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Introduction

. |dentified hadrons at colliders described by fragmentation functions (FFs)

« Semi-inclusive observables (SIA, SIDIS ...) « coefficient functions
« Exclusive observables (W+D, H-in-jet(s) ...) « subtraction method

. Both light (z,K,p ...) and heavy (D,B ...) hadrons

Work based on 2406.09925

. Exclusive observables: with T. Gehrmann, M.
Marcoli, R. Schirmann, and
« NNLO required (FFs @ (a)NNLO) G. Stagnitto

« Antenna subtraction = extension to identified hadrons

» Fragmentation antenna functions


https://arxiv.org/pdf/2406.09925

Introduction

. Cross-section for identified final-state hadron at hadron colliders (ﬂf/a factorisation scales)
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With J observable definition (e.g. hadron p or rapidity)
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Antenna subtraction  @=auo+ (2 i+ () g+ -

- Higher order corrections divergent — add subtraction terms to make them finite

- Antenna subtraction method: systematic procedure to construct the subtraction terms

- (n+ 1) and (n + 2) particle phase spaces factorise into reduced n-particle and antenna phase spaces

- antenna functions: all unresolved radiation between two colour-ordered hard radiator partons (extracted
from squared matrix elements)

- Type of antenna function based on kinematics of hard emitters

- Without fragmentation: (FF) [Gehrmann-De Ridder et al. '05], (IF) [Daleo et al. '07, ‘09] and
(I1) [Gehrmann, Monni '11] [Gehrmann-De Ridder et al. ‘12]

- With fragmentation: (FFh) [Gehrmann, Stagnitto '20] and (IFh)

FE |F | 4 FFh IFh



Antenna subtraction at NLO

« At NLO real (R) and virtual (V) corrections

donLo = J (dg NLo — do NLO) J (dGNLO dGNLO)
n+1 n
dAi]gO subtraction terms make integrals finite with mass factorisation (MF)

daNLO d&%ﬁo J dGNLO with explicit singularitiesind = 4 — 2¢
1

» Subtraction terms made of (un)integrated antennae
dGNLO D XOMOJ < un-integrated 3-parton tree level antenna function XO
daNLO J(I)MOJ<— integral of XO (5[0) and MF in J(l)(p, a) = ¢ fl"o + CQF(I)

» Convenient formulation with integrated dipoles
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Antenna subtraction at NNLO

« At NNLO real-real (RR), real-virtual (RV) and double virtual (VV) corrections
A _ ~RR ~RV ~AVV
donnLo = J <d‘7 NNLO d5NNL()) T J (dU NNLO dGNNLD) T J <dGNNLO d‘7NNL0)
n+2 n+1 n
each integration is numerically well defined — Monte Carlo (NNLOJET)

- Three types of subtraction terms related as

~95,1 ~S.,2 0a40 0
daNNLO do Ounio T do ONNL O = D X, M, J < 4-parton tree-level antennae X;
AT ~VS,1 _ 3aMF,1 ~S.1 1740 1
donni o = dGNNLO daNNLO ldaNNLO 2 X;M,.J < 3-parton 1-loop antennae X;
AU ~MF2 ~VS,1 55,2 (2) 1 40
doxn o = — do ONNLO L do O\NLO Ld NNLO = J M J < integrated antennae and MF

counterterms in integrated dipoles

](2)(p, a) =c; L3+ X%+ (:35[0 & Sl"o + (34'60

L3+ cs TP +c TV QT + TV @ 27



Initial-final with fragmentation '

« Same structure for initial-final fragmentation subtraction terms

. integrated antenna functions needed (initial-final kinematics)

. Sl"g’;d‘p and Sl"é’;d'p already computed in photon fragmentation [Gehrmann,

Schirmann ‘22]
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%O’i.d'p 7, X) dd —Z1_2€XO’.1d°p5 7—7 \

3,1 ( ) 2 271. 3,1 ( 3) B Sip B B Sip + Sik — Spk

2 S s, B =T
. Q . ip ik ip ik

Sl"l’l.d'p(z, X) x | dd Z1_2€X1’.1d'p5(z _z ) /

3. 2 2 3.1 3

Si Sip T Sik T Sit = Spk — Sp1 ~ Sk

2 ip
0,1d.p Q 1-2ev0,1d.p . «— = = 2y and x =
Ly (5 X) [dcb3 e X e =) Sip T Sik T Si Sip T Sik T Sif
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Integration of initial-final 3-parton antennae

Initial-final phase space for 3-parton fragmentation antenna functions fully
constrained

1 i z '
047y, 2) = Jd@z(kp, s @ X095 (1 ) o 7, X0, 2

C(G) 3t 271' Sip + S

Jacobian factor #(x,2) = (1 —x)"“xz7¢(1 — 2)~¢
Same for 1-loop Sl";’i.d'p

« Avoid ambiguities associated with the analytic continuation of box integrals:

segment the (x, z)-plane into four sectors — expressions real and continuous
across boundaries [Gehrmann, Schiirmann "22]

Full set of antennae: A, D, E, F and G types (partonic content) v/

8



Integration of initial-final 4-parton antennae

o Kinematics g +p; = k, + k; + k; with x = 0%/(2p - g) and Q% = — g2

e Differential in momentum fraction zZ

(pl k )2 2 1 Dgikf,,

Q2 271- 491 D11 = (Q‘|‘pz’ _kp_klz)za
D12 = (p;i — kp)? + Q25 ;

0 1dp 1 .
‘% (Za -x) — (6)2 d(I)3(kp9 kka kla pia Q)é < X

S

family | master | deepest pole at x = at z =1
. . oo 60 — 1—2¢ 1—2¢
e 12 denominators (4 cut propagators) = 21 Ml in 12 families T e S L e
A 1[2,3,5] €2 (1—gz)7172¢ | (1 —z)7 1%
. . . . L I[7 & A—a) % | (1-2) %
e MI solved with differential equations, boundary conditions from z Lo 12T 0 (1—z)l=2 | (1 )12
. . . . . I[_3, 7] eV (1 _ x)l—Qe (1 )1 2e
-integration and comparing to inclusive result 1[2[,3,]7] e El—x;—ze ((1 >)11 >
I15,7 € 1 —x)™* €
C )
I[3,5,7] €2 (1 — )72 (1—2)72
Q2(2ﬂ)—2d+3 P D3 i 0 Qo) % | (1= z)—2e
o [[-3)7] = d k d“k;0(Dg)o(D;)o(D; 1)5(D12) P Ifl[lgﬂ] g 8 —””§i22 (fl ) jlﬁ;
A 7 E | 11,35 e? (1—a)2 | (1—2)"1"%
G | I[1,3,8] e_i (1-— :1:):262 (1—2) 1;26
- . H I(1,4,5 €~ 1l—x) 7 1—2z)7=¢
e A, Band C families in [Gehrmann, Schiirmann ‘22] 1 1{2,4,5} — El x;—1—2e El_z;_ze
] I[4,7] 601 (1-— :13)_26 (1-— z)_zE
. . . I1(3,4,7 € 1 —x)™*¢ 1—2)7=¢
e Misin ancillary file T X R R = o Ty =
L | I[4,57] e (I—az) 172 | (1—z)*
9 M | I[4,5,8] e 1 (I—2) % | (1-2) %




Integration of initial-final antennae

o Full setof X g,id.p now computed

e Different hadronic species In

initial and final-state — larger set

of antennae wrt initial-initial and
final-final kinematics

0,1d.g; 0,1d.g, _..
e E.Q. ‘974,41 #‘Qf4,q since

01 n~id. 01 1d.
A4(1q93 94gazg) #A4(1q93g94 926)

e A B,C,D,E,F,Gand H types

e Pole structure can be checked |

Notation Integral of

Integrand symm.

(RR

Hard radiators: quark-quark

B D s s s
RO RO RO RO RO RO

S

12+3+4

12,34

Notation

Integral of

Hard radiators: gluon-gluon

O,id.gl
F4792

O,id.gl
f4793

’297 3g:44)
Fz?(ligd'a2973974g)

lid. :'5’ 4

gO,id.g
4,9
go,id.gl
4,9
O,id.gg
4,9
go,id.q
4191
GOid-a
4,9
0,id.q
4792

§O,id.g
4,q
§0,id.g
4,9
~0,id.q
4,9
~0,id.q
4,9

Notation Integral of Integrand symm.
Hard radiators : quark-gluon
Dg,’:;(i'q Dg(li;d', ég: 39,44)
Dg::;dg'q Dg(l;d', 24, 39’ 49)
Dyrg Di(15,25",34,4)
Dg:igi'gz Dg(lq’zigd"gg"lg)
Dg:;im D3 (1, Zigd'a 39, ‘ig)
Dy DY(14,2,,31%,4,)
Dg:;i'gg DY(1,, Qg’ 3igd' ,4g)
£xne B 2, 3,40)
v E)(1, 29, 33, 4y)
Exg E3 (15,24, 37, 49)
gidd E9(ig,2i9,34,4,)
gite E9(14,2i9,35,4,)
Ery! (14,2337, 4,)
o No symm.
Egnda EY(iz,2¢, 3%, 4g)
Evp T EQ(1g, 2,35 4,)
giad E9(14,24,319,4,)
€y EQ(15, 24,34, 45")
Evy’ EQ(1g, 24,37, 45")
£k E(14, 24,34, 4i%)
& BY(13" 24,33, 4,)
Ely " EQ(13, 24,37, 4,)
Eqgnda EQ(15,2i4,35,4)
52,’;?'(1 ~2(1q’ 221(}" 3(7” 4y)
Epida E9(14,2i4,34,4,)
gff,’ff I Eg(iﬁ’ 25 3¢5 4igd')
Eqts EY(14,2¢,34,4%)
R —

0,id.q
H4,q

0,id.q
H4,q

12,324,163 +214




Mass factorisation with integrated dipoles

Collect antennae into integrated dipoles [Currie
et al. 13] [Gehrmann, Marcoli, Glover '22] — natural
organisation of IR singularities

Same assembly as for non-frag processes

ldentity preserving (IP) and identity changing
(IC) initial-final and final-final integrated dipoles

- MF kernels absorb poles from PDFs and FFs
(collinear)

« Residual infrared poles reproduce the ones of
1 and 2 loop virtual corrections (IP)

Strong check against Catani’s operators [Catani
o1 7.2
Po

Jz(z)(p, a) =, L0+ + L3R XL+ c)—L3+ cs TP + ¢ [V QT + TV @ 27
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Poles [\72(1)(2',]')] = Poles [Re (Ii(jl) (e,,u%))] , ’]-|00p

Poles [NC .72(2) (q,q9) — %jz(l)(qa Q)] =
Poles [Re (Ié? (e, ,u%) - @I(%) (e, u%))] :
Jz(l)(g,g)] =

Poles [Re (Ig(z) (e, u2) — %Zé;) (e, M%))] )

Bo

€

Poles !NC j2(2) (9,9)

Poles [Nc (%2 (@.9) +7,7(9.9) — 275" (0.0))




Mass factorisation with integrated dipoles

 Integrated dipoles are building blocks for construction of VV subtraction terms

~MF2 5VS.1 AS.D
dGNNLO —do ONNLO 1d NNLO i do ONNLO

- Different types: qq, g2, gg ...

Integrated dipoles

TP (3,,i7) = A%ide 4 gLida bo (@)_ ALida _ 1 [Ag,id.q ®Ag,id.q]

Mo
2)id.
F( ) ($3) 51
FF j2(2) ( o Zq) 1./42 ,id.q + 262 ,id.q + Cfl) ,id.q1 + Al ,id.q % [Ag,id.q R Ag,id.q]
§(2)1d
+ qu (113) 51
~ (2 i ~ 3 aai |\ € ; ~(2)id.
P 5o (3gy4g) = BYIH 4 Abida 4 bour (';g') AP T . (x3) 01
qq J2(2) (1q,3 ) AO 1dq_|_A1 1dq (%) AO ,id.q % [AO 1dq®AO ,id. q]

- F((f) ( )5 - F(z)ld (583) (51

j2(2) (1q,3q) 1./42 1dq_|_2CO 1d q2 -|—2C2 ,id.q1 +A1 ,id.q % [AO 1dq®AO ,id. q]
IF ~(2) i
-+ qu (331) 03 + qu (333) 01

jz( )

0,id.q 11dq bo,F 1s13|\ € 40,id.q
(]‘q73Q) B4q +A + ( 2 'A3,q

=(2) ’\(2)1d
— Fq (xl) 53 — qq (£E3) (51
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One dipole used for time-
like crossing thresholds:

see Christian Biello’s talk
Integrated dipoles

(2) -\ 0,id. 1,id. b
I (3g,ig) = SFY + LFP0 4 b (

—=(2)id.
- %ng) (#3) 01

= (2)

5 (i)~ G0 §FL9 4 0109 4 o (I} £
FF + %% (l'jf%z') gO 9 _ % [gg’ &9 ®f§’ d.g] o %Fgg (3’}3) 01
2
+ J2(,f)/f (395 %9)
~(2)id. N
2 . 50,id. ~1,id. 2(2 :
P (3,1g) = 16049 4 1639 L AT (23) 81 + JS2 ¢ (34,i)
J(2) (39, zg) %Q\;,id.g + %bOéF (|Zl§|) gO id.g [gg ,id.g ® gO ,id. g]
~@)id 29 |P
— 2T (z3) 0
2+ 99 3) Y1
2 0,id.g; 0,id.g; 1,id. s13|\ € 4-0,id.
J2( )(19’39) ]:4,929 T %]:4,939 +]:3,g T+ %Q (%) fg,g ’
id. 0,id. =(2) =(2)id.
B [‘F??,g ’ ® F3,9 g] - %ng (1) 03 — %Fgg (z3) 01
(2) i =1.id. s1 . id. ~(2)
- (19,3y) = G0 + Fypte o ((loggl) 70309 IT (@) 3
1:(2)1d. ~(2)
—3lgg (x3) 01 + Jz,f/f (14,3)
<) 0 d =(2) ~(2)id. 2 )
J (19,3 ) = ! g_|_ ;Fgg ($1)63+ 2F ($1)53+J2 £/f (19,39)
A(2) ~(2)id

j2(2) (19’ 39) = _%Fgg (33'1) 53 _ %Fgg (333) 01




Byproducts: (un)polarized SIDIS
02=— g2 x = 07 ,Z=P'P"‘,y=m kﬂ / N

2P - P- P-k "
q q . q P,
- Kinematics of initial-final fragmentation antennae same as semi-inclusive
deep-inelastic scattering (SIDIS) — same set of Ml ‘

« NNLO corrections to

p
« unpolarized FT FL [LB, Gehrmann Stagnitto 2401.16281]
dx Z R : P
Fh(x,z,0%) = ZJ 7[ —f, <A,MF> D}, < »MA> €, (%2 0% g uiopy) » i=T,L
pp "t <
i,(2) _ 6(2) _ e2(CNS | 2 i,PS
. polarized g1 [LB, Gehrmann, Lochner, Schonwald, Stagnitto 2404.08597] qu qu quq (Z qu)qu ’
.1 .1 J
dx [ dzZ X R ; i
Zg{”‘(x, Z, Qz) = Z fc —Af ( ,,MF) Dh ( aﬂA> Acg (x, <s Q29 /41%» /"I%v ﬂi) 0(7:1(2) = Cq’q‘(Z) cQJC;q’
pp "2 i,(2) _ iy (2) 2 i, 1 i,2 $,3
\ i | | WO Coo =Cuz —equque Cro+eqeqCl,
. ew chnanneis opening at i,(2) z(2) 2 i,1 z2 7,3
( 2) ( 2) 2 Cq,q o Cq q qu q + € /C eqeqlcq’q 9
a(U a .U i,(2) _ vi:(2) _ 20"
(AE,, = (A)CY+ AP + [ === ] (A)C? + O(ad) Coa” = Cgz " =€3C4q
PP 2][ PP 2][ pPp Ci’(2) _ Crg (2) 207'
g ag €q4“aqg >

Agreement with 2404.09959 and 2312.17711 (See Sven Moch'’s talk) Cri?) = (Z )C;g, Same for AC),

13 J


https://arxiv.org/pdf/2401.16281
https://arxiv.org/pdf/2404.08597
https://arxiv.org/abs/2404.09959
https://arxiv.org/abs/2312.17711

Byproducts: (un)polarized SIDIS

- Phenomenological studies

- Unpolarized scattering cross section
d3c"

dxdyd; Q2

. Double spin asymmetry A{’(X, Z, Q2) =

4ra’ [ 1+ (1 —y)?
2y

1
Fh(x,z,0%) +

y
g(x,z, 0%
Fi(x,z, Q%)

« New channels, gluonic channels large at small-z

- Reduction of scale dependence

- Relevant for FFs and polPDFs global fits @ NNLO

PDFs: NNPDF3.1
FFs: BSDDV22

SIDIS N*LO/LO

channel/total @ N*LO

> Fh(x, 2, 0%)

with ZF{’ — 5’7'}%

2.0
18] 0.04<z<0.06 0.10 < z < 0.14 0.18 < z < 0.40
10.30 <y <0.50 0.50 < y < 0.70 0.30 < y < 0.50
1.6 1 Quvg = 2.45 GeV
1.4-_
1.2-_
1.0_- ...........................................
0.8 1 NLO
0.6 - NNLO
1.5
10f”""""""”""””””""""””:T Attt e e T i R R R R R R R E o n
== NLO q —q = NNLO q — ¢q == NLO q — q = NNLO q — ¢q ==+ NLO q — q = NNLO q — ¢
0.5 1 NLO g— g NNLO g — g NLOg—g NNLO g — g NLO g— g NNLO g — ¢
] == NLOg—>q = NNLOg—g¢q ==: NLOg—q = NNLOg—gq ==: NLOg—q == NNLO g —gq
O’O- e e ] ——— — — — - — |
o
02 03 04 05 06 07 0802 03 04 05 06 07 0802 03 04 05 06 07 08

COMPASS /s = 17.4 GeV
0.2<z<0.85

Af : BDSSV24 (NNLO)
D™": BDSSV22 (NNLO)

qf
1.2 1.5 2.1 32 44 60 9.0 14 20 28 40 56

— LO -==- q— q NNLO

— NLO  eeeee qg — g NNLO

—— NNLO —-+= g — g NNLO
0.50 -== qg—q NLO -== g — g NNLO C
1 aaass q_)gNLO ..... q_)q/ NNLO O

—-= g — q NLO —-:= g — q NNLO
5 M

g
O R P
+E<.—| 0.25 n

N A

(proton)

at
1

29

‘l~.\
"
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o
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0.00
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Conclusion

Antenna subtraction method extended to observables with identified
hadrons in hadronic collisions at NNLO

- Computed last ingredient: initial-final integrated antenna functions

« Mass factorisation counterterms included in integrated dipoles

Fully general framework: versatile for different observables and processes
Byproduct: NNLO corrections to (pol)SIDIS coefficient functions

Looking forward to phenomenological results for LHC
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Final-final with fragmentation > | %

« Subtraction terms for final-final configurations 4
J

d&ZS\;\‘}LI’O D XO ldpMOJ « 4-partons tree-level antennae XO

dA]{UI\?L% X1 ldpMOJ « 3-partons 1-loop antennae X1

dAg]\l,ig D) J(z)MOJ < all integrated antennae and MF counterterms in integrated dipoles
Po

(2)(p,a) =c %Oldp+62%11dp+c3%01dp®&"Oldp+c4 fl"mdp+c [+l QTW + 'V @ 275

- Final-final integrated antenna functions [Gehrmann, Stagnitto "20]

2 2 2
q

t%/-O,ld.p Jdcb 1 2€X0 L%/'1,1(1.]7 Jdcb 1 2€X1 t%f‘(),ld.p [d@ 1 2€X0
;D) T 3 ;@) T : y 2o T ’

N/ |

Spj -+ Spk Spj —+ Spk —+ Spl

<l = <l =
Spj + Spk + Sjk Spj —+ Spk + Sjk + Spl + Sjl + Si]
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Example of master integral: 1{3,5,8]

Ds = (kp + kk)2 and Dg = (kp + kl)2 singular in z — O limit: /[358] accounts for this behaviour

e Naive approach (solving DEQ in x and z as Laurent expansion in €) constraints at most ¢

e Z-integrated result diverges as ¢

DEQs for I[358] homogeneous in x and O — I[358](0?, x, 7) (

3

—1

€

DEQ 0/'[358](z)/0z solved in closed form up to integration constant C’

Integration constant determined by comparing to inclusive Ml (/;

3(1 —2¢)(4 — 2¢)(2 — 6¢)

L. [358](0% x) =

[0](O?, x) inclusive PS)

nc

X3

Closed form expression

1[3581(Q%, x,2) = Ny (

1 —2¢

€

€3

2
> <Q2)_2_2€(1 _ X)_1_2€X

(02)°(1 - x)?

2+2€Z —1-2¢

Ijnc[()] (Q29 X)

<—2(1 — )% + 27 F,(€,€,2¢,1 +€,1 +€,2) —

17

2el'(1 = 2e)'(1 + €)

I'(l1—¢)

)
€> <Q2)_2_2€(1 — x)~ 1Ty tzem1m2€ 1358](2)

(z cot(me) + ln(z))>



