[2]° - 25 " X[3] -
4stx[1l] x[3] -2t2x[1] Xx[3]+2stx[2] x[3]+t2x[3]>-2stx[4] +

2stx[1l] x[4] -2s?x[2] x[4] -4stx[2] x[4] +2stx[3] x[4]vszx[4]2)%"5""
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The Baikov Package  https://github.com/HjalteFrellesvig/BaikovPackage

Ly = K / d"z I, £i(a) Bi(a)"
C [1; =3

Fle Gt nsert Format GelGraphcs  Eyaluaton Ealetes Mindow Help
BB« [wm Ul BB % @ @ TSP

In[1]:= << "/home/hjalte/science/baikovcode/BaikovPackage.m";

In[2]:= Internal = {k};
External = {pl, p2, p4};
Propagators = {k*2, (k+pl)22, (k+pl+p2)r2, (k-p4d)~r2};
PropagatorsExtra = {};
Replacements = {p1*2 50, p222-50, p4"2-50, pl*xp2->5s/2, plxpd>t/2, p2xps-> (-s-t)/2};

In[7):= components = BaikovLBL[] ;
resultl = BaikovCombine[components]

1

Outfg]zr ——eoe—————
7/ Gamma [ (-3 +d) |

4-d
129 (st(s+t)) 2 (7€ -2stx([1] -t x[1]7 - 287 €x[2] +2stX[1] x[2] + s’ x[2]° - 25 " X[3] -

4stx[1l] x[3] -2t2x[1] Xx[3]+2stx[2] x[3]+t2x[3]>-2stx[4] +
2stx[1l] x[4] -2s?x[2] x[4] -4stx[2] x[4] +2stx[3] x[4]vszx[4]2)%"5""
Inf9)= maxcut = Map[ (x[#] » ©) &, Range [Length [Propagators]]]

out9)= {x[1] » 0, x[2] -0, X[3] >0, x[4] -0}
In[10]:= result2 = PowerExpand [resultl /. maxcut /. {d -» 4}]

out[10]=
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The Baikov Package

D1 kl
—
ko
% %\l D4
—~ <
<2 ‘Ab‘
X
P2/ «— D3 &>
k1—p12

H. Frellesvig Baikov Package



The Baikov Package

D1

ky
—
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f Da
oy

P2/ «— &>
k1—p12 3

In[1]:= << "/home/hjalte/science/baikovcode/BaikovPackage.m";

facpow = {xI_Ax2_:» Factor[xl1] "Factor[x2]};

In3l= Internal = {k1, k2};
External = {pl, p2, p4};
Propagators = {k172, (k1 -pl)A2, (kl1-pl-p2)Ar2, (k2+p4)r2-mm, k2A2 -mm, (k1-k2)A2-mm};
PropagatorsExtra = { (k1 + p4) " 2};
Replacements = {p1"2 >0, p2"2 0, p4"250, pl*p2->5s/2, pl*pd>t/2, p2*xp4-> (-s-1t)/2};

In[8]:= components = BaikovLBL[];
resultl = BaikovCombine [components];
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The Baikov Package

2l
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P2/ «— &>
k1—p12 3

In[1]:= << "/home/hjalte/science/baikovcode/BaikovPackage.m";

facpow = {xI_Ax2_:» Factor[xl1] "Factor[x2]};

In3l= Internal = {k1, k2};
External = {pl, p2, p4};
Propagators = {k172, (k1 -pl)A2, (kl1-pl-p2)Ar2, (k2+p4)r2-mm, k2A2 -mm, (k1-k2)A2-mm};
PropagatorsExtra = { (k1 + p4) " 2};
Replacements = {p1"2 >0, p2"2 0, p4"250, pl*p2->5s/2, pl*pd>t/2, p2*xp4-> (-s-1t)/2};

In[8]:= components = BaikovLBL[];
resultl = BaikovCombine [components];

In[10]= maxcut = Map[ (x[#] - 0) &, Range[Length [Propagators]]]

out[10]= {x[1] = 0, x[2] -0, x[3] -0, x[4] -0, x[5] -0, x[6] -0}

In[11]:= result2 = PowerExpand [resultl /. maxcut /. {d » 4} /. facpow]
i
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The Baikov Package

Inf1]=

Inf4)=

In[9]:=

H. Frellesvig

<< "/home/hjalte/science/baikovcode/BaikovPackage.m";
facpow = {xI_"x2_:> Factor[xl]AFactor([x2]};
combpow = { (xI_AX3_%x2_Ax3_ > (x1x2)Ax3)};

Internal = {k1, k2};

External = {p};

Propagators = { (k1 +p) A2 -mm, k222 -mm, (K1-k2)A2-mm};
PropagatorsExtra = {k142};

Replacements = {pA2 -> s};

components = BaikovLBL[];
resultl = BaikovCombine [components] ;
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The Baikov Package

Inf1]=

Inf4)=

In[9]:=

Inf11]:=

outf1z]=

H. Frellesvig

<< "/home/hjalte/science/baikovcode/BaikovPackage.m";
facpow = {xI_"x2_:> Factor[xl]AFactor([x2]};
combpow = { (xI_AX3_%x2_Ax3_ > (x1x2)Ax3)};

Internal = {k1, k2};

External = {p};

Propagators = { (k1 +p) A2 -mm, k222 -mm, (K1-k2)A2-mm};
PropagatorsExtra = {k142};

Replacements = {pA2 -> s};

components = BaikovLBL[];
resultl = BaikovCombine [components] ;

maxcut = Map[ (x[#] - 0) &, Range[Length[Propagators]]];
result2 = resultl /. maxcut /. {d » 2, x[4] -> z} /. facpow /. combpow
1

7 [amm-z) z (-om? s 2mms -s?-2mmz+2sz-2%)

v
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Cutting edge example
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Calabi-Yau Meets Gravity: A Calabi-Yau Threefold at Fifth Post-Minkowskian Order

Hiale Frellesvi
Nics o 1 o

Moralese,

% and Mathias Wilhelmo'

Academy, Niels Bohr Institute, Copenhagen Universiry

amsvej 17, 2100 Copenlagen 0, Denmark

Bl
ani L. Bk e /,,, Theorercal P

e, Unversi of Clfomia o Los dvgels

s Angeles, Calfornia 90095,

® (Received 16 January 2024: aceepid § Apil X

24 published 15 May 2024)

postMinkowskian (PM) expansion. These

ometries become relvant 10 gravittional-wave production
AL

n eeioop g, g olipic gl he sl " n s Lo, we ity  Cbitou
e s Calabi-Y

rctold n  ouroop i

that compi

nrodiction—Following h goundbrsking dcovery
of gravitational waves [1.2], the inspiral and eventual

g, contributing at SPAY
e o ocea i the 1l syl e

gcometry indicates

bl urnily sands s oopcoesponding 03
4PM corrction for nonspinning biack holes [32-35.38.39]

nerger o binay e of cal objects
st as bk e neon sas s bcome a ey
object of interest in many branches of physics. The

pcoming i eeneraion. gravtatonshvave. deecors
 provid much mors and Wghe prcision s, g
ing equaly i g theoretical predictions for its

iterpretation |3
Many mw\;’lumnwy approses for e, el
description of these processes have been developed, rang:

ing o umerieal ity 1570 anyticalapprosches
valid in various regions, such a5 post-Newtonian [8-10]
pos Minkowakian [4.11), and Selt-foce [15-15] expan
s s vell e fcin ey ol 161

The  post-Minkowskian (PM) expansion he
dymamics in the_ nspmling pht_perurbanly n
Newtar's consan G wile mainaiin all o n, the
el dus accomiing o latvisic ince
oo of e o st oo s b el

<

particular, the
state-of-the-art computation forthe gravitational two-body

e b he Anerican P Syl e e s of

catne Conmons Aurbuton 40 ienatona cese
Farthr Ao of s work mit mo bt 15
he chons) and the bl arcle e, jounl ciaon
and DOI Funded by SCOAP

0031-9007/24/132020)/201602(8) 2016021

H. Frellesvig

41 u«\
Wi the abjecive ol klatng Fman el
k10 chamc “Ffuncions 1 which they
i, Mow Feynmin gl compuned o e an b
writen in terms of mltiple polylogarithms [44,45], which
Is over the Riemann sphere. However
atbigh opordersand i s il gl mases
hysical scales, new special functions start to
i QT molin s ver nomvilseom:
These include integrals over elliptic curves, K3
surtaces, and bighr dimensonal Calbi-Yau maniflds
sce Ref, [46] for a recent review. In paricular, various
Lioop familles of Feynman earls have been demied
that involve Calabi-Yau manifolds of dimensions growing
Jincarly with the loop order L [47-54
Up 1o two loops (3PM order), the results in the PM
pansion are. expressible in terms of polylogarithms.
Howeer, at three loops they contin products of completc
liptc ngrls which st o K3 e
I this Letter, we initiate an analysis beyond the curtent
S of th . nding ht . o oop s ne seomery
appears—a Calabi-Yau threcfold. This s the first instance
s 7 of gomey appars n el et
for the scating il of bl and it
Inicne o complocy o onctom e mslod o
the fl wnmn el 1 SV order
o detect.geometries in Feynman integrals,
e v oy spcenc. el o
tions (58] and leading singularites (59 While leading
singulaites can, in principle, be calculted using any
araneric mprsennionof e Pyt gl as wel
as the loop-momentum-space representation, we find that
Toop by Toop Baikov represenaion 160611 parculay

Published by the American Physical Socicty

Puswsnen ron SISSA pv &

Recerven: June 5, 2024

PuBLsHED: August 30, 2024

Classifying post-Minkowskian geometries for
gravitational waves via loop-by-loop Baikov

Hialte Frellesuig ©, Roger Morales® and Matthias Wilhelm
Niels Bohr International Academy, Niels Bohr Institute, Copenhagen University
Biegdamsvej 17, 2100 Copenhagen 0, Denmar
E-mail: hjalte. frellesviglnbi ku.dk, roger.roralestnbi.ku.dk
matthias. vilhelnonbi ku.dk

ABSTRACT: We use the loop-by-loop Baikov representation to investigate the geometries in
Feynman integrals contributing to the classical dynamics of a black-hole two-body system
in the post-Minkowskian expansion of general relativity. These geometries determine the
spaces of functions to which the corresponding Foynman diagrams evaluate. As a proof of
principle, we provide a full classification of the geometries appearing up to three loops, Le.
fourth post-Minkowskian order, for all diagrams relevant to the conservative as well as the

dissipative dynamics, finding full agreement with the literature, Moreover, we show that the

non-planar top topology at four loops, which is the most complicated sector with respect to
integratio
on non-trivial geometries through its subscetors.
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Cutting edge example

kl-u1 kg-ilq
kl kl —kg ko—
ko+tks >
k3 ky—ks ka+q
k3'U2 k4'U2
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Cutting edge example

kl-u1 kg-ilq
kl kl —kg ko—
ko+tks >
k3 ky—ks ka+q
k3'U2 k4'U2

Py = (ks+q)*, Piz=kj
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Cutting edge example

kl-u1 kg-ilq

ky

k3

k1—ko
ko+tks

ky—ks

k3-ug ky-uz

Py = (ks+q)*,

Py3 = k2
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Cutting edge example

kl-u1 kg-ilq

ky

k3

k1—ko
ko+tks

ky—ks

k3-ug ky-uz

Py = (ks+q)*,

P13:k§7

Py = kyus
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Cutting edge example

kl-ul k2~u1

k k1 —ko ko—
' ko+-ks3 2

k3 ky—Fks ka+q

k3-uz ky-uz

1= << "/home/hjalte/science/baikovcode/BaikovPackage.m";
facpow = {xI_Ax2_ i> Factor[x1] AFactor[x2]};

o)~ Internal = (k2, k3, k4, k1};
External = {ul, u2, q};
Propagators = (k142, k342, (k1-k2) 42, (k2+k3) "2, (k4-k3)"2, (k2-q) A2, (K4+q) "2, 2xulxkl, 2xulxK2, 2%u2+k3, 2xu2xkd};
PropagatorsExtra = { (k3+q) A2, k242, 2% K2 U2};
Replacements = (U172 -1, u2A251, ulxu2-y, ulxq-0, U2xq-0, qA2--1};

|5}~ components = BaikovLBL[];
resultl = BaikovCombine [components] ;
n10}- maxcut = Map[ (x[#] - ©) &, Range[Length[Propagators]]];
result2 = PowerExpand [resultl /. maxcut /. {d >4} /. {y> (s"2+1)/ (2*s)} /. facpow]
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Cutting edge example

1=

3=

Infe=

In[10]:=

ouit]-

kl-ul k2~u1

k k1 —ko ko—
' ko+-ks3 2

k3 ky—Fks ka+q

k3-uz ky-uz

<< "/home/hjalte/science/baikovcode/BaikovPackage.m";
facpow = {xI_Ax2_ i> Factor[x1] AFactor[x2]};

Internal = (k2, k3, k4, k1};
External = {ul, u2, q};

Propagators = (k142, k342, (k1-k2) 42, (k2+k3) "2, (k4-k3)"2, (k2-q) A2, (K4+q) "2, 2xulxkl, 2xulxK2, 2%u2+k3, 2xu2xkd};
PropagatorsExtra = { (k3+q) A2, k242, 2% K2 U2};

Replacements = (U172 -1, u2A251, ulxu2-y, ulxq-0, U2xq-0, qA2--1};

components = BaikovLBL[]}

resultl = BaikovCombine [components] ;

maxcut = Map[ (x[#] » 0) &, Range[Length[Propagators]]];

result2 = PowerExpand [resultl /. maxcut /. {d >4} /. {y> (s"2+1)/ (2*s)} /. facpow]

s/ (647 Vx(12] Vx[13) V1-2824s% 2x(13) - 45 x[13] - 25* x(13] + x[13)2- 282 x(13)% 4 s* x[13)% + 4 5% x[14]2

2, x[141%+ 2 x[12] x 14]2+x[12]zx[14]2‘\

V-4 x(12] x(13] -4 x[12)2 x[13] - 4 x[12] x[13]
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Cutting edge example

oufii} s/ 64 7°/x[12] Vx[13] \/1-2s2+s*+2x[13] -4s2x[13] + 25" x[13] + x[13]% - 252 x[13]% + s* x[13]2 + 4 52 x[14)2

A -4 x[12] x[13] -4 x[12)2x[13] - 4 x[12] x[13]% + x[14]2 + 2 x[12 x>14]2¢x[11]2x[14]2‘\
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Cutting edge example

oulf11]- s/,/ [64# VX[12] Vx[13] \J1-2s?+s* v 2x[13] - 452 x[13] + 25" x[13] + x[13]2 - 252 x[13]2 + s* x[13)2 + 4 s? x[14]?

N -ax[12] x[13] -4 x[12]% x[13] - 4 x[12] x[13]% + x[14]2 + 2 X [12] X 14]2¢x[12]2x[14]2“

iz ratsq=1-2s*+s*+2x[13] -4 5% x[13] +2s* x[13] + x[13]1% -2 s? x[13]2 + s* x[13]? + 4 s2 x[14]%;

rsolsl = Solve[ratsq =0, x[14]];
rsols = Map[ (#[[1, 21]) &, rsolsl];
X14rhs = rsols[[1]] - (rsols[[2]] - rsols[[1]])  (1-t14) A2/ (4xt14);
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Cutting edge example

oulf11]- s/,/ [64# VX[12] Vx[13] \J1-2s?+s* v 2x[13] - 452 x[13] + 25" x[13] + x[13]2 - 252 x[13]2 + s* x[13)2 + 4 s? x[14]?

N -ax[12] x[13] -4 x[12]% x[13] - 4 x[12] x[13]% + x[14]2 + 2 X [12] X 14]2¢x[12]2x[14]2“

ratsq=1-2s*+s*+2x[13] -4 5% x[13] +2s* x[13] + x[13]% -2 s? x[13]2 + s* x[13]? + 4 s2 x[14]%;

rsolsl = Solve[ratsq =0, x[14]];
rsols = Map[ (#[[1, 21]) &, rsolsl];
X14rhs = rsols[[1]] - (rsols[[2]] - rsols[[1]])  (1-t14) A2/ (4xt14);

Inf12]-

PowerExpand [Sqrt[ratsq] /. {x[14] - x14rhs} /. facpow]
i (1is) (1es) ((1etl4) (1+t14) (14x[13))
e 214

In[16]:-
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Cutting edge example

outf11)-

Inf12]-

In[16]:-

outf1e)-

7=

Inf18)=

nf19]:=

s/,/ [64/:6\/x[12] VX[13] V1-2s? " 2x[13] - 4s2x(13] + 2s* x[13] + x[13]2 - 282 x[131% + s* x[1312 + 4 s? x[14]2

N -ax[12] x[13] -4 x[12]% x[13] - 4 x[12] x[13]% + x[14]2 + 2 X [12] X 14]2¢x[12]2x[14]2“

ratsq=1-2s*+s*+2x[13] -4 5% x[13] +2s* x[13] + x[13]% -2 s? x[13]2 + s* x[13]? + 4 s2 x[14]%;
rsolsl = Solve[ratsq =0, x[14]];
rsols = Map[ (#[[1, 21]) &, rsolsl];

X14rhs = rsols[[1]] - (rsols[[2]] - rsols[[1]])  (1-t14) A2/ (4xt14);

PowerExpand[Sqrt[ratsq] /. {x[14] - x14rhs} /. facpow]

i(-1ss) (Les) (-1+tl4) (14tld) (14x(13])
2114

result3 = Factor [PowerExpand [D[x14rhs, t14] « result2 /. (x[14] - x14rhs} /. facpow]];
tl4rhs = t3/Sqrt[x[12]] / Sqrt[x[13]];

result4 = PowerExpand [Factor [D[t14rhs, t3] x result3 /. (t14 » t14rhs} /. {x[12] - t1, x[13] » t2}] /. facpow] ;
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Cutting edge example

oulf11]- s/,/ [64# VX[12] Vx[13] \J1-2s?+s* v 2x[13] - 452 x[13] + 25" x[13] + x[13]2 - 252 x[13]2 + s* x[13)2 + 4 s? x[14]?

N -ax[12] x[13] -4 x[12]% x[13] - 4 x[12] x[13]% + x[14]2 + 2 X [12] X 14]2¢x[12]2x[14]2“

iz ratsq=1-2s*+s*+2x[13] -4 5% x[13] +2s* x[13] + x[13]1% -2 s? x[13]2 + s* x[13]? + 4 s2 x[14]%;
rsolsl = Solve[ratsq =0, x[14]];
rsols = Map[(#[[1, 2]]) &, rsolsl];
X14rhs = rsols[[1]] - (rsols[[2]] - rsols[[1]])  (1-t14) A2/ (4xt14);

1161~ PowerExpand [Sqrt[ratsq] /. {x[14] » x14rhs} /. facpow]
i(-1ss) (Les) (-1+tl4) (14tld) (14x(13])

outf1e)-
2tl4

1171~ result3 = Factor [PowerExpand [D[x14rhs, t14] « result2 /. (x[14] - x14rhs} /. facpow]];
9~ tl4rhs = 3/ Sqre[x[12]] / Sart[x[13]];
i19)- result4 = PowerExpand [Factor [D[t14rhs, t3] x result3 /. (t14 » t14rhs} /. {x[12] - t1, x[13] » t2}] /. facpow];

izo0i- prefac =I«s/ (324Pir6);
p8eks = (1+t1) A2 (142) A2x (t1#t24t382) A2x (1-5A2) A2+ 64xt1R2+t20 2 (14 tl4+t2) x 37245425
results = prefac / Sqrt [p8eks]

is
oufz2)-

3276 (645212122 (1+t1+1t2) t32+ (1-52)2 (1+t1)? (1+1t2)2 (tlt2-t32)2

inzsp- Simplify[resultd - results])

ouzsl- @
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Cutting edge example

oulf11]- s/,/ [64# VX[12] Vx[13] \J1-2s?+s* v 2x[13] - 452 x[13] + 25" x[13] + x[13]2 - 252 x[13]2 + s* x[13)2 + 4 s? x[14]?

N -ax[12] x[13] -4 x[12]% x[13] - 4 x[12] x[13]% + x[14]2 + 2 X [12] X 14]2¢x[12]2x[14]2“

iz ratsq=1-2s*+s*+2x[13] -4 5% x[13] +2s* x[13] + x[13]1% -2 s? x[13]2 + s* x[13]? + 4 s2 x[14]%;
rsolsl = Solve[ratsq =0, x[14]];
rsols = Map[(#[[1, 2]]) &, rsolsl];
X14rhs = rsols[[1]] - (rsols[[2]] - rsols[[1]])  (1-t14) A2/ (4xt14);

1161~ PowerExpand [Sqrt[ratsq] /. {x[14] » x14rhs} /. facpow]

i(-1ss) (Les) (-1+tl4) (14tld) (14x(13])

outf1e)-
2tl4

1171~ result3 = Factor [PowerExpand [D[x14rhs, t14] « result2 /. (x[14] - x14rhs} /. facpow]];
9~ tl4rhs = 3/ Sqre[x[12]] / Sart[x[13]];
i19)- result4 = PowerExpand [Factor [D[t14rhs, t3] x result3 /. (t14 » t14rhs} /. {x[12] - t1, x[13] » t2}] /. facpow];
izo0i- prefac =I«s/ (324Pir6);
p8eks = (1+t1) A2 (142) A2x (t1#t24t382) A2x (1-5A2) A2+ 64xt1R2+t20 2 (14 tl4+t2) x 37245425
results = prefac / Sqrt [p8eks]

is
oufz2)-

[

3278 \35451 12122 (1+tl+t2) 32+ (1-s2)2 (1+t1)2 (1+12)2 (tlt2-132)?

inzsp- Simplify[resultd - results])

ouzsl- @

Calabi-Yau meets Gravity: A Calabi-Yau three-fold at fifth post-Minkowskian order
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Discussion

The Baikov representation is good for many things

For that reason | have made the Baikov Package
https: //github.com/HjalteFrellesvig/BaikovPackage
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For that reason | have made the Baikov Package
https: //github.com/HjalteFrellesvig/BaikovPackage

The loop-by-loop Baikov representation requires some practice
| have provided a set of guidelines
A publication will follow soon (this year?)

This package is used to produce state of the art results
in perturbative gravity and elsewhere.
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Can we define Baikov directly from graphs?
Can we make an explicitly 4d version of Baikov? (yes)
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Discussion

The Baikov representation is good for many things

For that reason | have made the Baikov Package
https: //github.com/HjalteFrellesvig/BaikovPackage

The loop-by-loop Baikov representation requires some practice
| have provided a set of guidelines
A publication will follow soon (this year?)

This package is used to produce state of the art results
in perturbative gravity and elsewhere.

Open questions:
Can we define Baikov directly from graphs?
Can we make an explicitly 4d version of Baikov? (yes)

Thank you for listening!
Hjalte Frellesvig
ATITNN.
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