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@ Family Ladder A, T;

Dy =2,
Dy = (b + p12)?,
D; =13,

Dio = (b — k),
Dis = (b + py)?,

@ Family Ladder B, T,

D1 :I127
Dy = (k+ p1)?,
D; = (b — ps)?,

Dio = (b — k)?,
Dz =15,

Do = (h + py)?,
Ds = (I + pi2)?,
D =,

Dy = (h — P4)27
Dis = (b +p1)?,

D> = (h + p1)?,

Ds = (I + pr2)?,

Dg = (h — pa)?,
Dyt = (h + pr2)?,
Dis = 2

+P12) )
I — ps)?,
h—h)?,
lo P4)
h = k)
h+pi)?,
I —ps)?,
h— k)%,
b + p12)°,
h— k)
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) p=0, pi,=0, ph,=n"

_ 2 _ 2 _ 2
ws=(pi+p)°, t=(p1+ps), u=(p2+ps)
s s 4m?
lt7u:m2—§i§ 1 — ——cosf
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) p=0, pi,=0, ph,=n"

ws=(p+p)? t=(pi+ps)?, u=(P2+ps)
s s 4m?
®tu=m—>+>4/1— — cosf
2 2
® Euclideanregions <0, t<0, m?<0
® Physical region s > 4m? >0, t<0
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) p=0, pi,=0, ph,=n"
s=(pi +p)?, t=(pi+ps)’ u=(p2+ps)®

s s | 4m?
®tu=m—>+>4/1— — cosf
2 2 S

® Euclideanregions <0, t<0, m?<0
® Physical region s > 4m?> >0, t<0
ey, S _(1+ x)? ot
T x0T
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Yy
2 2 2 s=am?2
. ZP/ZO, Pio=0, pg,=m
2 2 2 t=m?
ls:(p1+p2), t:(p1+p4)7 u:(p2+p4)
O<my<l
s, s | 4m? :
®tu=m—>+>4/1— — cosf
272 s /”
® Euclidean regions <0, t<0, m’ <0 R
® Physical region s > 4m?> >0, t<0 —ljr<y<—w
s (1+4+x)? t
Q| y= — =, y — —
m X m
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Master integrals

& Definition of integrals

15 —& .
Fs _/DthdlDdl Heub 70 gz j<t0
H )

/1fo a€Z=" j>10’
1 — 2¢)
Dd/‘: 6( ) d =
Rl ¥ C s Ty C s

@ Master integrals
Topo #of Ml #of Sector Max # of Ml

T, 94 50 6'

T 84 50 1077
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Master integrals

& Definition of integrals

12407 acZ j<10
d d d Jj=11 " J =~
F—/D“D””nm’ 4 €z j>10°
j=1"j 1 /
1 — 2¢)
DY = CE( ) d%, C.=
! jmwd/2 h F(1—e€)2r(1+e)
@ Master integrals
Topo #of Ml #of Sector Max # of Ml
T, 94 50 6'
1P 84 50 1077
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@ Canonical basis
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Canonical differential equation

@ Canonical basis
@ choose a starting basis based on educated-guess and leading-singularity analysis
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@ Canonical basis
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@ choose a starting basis based on educated-guess and leading-singularity analysis

® |ower sectors: learn from 2-loop calculations
® higher sectors: leading-singularity analysis in 4-dimensions
® hard when a sector has too many Mls
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@ choose a starting basis based on educated-guess and leading-singularity analysis

® |ower sectors: learn from 2-loop calculations
® higher sectors: leading-singularity analysis in 4-dimensions
® hard when a sector has too many Mls
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Canonical differential equation

@ Canonical basis
@ choose a starting basis based on educated-guess and leading-singularity analysis

® |ower sectors: learn from 2-loop calculations
® higher sectors: leading-singularity analysis in 4-dimensions
® hard when a sector has too many Mls

@ apply a transformation depending on ¢ only
® obtaining a differential system which is linear in €

OxG = (Ag + €A1)G
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Canonical differential equation

@ Canonical basis
@ choose a starting basis based on educated-guess and leading-singularity analysis

® |ower sectors: learn from 2-loop calculations
® higher sectors: leading-singularity analysis in 4-dimensions
® hard when a sector has too many Mls

@ apply a transformation depending on ¢ only
® obtaining a differential system which is linear in €

OxG = (Ag + €A1)G

® normalization adjusts weight structure
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Canonical differential equation

@ Canonical basis
@ choose a starting basis based on educated-guess and leading-singularity analysis

® |ower sectors: learn from 2-loop calculations
® higher sectors: leading-singularity analysis in 4-dimensions
® hard when a sector has too many Mls

@ apply a transformation depending on ¢ only
® obtaining a differential system which is linear in €

OxG = (Ag + €A1)G

® normalization adjusts weight structure
@ use Magnus series expansion
® obtaining canonical basis F = TG with

KT = AT
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Canonical differential equation

O«F = eAsF, O,F = €A/F
which can be recast into the dlog form

9
dF = edAF,  with A =) Cilog(w;)

i=1
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Canonical differential equation

O«F = eAsF, O,F = €A/F
which can be recast into the dlog form

9
dF = edAF,  with A =) Cilog(w;)

i=1
@ |etters in family T;
wy =X, wg=14+x, wr=14+xy,

W2 =Y, w5:1_ya W8:1+XY+X2a

wg=1—x, wg=x+y, wg=1+x+xy+x°
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Canonical differential equation

O«F = eAsF, O,F = €A/F
which can be recast into the dlog form

9
dF = edAF,  with A =) Cilog(w;)

i=1

@ |etters in family T; a |etters in family T,
wy =X, wg=14+x, wr=14+xy, wy =X, we=1+x, wr=14+xy,
w2 =Y, w5:1_ya w8:1—|—Xy+X2, w2 =Y, o‘}5:1_}/7 w8:1+X+XY+X2a

ws=1—Xx, wg=x+y, wo=1+x+xy+x° wg=1-x, wg=x+y, we=x+y(l+x+x%)
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o] 000 [o]e] lelele} 00000 00

9/19 11.09.2024 Ming-Ming Long: HP? 2024 Three-loop ladder diagrams with two off-shell legs



Solution and boundary

o0

Fix,y) =Y FO(x,y) "

n=0

F(")(x, y) are obtained recursively,

F(x,y) = B (x,y) + FO () + e

they evaluate to MPLs,

z
1
G(Wp, ..., wy; 2) :/ G(Wp—1,
o —wy
log"(z
G(0,...,0;z) = (2)
—— n!
ntimes
Introduction Integral family
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Solution and boundary
_ (n)
Fx.y) = Z F(x,y) € Argument Indices
n=0 o 1 1 X2 +1 X
F(")(x, y) are obtained recursively, y e Y R Fx+1
_ . —2in/3 2im/3
FO(x,y) = B (xy) + FO () + e " {1001 o0,

they evaluate to MPLs,

z
1
G(Wm...,WﬁZ):/ G(Wn—1, ..., wy; t) dt,
o t—wy
log"(z
G(0,...,0;z) = (2)
~—— n!
ntimes
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Solution and boundary
Fx.y) = Z FO)(x.y) ¢ Argument Indices
n=0 o 1 1 X2 +1 X
F(")(x, y) are obtained recursively, y e Y R Fx+1
_ . —2in/3 2im/3
FO(x,y) = B (xy) + FO () + e " {1001 o0,

(n) . . . A
they evaluate to MPLs, c'" are fixed by the regularities in the limits,

2 t— m? safw s—2mP—t, s— mP—t
G(Wp, ..., wy; 2) :/ G(Wn—1, ..., wy; t) dt, ’ t ’ ’
o t—wy
together with simple input Mls (HyperInt), e.g.,
log"(2)
G(L)’ — 0i2) = n! L 3 4 5 6
—— = v [—1 +22(3¢® + 334€* + 234¢s€° + O ()]
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Continuation to physical region
In physical region,
O<x<1,-1/x<y<-—x

y should carry a positive infinitesimal imaginary

y—y+iot
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Continuation to physical region

In physical region,
O<x<1,-1/x<y<-—x
y should carry a positive infinitesimal imaginary
y—y+io"

® practically let 0" be a small number

& precision loss
® implicit imaginary part
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Continuation to physical region

In physical region,
O<x<1,-1/x<y<-—x
y should carry a positive infinitesimal imaginary
y—y+io"

® practically let 0" be a small number
& precision loss
® implicit imaginary part
® spurious indices
a {:I:i, eﬂ:zm/s}
w G[—i,x] + G[i, x] = log(1 + x°)
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Continuation to physical region

In physical region,
O<x<1,-1/x<y<-—x
y should carry a positive infinitesimal imaginary
y—y+io"

® practically let 0" be a small number
& precision loss
® implicit imaginary part
® spurious indices
a {:I:i, eﬂ:zm/s}
w G[—i,x] + G[i, x] = log(1 + x°)
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Perform a change of variables,
y=—-z—x

it follows that
z— z—i0"
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Continuation to physical region

In physical region,
O<x<1,-1/x<y<-—x
y should carry a positive infinitesimal imaginary
y—y+io"

® practically let 0" be a small number
& precision loss
® implicit imaginary part
® spurious indices
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Perform a change of variables,
y=—-z—x

it follows that
z— z—i0"

Argument Indices
1T 14+x 1—x°
z {0, —x,—1 —x, —, , }
X X
{-1,0,1}
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Continuation to physical region

In physical region,
O<x<1,-1/x<y<-—x
y should carry a positive infinitesimal imaginary
y—y+io"

® practically let 0" be a small number
& precision loss
® implicit imaginary part
® spurious indices
a {:I:i, eﬂ:zm/s}
w G[—i,x] + G[i, x] = log(1 + x°)
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Perform a change of variables,
y=—-z—x

it follows that
z— z—i0"

Argument Indices
1T 14+x 1—x°
z 0,—x,—1—x,—
{ ) ) 7X7 X ) }
{-1,0,1}

@ each single MPL is real-valued
® explicit imaginary part
a fewer MPLs

Master integrals
000080
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Numerical checks

® g point in Euclidean region
(Sa ta m2) = (757 70'57 71)

@ check against pySecDec
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Numerical checks

® g point in Euclidean region
(Sa ta m2) = (757 70'57 71)

@ check against pySecDec

® MPL distribution, (y, x)

weight 1 2 3 4 5 6
#of MPLs | 14 62 305 975 836 1959

Time - - - - 2%  98%
Introduction Integral family Master integrals Symbols Summary
o] 000 [ele]ele]e] J 00000 00

1219 11.09.2024 Ming-Ming Long: HP? 2024 Three-loop ladder diagrams with two off-shell legs



KIT

Numerical checks

® g point in Euclidean region
® a point in physical region
s, t,m?) = (—5,-0.5, —1
(s.t,) = (-5, ~0.5,~1) 5.7 — (02,1
@ check against pySecDec
® check using DiffExp
® numeric integration of DE from Euclidean to
physical region
a perfect agreement
® MPL distribution, (y, x)

weight 1 2 3 4 5 6
#of MPLs | 14 62 305 975 836 1959

Time - - - - 2%  98%
Introduction Integral family Master integrals Symbols Summary
o] 000 [ele]ele]e] J 00000 00
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Numerical checks

® g point in Euclidean region
(Sa ta m2) = (757 70'57 71)

@ check against pySecDec

® MPL distribution, (y, x)

weight 1 2 3 4 5
#0f MPLs | 14 62 305 975 836
Time - - - - 2%

Introduction Integral family
[e] [e]e]e}
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Master integrals
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KIT

Karlsruhe Institute of Technology

® a point in physical region
(s,t,m?) = (9, —2,1)

® check using DiffExp

® numeric integration of DE from Euclidean to
physical region
® perfect agreement

® MPL distribution, (z, x)

weight 1 2 3 4 5 6
#o0fMPLs | 9 39 181 626 1513 1647
Symbols Summary

Three-loop ladder diagrams with two off-shell legs
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Symbols

@ Fast and stable numeric evaluations
@ faster MPL
@ parallelization
© simplified expressions (less MPLs, no spurious singularities, convergent power series)
m re-express the Mls in terms of another set of MPLs
® use non-trivial relations among MPLs

Introduction Integral family Master integrals Symbols Summary
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Symbols

& shuffle/stuffle relations

G(a; 2)G(b; z) = G(a, b; z) + G(b, a; 2),
Li1 (X)L11 (y) = Ll1 R (X, y) + Ll1 1 (_y7 X) + ng(Xy)

Introduction Integral family Master integrals
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Symbols Summary
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Symbols

& shuffle/stuffle relations

G(a; 2)G(b; z) = G(a, b; z) + G(b, a; 2),
Li1 (X)L11 (y) = Ll1 R (X, y) + Ll1 1 (_y7 X) + ng(Xy)

) XX
Lim, .. me (X1, 0y Xk) = Z %7:%7 x| <1,
m<...<n 1k
P 1 1
- (_1) Gmk5-~~’m1(77 )7

Xk ’ Xq... Xk

with Gy, n (21, ..., 2¢) = G(O, ..., 0, 2z, ...,0, ..., 0, z; 1)
S~—— S~——

n—1 ne—1
Introduction Integral family Master integrals
o 000 000000
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Symbols

KIT

Karlsruhe Institute of Technology

® functional equations

& shuffle/stuffle relations

G(a; 2)G(b; z) = G(a, b; z) + G(b, a; 2),
Li1 (X)L11 (y) = Ll1 R (X, y) + Ll1 1 (_y7 X) + ng(Xy)

. XX
leh“.,mk(xh "'an) = Z rlninkmka |Xi| < 17
m<..<m 1 K
p 1 1
— (_1) Gmk5-~~’m1(77 )7

Xk ’ Xq... Xk

with Gy, n (21, ..., 2¢) = G(O, ..., 0, 2z, ...,0, ..., 0, z; 1)
S~—— S~——

n—1 ne—1
Introduction Integral family Master integrals
o 000 000000
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Symbols

& shuffle/stuffle relations

G(a; 2)G(b; z) = G(a, b; z) + G(b, a; 2),
Li1 (X)L11 (y) = Ll1 R (X, y) + Ll1 1 (_y7 X) + ng(Xy)

KIT

Karlsruhe Institute of Technology

® functional equations
a simple examples

log(xy) = log(x) + log(y),
Lio(1 — x) + Liz(x) + log(1 — x) log(x) = {2

XX
Lim“m’mk(xh ...,Xk) = Z nf1n17nkmk7 |Xi| < 17
n<...<ng Tk
k 1 !
(N (—1) Gmk’“.’n’h(xikj Y )(1...)(l()7
with G, ... .n (21, ..., 2¢) = G(0, ...,0, 21, ..., 0, ...,0, Z; 1)
NGl N——

Introduction Integral family
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Symbols

& shuffle/stuffle relations

G(a; 2)G(b; z) = G(a, b; z) + G(b, a; 2),

Li1 (X)L11 (y) = Ll1 R (X, y) + Ll1 1 (_y7 X) + ng(Xy)

X
Limw,“.,mk(xhnka) = Z r1n1
m<...<nm 1
p 1 1
— (_1) Gmk5-~~’m1(77 )7

Xk ’ Xq... Xk

with Gy, n (21, ..., 2¢) = G(0, ..., 0, zy, ...
——

Introduction Integral family
[e] [e]e]e}

13/19  11.09.2024 Ming-Ming Long: HP? 2024
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,0,...,0,2; 1)
——

KIT

Karlsruhe Institute of Technology

® functional equations
a simple examples

log(xy) = log(x) + log(),

Lio(1 — x) + Liz(x) + log(1 — x) log(x) = {2
Q: general MPLs
A: symbol map

Symbols Summary
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Symbols
® functional equations
@ shuffle/stuffle relations a simple examples
G(a; 2)G(b; 2) = G(a, b; 2) + G(b, & 2), log(xy) = log(x) + log(y),
Lis (x)Lis (y) = Lis 1(x, ¥) + Liy 1 (y, x) + Liz(xy) Liz(1 = x) + Liz(x) + log(1 — x) log(x) = ¢z

Q: general MPLs

Xy X" A: symbol
. 1 "k : symbol ma|
Lim, m (X1, o0y X)) = Z e x| <1, y P
m<...<n 1k MPL Symbol
1 1
k
<_>(_1) Gmk5-~~’m1(77"'7 )7
Xk Xq... Xk S[f]
with Gnh.__,nk(Z] g oeey Zk) = G(O, caey 0, Zyyauny 0, ceey 0, Zk, 1) S[f] — S[g]
n—1 ne—1
X
Introduction Integral family Master integrals Symbols Summary
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Symbol calculus

& definition [1006.5703, 1110.0458]

Introduction Integral family Master integrals Symbols Summary
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Symbol calculus

@ definition [1006.5703, 1110.0458]
® recursive derivative

dFW = Z F,"W,1d|0g Rf — S[Fw] = ZS[FI,W*1]®R/
- i

1

Introduction Integral family Master integrals
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Symbol calculus

@ definition [1006.5703, 1110.0458]
® recursive derivative

dFW = Z F,"W,1d|0g Rf — S[Fw] = ZS[FI,W*1]®R/
i

i
@ maximal coproduct

Sfl=A1_1(= D Gy ..

iyeensin

Introduction Integral family Master integrals
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Symbol calculus

® definition [1006.5703, 1110.0458]
® recursive derivative
dFw =) Fu-1dlog R = S[Fu] = ) S[Fu-1]®R;
® maximal /coproduct l
Sfl=A1_1(= D Gy ..
i yeeesin
® (rooted & decorated) polygon attached to a MPL
(PolyLogTools)

Introduction Integral family Master integrals
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Symbol calculus

® definition [1006.5703, 1110.0458]
® recursive derivative
dFy =Y Fiw1dlog R — S[R] = S[Fu1]®R
& maximal /coproduct I
S[f] = s, 1(f) = Z Cii,...inliy ® ... ® i

i yeeesin
® (rooted & decorated) polygon attached to a MPL

(PolyLogTools)
& examples
S[log x] = ®x,
S[-LixX]=1-X)®x®..Qx
N——
n—1
Introduction Integral family Master integrals
o] 000 000000
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Symbol calculus

® definition [1006.5703, 1110.0458]

® recursive derivative ® distributivity

dFy =Y Fiu1dlogR — S[R] =Y S[FwleR A®(ab)eB=A®a®B+A®beB

® maximal /coproduct N {A ®a®B =n(A®a® B) e

, Z,
ARr®B =0, r"=1

S[f] = s, 1(f) = Z Cii,...inliy ® ... ® i
it

® (rooted & decorated) polyg<")n attached to a MPL

(PolyLogTools)
& examples
S[log x] = ®x,
S[-LixX]=1-X)®x®..Qx
N —
n—1
Introduction Integral family Master integrals Symbols Summary
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KIT

Symbol calculus

® definition [1006.5703, 1110.0458]

® recursive derivative ® distributivity

dFy =Y Fiu1dlogR — S[R] =Y S[FwleR A®(ab)eB=A®a®B+A®beB

® maximal /coproduct N {A ®a®B =n(A®a® B) e

Z
ARro@B =0, r"=1 '
S[f] = s, 1(f) = Z Cii,...inliy ® ... ® i
& shuffle product

e

i n
® (rooted & decorated) polygon attached to a MPL

(PolyLogTools) S[f g] = S[f] LLS[g]
& examples
S[log x] = ®x,
S[-LixX]=1-X)®x®..Qx
N —
n—1
Introduction Integral family Master integrals Symbols Summary
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Symbol calculus

® definition [1006.5703, 1110.0458]
® recursive derivative

dFy =Y Fiw1dlog R — S[R] = S[Fu1]®R
i

i
@ maximal coproduct

Sif] = A

ity

® (rooted & decorated) polyg<")n attached to a MPL

(PolyLogTools)
& examples

S[log x] = ®x,

S[-LixX]=1-X)®x®..Qx
——

n—1

Introduction Integral family
[e] [e]e]e}
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KIT

Karlsruhe Institute of Technology

a distributivity

A®(ab)eB=A®a®B+ARb®B

ARa" ®B =n(A® a® B)
,neZ
ARr®B =0, r"=1

& shuffle product
S[f gl = S[f] LLS[g]

® symbol does not see m and (multiple) ¢ value

& restored via non-maximal coproduct operators
® pure constants (primitive elements) are
reconstructed, PSLQ algorithm
Master integrals Symbols Summary
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Algorithms [1110.0458] oo st o Tcholoy

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

Introduction Integral family Master integrals Symbols Summary
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Algorithms [1110.0458] oo st Tcholoy

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Introduction Integral family Master integrals Symbols Summary
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Algorithms [1110.0458] oo st Tcholoy

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q = {w;}
Introduction Integral family Master integrals Symbols Summary
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Algorithms [1110.0458] oo st Tcholoy

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q2 = {wi} U {2}
Introduction Integral family Master integrals Symbols Summary
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Algorithms [1110.0455] A“(IT

Karlsruhe Institute of Technology

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]
Q ={w;} U{2}

(2) choose functions
Weight Functions
1 v = {log}
w® = (Lj,}
w® = (Li5)
w® = (L, Lip,}
w® — [Lig Lip 5}
W® — (Lig, Lip 4, Lis 3, Lig 22}

Introduction Integral family Master integrals Symbols Summary
[e] [e]e]e} 000000 [e]e] lele} (o]e]
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Algorithms [1110.0455]

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q= {w}u{2} ® = {dﬁ,.u,m =+ [[wf
I
(2) choose functions
Weight Functions
1 v = {log}
2 w® = (Lj,}
3 w® — (Lig}
4 w® = (L, Lip,}
5 w® = (Li5 Lip 5}
6 | W® = (Lig, Lipg,Ligs, Liz oo}
Introduction Integral family Master integrals
o] 000 000000
15/19  11.09.2024 Ming-Ming Long: HP? 2024
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(3) construct arguments of w

w,eQ,n;eZ}U{O}

Symbols Summary
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Algorithms [1110.0455]

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q= {w}u{2}
(2) choose functions
Weight Functions
1 v = {log}
2 w® = (Lj,}
3 w® — (Lig}
4 w® = (L, Lip,}
5 w® = (Li5 Lip 5}
6 W® — (Lig, Lip 4, Lis 3, Lig 22}
Iontroduction Ionéeogral family
15/19  11.09.2024 Ming-Ming Long: HP? 2024
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(3) construct arguments of w

o {¢ .
i

¢(”:{¢e¢’1—¢e¢, ¢¢o},

w,eQ,n;eZ}U{O}

Master integrals Symbols Summary
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Algorithms [1110.0455]

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q = {w}u{2}
(2) choose functions
Weight Functions
1 v = {log}
2 w® = (Lj,}
3 w® — (Lig}
4 w® = (L, Lip,}
5 w® — [Lig Lip 5}
6 W® — (Lig, Lip 4, Lis 3, Lig 22}
Iontroduction Ionéeogral family
15/19  11.09.2024 Ming-Ming Long: HP? 2024

KT
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(3) construct arguments of w

o {¢ .
i

¢“):{¢e¢’1—¢e¢, ¢¢o},

w,eQ,n;eZ}U{O}

O = (¢, 00) € D x x| — e D, ¢ £0
—_— —
n &)
Master integrals Symbols Summary
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Algorithms [1110.0455]

Input: F" (x, y), Output: F" = Zc,-,-l;(")
)

(1) prime factors in S[F"]

Q = {w}U{2}
(2) choose functions
Weight Functions

1 v = {log}

2 w® = (Lj,}

3 w® — (Lig}

4 w® = (L, Lip,}

5 w® = (Li5 Lip 5}

6 W® — (Lig, Lip 4, Lis 3, Lig 22}

Introduction Integral family
[e] [e]e]e}
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(3) construct arguments of w

o {¢ .
i

¢“):{¢e¢’1—¢e¢, ¢¢o},

w,eQ,n;eZ}U{O}

O = (¢, 00) € D x x| — e D, ¢ £0
N————
n &)
_ x(x+y)(1+xy) _ 1 1+x
e'g"¢77(1+x+xy+x2)2’(¢1’¢2)7<1fx’ x(x+y))
Master integrals Symbols Summary
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Algorithms [1110.0455] A“(IT

Karlsruhe Institute of Technology
(4) decomposition

Y =3 au)”

J
2
(wi,m2) ) (1), (w2) -
D gy n= D we
J1 oo >we>0 k
+ ...
n
(Wiyeeywn) |, (w1) (wn) . } :
+ Z Gr,eoosdn ’(/}fw wn ofn Wi
Jteeadpiwn 2 ... 2 Wp >0 k
Apply S and solve linear equations of ¢, ¢, ., -...
Introduction Integral family Master integrals Symbols Summary
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Algorithms [1110.0455] A“(IT

Karlsruhe Institute of Technology
(4) decomposition

Y =3 au)”

J
2
W1,W2 (w1) ) (w2) _ Z
+ Z i w wl'z of(n Wik
J1 oo >we>0 k
+ ...
n
(W) (W) (Wn) =
+ > S R R A W
Jteeadpiwn 2 ... 2 Wp >0 k
Apply S and solve linear equations of ¢;, ¢;, ., ....
(5) restore info forgot by symbol
Introduction Integral family Master integrals Symbols Summary
o] 000 000000 000e0 00
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Remarks

& further constraints on the arguments

Introduction Integral family Master integrals Symbols Summary
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Remarks

& further constraints on the arguments
® projectors eliminate terms

® e.g., modulo products
® smaller linear system to solve

Introduction Integral family Master integrals Symbols Summary
[e] [e]e]e} 000000 [e]e]e]e] } (o]e]

1719  11.09.2024 Ming-Ming Long: HP? 2024 Three-loop ladder diagrams with two off-shell legs



KIT

Remarks

& further constraints on the arguments
® projectors eliminate terms

® e.g., modulo products

® smaller linear system to solve
& system Ac = b,

® Aand b are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

Introduction Integral family Master integrals Symbols Summary
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Remarks

& further constraints on the arguments
® projectors eliminate terms

® e.g., modulo products

® smaller linear system to solve
& system Ac = b,

® Aand b are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

® extend functions in ansatz, e.g., Liq 13

Introduction Integral family Master integrals

[e]e]e} 000000
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Remarks

further constraints on the arguments

projectors eliminate terms

® e.g., modulo products

& smaller linear system to solve
& system Ac = b,
@ Aand b are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

® extend functions in ansatz, e.g., Liq 13

& discover identities among ansatz [2407.12503]
Introduction Integral family Master integrals
o] [e]e]e} 000000

1719 11.09.2024 Ming-Ming Long: HP? 2024

KIT

Karlsruhe Institute of Technology

Symbols Summary
[e]e]e]e] } (o]e]

Three-loop ladder diagrams with two off-shell legs



KIT

Remarks

® FORM speeds up heavy manipulations of symbols
further constraints on the arguments ® Kira solves linear system
projectors eliminate terms
® e.g., modulo products
® smaller linear system to solve
& system Ac = b,
® Aand b are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

® extend functions in ansatz, e.g., Liq 13

& discover identities among ansatz [2407.12503]
Introduction Integral family Master integrals Symbols Summary
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KIT

Remarks
® FORM speeds up heavy manipulations of symbols
a further constraints on the arguments ® Kira solves linear system
® projectors eliminate terms ® preliminary results

® e.g., modulo products

® smaller linear system to solve
& system Ac = b,

® Aandb are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

® extend functions in ansatz, e.g., Liq 13

& discover identities among ansatz [2407.12503]
Introduction Integral family Master integrals
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Remarks
® FORM speeds up heavy manipulations of symbols
a further constraints on the arguments ® Kira solves linear system
® projectors eliminate terms ® preliminary results

® e.g., modulo products

® smaller linear system to solve
& system Ac = b,

® Aandb are rational

@ expect rational solution
@ sparse and underdetermined

® optimal solution?
® can be very huge

® extend functions in ansatz, e.g., Liq 13

& discover identities among ansatz [2407.12503]
Introduction Integral family Master integrals
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& simplification

# of weight 4 MPL(y, x) : ~ 1000 — ~ 150
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Remarks

® FORM speeds up heavy manipulations of symbols

a further constraints on the arguments ® Kira solves linear system
® projectors eliminate terms ® preliminary results
® e.g., modulo products m simplification
® smaller linear system to solve
® system Ac — b, # of weight 4 MPL(y, x) : ~ 1000 — ~ 150
@ Aand b are rational ® complication
@ expect rational solution
® gparse and underdetermined F® — gLig ( 1 ) + ..
® optimal solution? 12 1+x+2z ’
® can be very huge FO _ _595599... ( 1 )
94 —
® extend functions in ansatz, e.g., Lis 1.3 265168... 1+x+z

w discover identities among ansatz [2407.12503] — (80 digits) /(69 digits)
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Summary

® Analytic results for the master integrals in two three-loop families.
® Both the solutions of canonical differential equation in Euclidean and physical regions are validated.
® The complex expressions of master integrals are (partially) simplified by applying symbol technique.
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® Both the solutions of canonical differential equation in Euclidean and physical regions are validated.

® The complex expressions of master integrals are (partially) simplified by applying symbol technique.
a Outlook
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Summary

® Analytic results for the master integrals in two three-loop families.
® Both the solutions of canonical differential equation in Euclidean and physical regions are validated.
® The complex expressions of master integrals are (partially) simplified by applying symbol technique.
& Qutlook

a reduce the complexity at weight 5 and 6
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Summary A“(IT

Karlsruhe Institute of Technology

® Analytic results for the master integrals in two three-loop families.
® Both the solutions of canonical differential equation in Euclidean and physical regions are validated.

® The complex expressions of master integrals are (partially) simplified by applying symbol technique.
a Outlook

a reduce the complexity at weight 5 and 6
® |eading-color amplitudes of diboson production at N3LO QCD

Introduction Integral family Master integrals Symbols Summary
o] 000 000000 00000 [ Je]

18/19  11.09.2024 Ming-Ming Long: HP? 2024 Three-loop ladder diagrams with two off-shell legs
g-Ming Long



KIT

Summary

® Analytic results for the master integrals in two three-loop families.

® Both the solutions of canonical differential equation in Euclidean and physical regions are validated.
® The complex expressions of master integrals are (partially) simplified by applying symbol technique.
& Qutlook

a reduce the complexity at weight 5 and 6
® |eading-color amplitudes of diboson production at N3LO QCD
® more complicated diagrams

P2 P P2

D, Dy D, D, Dy s
Dy Ds Dio Ds Dy Dy
Dy Dy b Dy Diy "
D, Dy D Dy Dg D, Ds
2 D b Pa n D Dr Pa P D b P4
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Thank you for your attention!
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