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•  Perform the energy-integration with Cauchy theorem
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 Closing the contour in the lower half plane 
yields the LTD formula 
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•  Perform the energy-integration with Cauchy theorem

• Regularise integrand in q-space with auxiliary subtraction terms  
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IR singularities?

• Regularise integrand in q-space with auxiliary subtraction terms  
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• Analyse the scaling behaviour in the soft limit 
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•  Bring IR singularities in standard form:  Soft Loop Sectors

• Analyse scaling behaviour in the soft limit 

Soft projectors:
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• Analyse scaling behaviour in the soft limit 
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•  Bring IR singularities in standard form:  Soft Loop Sectors

•  Introduce a proper mapping to align the phase-space measure
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�V!�R

8/17

[Catani, et al. 0201036]

<latexit sha1_base64="+AlyYTwq+jeCgujy+M1TFJZth2A="></latexit>8
<

:

Pu = q
Pa = f(q, P̃a, P̃b)
Pb = g(q, P̃a, P̃b)

<latexit sha1_base64="2PB5KWPVbbMXBS49P6a37MDOk88="></latexit>�����������!
�V!�R mapping



Soft singularities

Gloria Bertolotti

Locally finite  
in soft limit! 

• Analyse scaling behaviour in the soft limit 

<latexit sha1_base64="cDCam+/r+DX43iZ2j/6YtsbkNCI="></latexit>

��NLO =

Z
d�B

Z
DD�1q bIV (�B,q) +

Z
d�R WR(�R)

=

Z
d�B

Z
DD�1q

h
bIV (�B,q) + JR(�B,q)WR (�R(�B,q))

i

=

Z
d�B

Z
DD�1q

h
bIV (�B,q) + IR (�B,q)

i

<latexit sha1_base64="cDCam+/r+DX43iZ2j/6YtsbkNCI="></latexit>

��NLO =

Z
d�B

Z
DD�1q bIV (�B,q) +

Z
d�R WR(�R)

=

Z
d�B

Z
DD�1q

h
bIV (�B,q) + JR(�B,q)WR (�R(�B,q))

i

=

Z
d�B

Z
DD�1q

h
bIV (�B,q) + IR (�B,q)

i

<latexit sha1_base64="TWYJ53IkfOi5XJR5BabDyFJxYuk="></latexit>

��NLO =

Z
d�B

Z
DD�1q bIV (�B,q) +

Z
d�R WR(�R)

=

Z
d�B

Z
DD�1q bIV (�B,q) +

Z
d�B

Z
DD�1q JR(�B,q)WR (�R(�B,q))

=

Z
d�B

Z
DD�1q

h
bIV (�B,q) + IR (�B,q)

i

•  Bring IR singularities in standard form:  Soft Loop Sectors

[Catani, et al. 0201036]

<latexit sha1_base64="+AlyYTwq+jeCgujy+M1TFJZth2A="></latexit>8
<

:

Pu = q
Pa = f(q, P̃a, P̃b)
Pb = g(q, P̃a, P̃b)

•  Introduce a proper mapping to align the phase-space measure
<latexit sha1_base64="D1MleOyNCAFOb+JdXx1ZVuBRUjg="></latexit>

�V!�R

<latexit sha1_base64="2PB5KWPVbbMXBS49P6a37MDOk88="></latexit>�����������!
�V!�R mapping

8/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting <latexit sha1_base64="hazjqjdB7GoX8I84uBoiELdSmDw="></latexit>

↵ ! ↵i + ↵j

<latexit sha1_base64="zxf16cL9U+iWFYhrrvgnHb6J7mU="></latexit>

P↵i

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

<latexit sha1_base64="Flujtyj9qIycis6xK4bjOJzP2tg="></latexit>q
<latexit sha1_base64="/uMpO46ngH72AZQRXzOwMO/3La0="></latexit>

k↵,� = q + p↵,�
<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

Well-defined 
external real momenta

Depends on parametrisation 
of individual loop diagrams

<latexit sha1_base64="IV3+vleCvnWQ6iZYpvs/RGm4Juk="></latexit>

IV(�B,q) ⇠
1

2 k↵,� ·P̃↵

�����
k0
↵,�=|~k↵,�|

<latexit sha1_base64="3tK/5GVyBaCbK5uI4TasZiwQdlY="></latexit>

WR(�R) ⇠
1

2P↵i·P↵j

9/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting <latexit sha1_base64="hazjqjdB7GoX8I84uBoiELdSmDw="></latexit>

↵ ! ↵i + ↵j

<latexit sha1_base64="zxf16cL9U+iWFYhrrvgnHb6J7mU="></latexit>

P↵i

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

<latexit sha1_base64="gLY3+WikjohaC0N8yP1z1PqMB4w="></latexit>

P↵i = q

<latexit sha1_base64="Flujtyj9qIycis6xK4bjOJzP2tg="></latexit>q
<latexit sha1_base64="/uMpO46ngH72AZQRXzOwMO/3La0="></latexit>

k↵,� = q + p↵,�
<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

Well-defined 
external real momenta

Depends on parametrisation 
of individual loop diagrams

<latexit sha1_base64="IV3+vleCvnWQ6iZYpvs/RGm4Juk="></latexit>

IV(�B,q) ⇠
1

2 k↵,� ·P̃↵

�����
k0
↵,�=|~k↵,�|

<latexit sha1_base64="3tK/5GVyBaCbK5uI4TasZiwQdlY="></latexit>

WR(�R) ⇠
1

2P↵i·P↵j

<latexit sha1_base64="nMRyWec0Sfd9/bakIdJQncCaWgo="></latexit>

k↵,� ! q

Loop-momentum reparametrisation is needed 
to recast singularity in standard form

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

A momentum mapping from V to R phase-space 
is necessary to align singularities

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

9/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting <latexit sha1_base64="hazjqjdB7GoX8I84uBoiELdSmDw="></latexit>

↵ ! ↵i + ↵j

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="Z+owXVePGJZMAZpJAVzLZCmeHrc="></latexit>

IV(�B,q) =
X

�

X

↵�2S�

"↵�,�(�B,q) I�(�B,q)
<latexit sha1_base64="GGWdlrmbQUGmgHUZNxjRuS2gCEI="></latexit>

k↵�,� ! q
<latexit sha1_base64="gXc9mlun48PRJzpu2m2Heyo48V0="></latexit>m↵�

<latexit sha1_base64="S+oYB0TaSFsgJTLhPxYv+aEzlm4="></latexit>m↵

<latexit sha1_base64="6cqlf9EGltjYUQHuM8meYWdneJE="></latexit>m�

<latexit sha1_base64="EwRwiH5tAkCE6KL5ysLzeQ5lj2o="></latexit>

P̃↵

<latexit sha1_base64="IG6mWHPoDWxeVooG8SGExps9KE0="></latexit>

P̃�

(emitter)

(spectator)

<latexit sha1_base64="SAdYOdmwAmFeYoKfis4xHbkwIng="></latexit>

= 1
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Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting <latexit sha1_base64="hazjqjdB7GoX8I84uBoiELdSmDw="></latexit>

↵ ! ↵i + ↵j

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="Z+owXVePGJZMAZpJAVzLZCmeHrc="></latexit>

IV(�B,q) =
X

�

X

↵�2S�

"↵�,�(�B,q) I�(�B,q)

with

<latexit sha1_base64="2WlzuS0gxXukHD6DH9aRKd4xUTo="></latexit>

⇢↵�(�V) / P̃↵ ·P̃�

|q| (q·P̃↵) (q·P̃↵+q·P̃�)

<latexit sha1_base64="cz6Zte7NyVgvS2v6lML4lVSw3Kw="></latexit>

"↵�,�(�V) =
⇢↵�,�(�V)P

↵0�02S�

⇢↵0�0,�(�V)

<latexit sha1_base64="GGWdlrmbQUGmgHUZNxjRuS2gCEI="></latexit>

k↵�,� ! q
<latexit sha1_base64="gXc9mlun48PRJzpu2m2Heyo48V0="></latexit>m↵�

<latexit sha1_base64="S+oYB0TaSFsgJTLhPxYv+aEzlm4="></latexit>m↵

<latexit sha1_base64="6cqlf9EGltjYUQHuM8meYWdneJE="></latexit>m�

<latexit sha1_base64="EwRwiH5tAkCE6KL5ysLzeQ5lj2o="></latexit>

P̃↵

<latexit sha1_base64="IG6mWHPoDWxeVooG8SGExps9KE0="></latexit>

P̃�

(emitter)

(spectator)

Conditions:

<latexit sha1_base64="HF1tmgpkyl9CLfNXBW2CemJP8eg="></latexit>

P̃ 2
↵ = m2

↵ = m2
↵� = 0

<latexit sha1_base64="mFjmd/li8pQuJb3sM3DyOKnCIeU="></latexit>

P̃ 2
↵ �m2

↵ = P̃ 2
� �m2

� = m2
↵� = 0Collinear singularity: Soft singularity:

Structure:

<latexit sha1_base64="SAdYOdmwAmFeYoKfis4xHbkwIng="></latexit>

= 1

10/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting <latexit sha1_base64="hazjqjdB7GoX8I84uBoiELdSmDw="></latexit>

↵ ! ↵i + ↵j

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="Z+owXVePGJZMAZpJAVzLZCmeHrc="></latexit>

IV(�B,q) =
X

�

X

↵�2S�

"↵�,�(�B,q) I�(�B,q)

with

<latexit sha1_base64="2WlzuS0gxXukHD6DH9aRKd4xUTo="></latexit>

⇢↵�(�V) / P̃↵ ·P̃�

|q| (q·P̃↵) (q·P̃↵+q·P̃�)

<latexit sha1_base64="cz6Zte7NyVgvS2v6lML4lVSw3Kw="></latexit>

"↵�,�(�V) =
⇢↵�,�(�V)P

↵0�02S�

⇢↵0�0,�(�V)

<latexit sha1_base64="GGWdlrmbQUGmgHUZNxjRuS2gCEI="></latexit>

k↵�,� ! q
<latexit sha1_base64="gXc9mlun48PRJzpu2m2Heyo48V0="></latexit>m↵�

<latexit sha1_base64="S+oYB0TaSFsgJTLhPxYv+aEzlm4="></latexit>m↵

<latexit sha1_base64="6cqlf9EGltjYUQHuM8meYWdneJE="></latexit>m�

<latexit sha1_base64="EwRwiH5tAkCE6KL5ysLzeQ5lj2o="></latexit>

P̃↵

<latexit sha1_base64="IG6mWHPoDWxeVooG8SGExps9KE0="></latexit>

P̃�

(emitter)

(spectator)

Conditions:

<latexit sha1_base64="HF1tmgpkyl9CLfNXBW2CemJP8eg="></latexit>

P̃ 2
↵ = m2

↵ = m2
↵� = 0

<latexit sha1_base64="mFjmd/li8pQuJb3sM3DyOKnCIeU="></latexit>

P̃ 2
↵ �m2

↵ = P̃ 2
� �m2

� = m2
↵� = 0Collinear singularity: Soft singularity:

Structure:

<latexit sha1_base64="KMKjD1EcjpZnWSSed7fhgESqjdo="></latexit>

ÎV(�B,q) =
X

�

X

↵�2S�

"↵�,�(�B,q
(sh)
↵�,�) I�(�B,q

(sh)
↵�,�)

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�! <latexit sha1_base64="Nr7H5R7ZAh+QpD+wV0Hggqy/lGk="></latexit>

q ! q(sh)
↵�,� = q� p↵�,�
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Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting 

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="Flujtyj9qIycis6xK4bjOJzP2tg="></latexit>q
<latexit sha1_base64="/uMpO46ngH72AZQRXzOwMO/3La0="></latexit>

k↵,� = q + p↵,�
<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

Loop sectors

<latexit sha1_base64="zxf16cL9U+iWFYhrrvgnHb6J7mU="></latexit>

P↵i

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

<latexit sha1_base64="D1MleOyNCAFOb+JdXx1ZVuBRUjg="></latexit>

�V!�R• Introduce appropriate                      mapping 

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

<latexit sha1_base64="7tctX1w4ch8FXFxAMR/rF9CFUZw="></latexit>q↵,�
<latexit sha1_base64="E7jnqrx4ZFCfMjY/B4gb9HK8Qco="></latexit>q

11/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting 

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="renJZtYfa2iCcJRWXlYIyQoBwfc="></latexit>8
<

:

P↵i = q
P↵j = f(q, P̃↵, P̃�)
P� = g(q, P̃↵, P̃�)

Match q with collinear leg

Factorise Dq measure 

<latexit sha1_base64="Flujtyj9qIycis6xK4bjOJzP2tg="></latexit>q
<latexit sha1_base64="/uMpO46ngH72AZQRXzOwMO/3La0="></latexit>

k↵,� = q + p↵,�
<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

Loop sectors

<latexit sha1_base64="zxf16cL9U+iWFYhrrvgnHb6J7mU="></latexit>

P↵i

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

[Catani, Seymour 9605323]

<latexit sha1_base64="D1MleOyNCAFOb+JdXx1ZVuBRUjg="></latexit>

�V!�R• Introduce appropriate                      mapping 

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

<latexit sha1_base64="7tctX1w4ch8FXFxAMR/rF9CFUZw="></latexit>q↵,�
<latexit sha1_base64="E7jnqrx4ZFCfMjY/B4gb9HK8Qco="></latexit>q

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

<latexit sha1_base64="E7jnqrx4ZFCfMjY/B4gb9HK8Qco="></latexit>q

Mapping
<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

11/17



Collinear singularities

Gloria Bertolotti

• Analyse the collinear singularity associated to a given final-state splitting 

• Add direction information in improved Collinear Loop Sectors 

<latexit sha1_base64="renJZtYfa2iCcJRWXlYIyQoBwfc="></latexit>8
<

:

P↵i = q
P↵j = f(q, P̃↵, P̃�)
P� = g(q, P̃↵, P̃�)

Match q with collinear leg

Factorise Dq measure 

Mapping

<latexit sha1_base64="Flujtyj9qIycis6xK4bjOJzP2tg="></latexit>q
<latexit sha1_base64="/uMpO46ngH72AZQRXzOwMO/3La0="></latexit>

k↵,� = q + p↵,�
<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

Loop sectors
<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

<latexit sha1_base64="zxf16cL9U+iWFYhrrvgnHb6J7mU="></latexit>

P↵i

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

[Catani, Seymour 9605323]

<latexit sha1_base64="D1MleOyNCAFOb+JdXx1ZVuBRUjg="></latexit>

�V!�R• Introduce appropriate                      mapping 

<latexit sha1_base64="xGO11TbPJscvvd/nBWrsCGyjG+U="></latexit>

�!

<latexit sha1_base64="PoOoRlpK20xilJldYVAfvE8KM5g="></latexit>. . .

<latexit sha1_base64="tievZuWsSbvm3X1ynZDwaMk7Ogo="></latexit>

P̃↵
<latexit sha1_base64="QMCj9esuD21DfipInDmJDOWjsUs="></latexit>

�

<latexit sha1_base64="vV9nb7Ao/D3uzvcjLyZcI94yE6M="></latexit>p↵,�

<latexit sha1_base64="7tctX1w4ch8FXFxAMR/rF9CFUZw="></latexit>q↵,�
<latexit sha1_base64="E7jnqrx4ZFCfMjY/B4gb9HK8Qco="></latexit>q

<latexit sha1_base64="fx4i/JhUq4D8j/9cG9OZWDRGECk="></latexit>

tree

<latexit sha1_base64="SkCvDZMZNQw5mFXnD4AHKVvhjEM="></latexit>

P↵j

<latexit sha1_base64="E7jnqrx4ZFCfMjY/B4gb9HK8Qco="></latexit>q

<latexit sha1_base64="G4vvTiu20mcsg1sAQycdPOwv4JA="></latexit>

lim
qk ~̃P↵
q!0

Z
DD�1q

<latexit sha1_base64="RR7pS2msRZqqBCJF2kEW039l0PU="></latexit> 
<latexit sha1_base64="3m86szQQo+DUAnO9T/BfUtbjL/Y="></latexit>

+

<latexit sha1_base64="s9lZRrdkzLDhc9S9YeUCyTzAjWY="></latexit>!
<latexit sha1_base64="1/lj/i80fPpYd84ORlUloWiGj8A="></latexit>=<latexit sha1_base64="6a3LfmnH4Hv4+G4RyQl2w9uScR0="></latexit>⇥ Locally free from  

IR singularities!

11/17



Multiple collinear singularities

Gloria Bertolotti

<latexit sha1_base64="0zFQXmIXJ8VFb+394n6DK36sMs4="></latexit>

��NLO =

Z
d�B

Z
DD�1q

"
X

↵

"V↵ (�B,q) ÎV(�B,q) +
X

↵

"R↵(�R(�V)) IR(�R(�V))

#

=
X

↵

Z
d�B

Z
DD�1q(↵)

"
"V↵ (�B,q

(↵)) ÎV(�B,q
(↵)) + "R↵(�

(↵)
R

(�V)) IR(�
(↵)
R

(�V))

#
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Requirement: identical in the IR limits to allow V & R combination
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•  Processes with massive external partons soft singularities
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soft singularities
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OL+LTD at work
•  Processes with massive & massless external partons soft + one collinear singularity 
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[Becker, et al 1010.4187]

• Tangent q-parametrisation

• Massive dipole mapping
[Catani, et al. 0201036]
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soft + one collinear singularity 
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[see details in SP’s talk]



Conclusions & Outlook

Gloria Bertolotti

What’s next?

• First steps towards a new event generator based on OpenLoops+LTD

• New automated algorithm for local cancellation of IR singularities (NLO FSR)

• Promising preliminary results at inclusive and differential level 

• Almost ready for application to processes with n massless final-state partons

• Include the treatment of initial-state collinear radiation

• Still wide room for optimisations at various stages of the procedure

• Eager to uncover the full potentiality of this approach!
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Thanks  
for your attention!


