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Motivation

2

Euler-Heisenberg Lagrangian for low energy limit
• One of the earliest predictions in Dirac’s theory : in 30s by Heisenberg & Euler 

• First complete LO : 

• A fundamental process for many interesting questions…

[Karplus & Neuman PR’51]
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Euler-Heisenberg Lagrangian for low energy limit
• One of the earliest predictions in Dirac’s theory : in 30s by Heisenberg & Euler 

• First complete LO : 

• A fundamental process for many interesting questions…

[Karplus & Neuman PR’51]

• How light interacts with itself? Sensitive channel to search for new physics

BSM particles in loop?

SUSY

Extr. dim.



Measurement of LbL
• First direct detection by ATLAS in 2019 

• In Ultra-peripheral heavy ion collisions (UPCs)
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[ATLAS; PRL’19] Earlier evidence [ATLAS; Nature Physics ’19]

[CMS; PLB’19]

RA

b

RB

bmin > RA + RB

EM field associated with highly relativistic 
charged particles can be treated as a beam of 
coherent photons with small virtuality 
(Equivalent photon approximation)

Large photon flux ∼ Z2, Z = 82 for Pb

Cross section (PbPb) scales like  larger than  or Z4 ∼ 5 ⋅ 107 pp e±



Data-theory comparison
• Descrepancy between theory (LO) and ATLAS measure

4

[ATLAS; JHEP’21] 

[L. A. Harland-Lang, V. A. Khoze, and M. G. Ryskin ’19]

[H.S Shao, D. d’Enterria ’22]

σLO = 76 nb

σATLAS = 120 ± 22 nb



Status - LbL 
• Earlier works at two-loop 

- Low energy approx: two loop corrections to Euler-Heisenberg Lagrangian   

- Massless limit of two-loop amplitudes with internal fermions in QCD and QED  

• Aim  : complete QCD & QED corrections at NLO with massive fermion loops

5

[Martin, Schubert, Sandoval; NPB’03]

[Bern, Freitas, Dixon, Ghinculov & Wong; JHEP‘01]
[Binoth, Glover, Marquard, & van der Bij JHEP’02]
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Photon-photon luminosity

[H.S Shao & D. d’Enterria JHEP’22]
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Helicity amplitudes
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• Lorentz decomposition 

Tranversality 
Bose symmetry
Gauge invariance 

138 form factors

5 independent linear combinations

Ai, Bi
jk, Cijkl : (s, t, u; m2) ∼ r(s, t, u; m2) I(s, t, u; m2)

ε(pi) ⋅ pi = 0
s = (p1 + p2)2

t = (p2 + p3)2

u = − s − t

<latexit sha1_base64="oEb9hT9NVrJ65vDO3bt8iNHy34Y=">AAACPHicbZBLS8NAFIUnPmt9RV26GSyCEFMS8bUsunEjVLQPaEOYTCft0MmDmYlQQn6YG3+EO1duXCji1rXTNqCmHhg4fPde7tzjxYwKaVnP2tz8wuLScmmlvLq2vrGpb203RZRwTBo4YhFve0gQRkPSkFQy0o45QYHHSMsbXo7rrXvCBY3COzmKiROgfkh9ipFUyNVv0y5GDF5nbmooZYfwB5gzwCwAwzTMAjCNzNUrVtWaCM4aOzcVkKvu6k/dXoSTgIQSMyREx7Zi6aSIS4oZycrdRJAY4SHqk46yIQqIcNLJ8RncV6QH/YirF0o4ob8nUhQIMQo81RkgORDF2hj+V+sk0j93UhrGiSQhni7yEwZlBMdJwh7lBEs2UgZhTtVfIR4gjrBUeZdVCHbx5FnTPKrap9WTm+NK7SKPowR2wR44ADY4AzVwBeqgATB4AC/gDbxrj9qr9qF9TlvntHxmB/yR9vUNRWmp9Q==</latexit>
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Computation
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• 60 Feynman diagrams 

• 10k+ integrals before IBP 

• 18 top sectors

<latexit sha1_base64="+qHyc5AERI+oUJva1hsvXk7NyUY=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBAiLGFXfCJC0IveIhgTSOIyO5nE0dmZZaZXCEt+wou/4sWDIl4Fb/6Nk8dBjQUNRVU33V1hLLgBz/tyJianpmdmM3PZ+YXFpeXcyuqVUYmmrEKVULoWEsMEl6wCHASrxZqRKBSsGt6d9v3qPdOGK3kJ3Zg1I9KRvM0pASsFOfc8SG+PSOC7DdpSYFwSHPZwwbjgJkfR9bbbYLHhQsktfIyDXN4regPgceKPSB6NUA5yn42WoknEJFBBjKn7XgzNlGjgVLBetpEYFhN6RzqsbqkkETPNdPBVD29apYXbStuSgAfqz4mURMZ0o9B2RgRuzF+vL/7n1RNoHzRTLuMEmKTDRe1EYFC4HxFucc0oiK4lhGpub8X0hmhCwQaZtSH4f18eJ1fbRX+vuHuxky+djOLIoHW0gQrIR/uohM5QGVUQRQ/oCb2gV+fReXbenPdh64QzmllDv+B8fAPrHpzJ</latexit>

Ij;a1,··· ,a9(s, t, u;m
2, ✏) =

<latexit sha1_base64="JWfIwhEFcFUY0JK252QA3V9B5Ys="></latexit>

M~� =
X

j

rj
�
s, t, u;m2, ✏

�
Ij;a1,··· ,a9(s, t, u;m

2, ✏)

<latexit sha1_base64="DrE7iAPzjqR1bh2jbUbOZcGpbH0="></latexit>

k21 �m2
f , (k1 + p1)

2 �m2
f , (k1 + p1 + p2)

2 �m2
f , (k1 + p1 + p2 + p3)

2 �m2
f ,

k22 �m2
f , (k2 + p1)

2 �m2
f , (k2 + p1 + p2)

2 �m2
f , (k2 + p1 + p2 + p3)

2 �m2
f , (k2 � k1)

2

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica



Computation
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At 2 loop: 30 MIs + crossingIBP Reduction  
Kira/FiniteFlow+LiteRed

Ij = ∑
k

Cjk fk, fk → Master Integrals (MIs)
Generate amplitudes  

Qgraf/FeynArts
FORM/Mathematica



Computation
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[Caron-huot & Henn; JHEP’14]
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@s ~f = ✏As
~f

<latexit sha1_base64="cEtcSfC3uScXJiSFj5AaZ8YP6uc=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VxVRLxtRGqblxWsA9oQphMb9qhk0mYmRRK6R+48VfcuFDErVt3/o2Ttoi2HrhwOOde7r0nSDhT2ra/rNzC4tLySn61sLa+sblV3N6pqziVFGo05rFsBkQBZwJqmmkOzUQCiQIOjaB3k/mNPkjFYnGvBwl4EekIFjJKtJH84qGbEKkZ4b7Gbh8oDi+xC4liPBb46kf0iyW7bI+B54kzJSU0RdUvfrrtmKYRCE05Uarl2In2htkuymFUcFMFCaE90oGWoYJEoLzh+J8RPjBKG4exNCU0Hqu/J4YkUmoQBaYzIrqrZr1M/M9rpTq88IZMJKkGQSeLwpRjHeMsHNxmEqjmA0MIlczcimmXSEK1ibBgQnBmX54n9eOyc1Y+vTspVa6nceTRHtpHR8hB56iCblEV1RBFD+gJvaBX69F6tt6s90lrzprO7KI/sD6+AYbWm7Q=</latexit>

@t ~f = ✏At
~fIBP Reduction  

Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions <latexit sha1_base64="1Mx9LYCsgOmSwKMh4HxuxEhKabo="></latexit>q

s(s� 4m2
f ),

q
t(t� 4m2

f ),
q
st(st� 4m2

f (s+ t)),
q
s(m4

fs� 2m2
f t(s+ 2t) + st2)

<latexit sha1_base64="+Ot1oQpIW6400D4YRtm1IJBWySA=">AAACGXicbVDLTsJAFJ36RHxVXbppJCawgLQEHxsTohuXmMgjgdJMhylMmE6bmakEmv6GG3/FjQuNcakr/8YBulDwJJN7cs69uXOPG1IipGl+ayura+sbm5mt7PbO7t6+fnDYEEHEEa6jgAa85UKBKWG4LomkuBVyDH2X4qY7vJn6zQfMBQnYvRyH2PZhnxGPICiV5Ohmx+MQxSKJfcfrlpOr4lyo5EfFSUEJcd4qjrrlgioTVRJHz5klcwZjmVgpyYEUNUf/7PQCFPmYSUShEG3LDKUdQy4JojjJdiKBQ4iGsI/bijLoY2HHs8sS41QpPcMLuHpMGjP190QMfSHGvqs6fSgHYtGbiv957Uh6l3ZMWBhJzNB8kRdRQwbGNCajRzhGko4VgYgT9VcDDaBKRqowsyoEa/HkZdIol6zz0tldJVe9TuPIgGNwAvLAAhegCm5BDdQBAo/gGbyCN+1Je9HetY9564qWzhyBP9C+fgBz956m</latexit>

s

m2
f

= � 4(w � z)2

(1� w2)(1� z2)

<latexit sha1_base64="tEnNBoRQyq4Ao6Fcw0zt+Xoe6oY=">AAACDHicbVDLTgIxFO3gC/GFunTTSExwAZkhvjYmRDcuMZFHAiPplA40tJ1J25HAZD7Ajb/ixoXGuPUD3Pk3lsdCwZM0OT3n3LT3eCGjStv2t5VaWl5ZXUuvZzY2t7Z3srt7NRVEEpMqDlggGx5ShFFBqppqRhqhJIh7jNS9/vXYrz8QqWgg7vQwJC5HXUF9ipE2Ujuba/kS4VgnMW/796XksjAV8oPC6Njc48EoMSm7aE8AF4kzIzkwQ6Wd/Wp1AhxxIjRmSKmmY4fajZHUFDOSZFqRIiHCfdQlTUMF4kS58WSZBB4ZpQP9QJojNJyovydixJUacs8kOdI9Ne+Nxf+8ZqT9CzemIow0EXj6kB8xqAM4bgZ2qCRYs6EhCEtq/gpxD5kytOkvY0pw5ldeJLVS0Tkrnt6e5MpXszrS4AAcgjxwwDkogxtQAVWAwSN4Bq/gzXqyXqx362MaTVmzmX3wB9bnD8Unm3M=</latexit>

t

m2
f

= � (w � z)2

wz

Non-rationalisable :
<latexit sha1_base64="LCw3qjQCjUgWfYtUssvAK+ZuT/U="></latexit>

⇢ =
p

�2wz + z2 + w4z2 � 2w3z3 + w2(1 + z2 + z4)

• Canonical form 

• Diff. Eq is used to solve the MIs 

• Square roots : 

•  Choice of variables :  



Computation
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IBP Reduction  
Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions

• Solution in terms of Chen’s iterated integrals with logarithmic one-forms 

• Boundary condition :  

•  MIs with only rationalisable square roots 

<latexit sha1_base64="3ebudh/Lo4TJIUYqFsnVHTwIzME=">AAACCHicbVDJSgNBEO1xjXEb9ejBxiBECGEmuIEEgl48RjALJOPQ0+lJmvQsdNcIYcjRi7/ixYMiXv0Eb/6NneWgiQ8KHu9VUVXPiwVXYFnfxsLi0vLKamYtu76xubVt7uzWVZRIymo0EpFsekQxwUNWAw6CNWPJSOAJ1vD61yO/8cCk4lF4B4OYOQHphtznlICWXPPAd3lela0ClK3L4L50jMu43WECiJvygj10zZxVtMbA88SekhyaouqaX+1ORJOAhUAFUaplWzE4KZHAqWDDbDtRLCa0T7qspWlIAqacdPzIEB9ppYP9SOoKAY/V3xMpCZQaBJ7uDAj01Kw3Ev/zWgn4F07KwzgBFtLJIj8RGCI8SgV3uGQUxEATQiXXt2LaI5JQ0NlldQj27MvzpF4q2mfF09uTXOVqGkcG7aNDlEc2OkcVdIOqqIYoekTP6BW9GU/Gi/FufExaF4zpzB76A+PzByxCl48=</latexit>

fi(s = 0, t = 0;m2) = �i,1

-   in terms of Goncharov’s Polylogarithms (GPLs)

-   Numerical evaluation of GPLs 

FastGPL HandyG
[Wang, Yang & Zhou ’21] [Naterop, Signer, Ulrich; CPC’20]

[Vollinga & Weinzierl; CPC’05]
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IBP Reduction  
Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions

•   5 MIs with non-rationalisable square roots with weight 3/4 

•   First two-fold integrals are expressed in terms of logs or classical 

  PolyLogs by matching symbols 

•   The remaining integrals are converted into one-dimensional 

   integrals, and perform them numerically

<latexit sha1_base64="5f8A9bpZ218q2aFiZLFfA10lcTM=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCKhKqk4jVWsDAwFIk+pCZEjuu2Vh0nsh2kEmVg4VdYGECIlY9g429w2gzQcqQrHZ9zr3zv8SNGpbKsb2NhcWl5ZbWwVlzf2NzaNnd2WzKMBSZNHLJQdHwkCaOcNBVVjHQiQVDgM9L2R5eZ374nQtKQ36pxRNwADTjtU4yUljyz5CQO43e1ysPhEUwcEcBrmnrZ00k9s2xVrQngPLFzUgY5Gp755fRCHAeEK8yQlF3bipSbIKEoZiQtOrEkEcIjNCBdTTkKiHSTyREpPNBKD/ZDoYsrOFF/TyQokHIc+LozQGooZ71M/M/rxqp/7iaUR7EiHE8/6scMqhBmicAeFQQrNtYEYUH1rhAPkUBY6dyKOgR79uR50qpV7dPqyc1xuX6Rx1EAJbAPKsAGZ6AOrkADNAEGj+AZvII348l4Md6Nj2nrgpHP7IE/MD5/AHJolrQ=</latexit>

{ln2(z),Li2(z)}

[Caron-huot & Henn JHEP’14], [Chicherin, Sotnikov, Zoia JHEP`22]

[Duhr, Gangl, Rhodes, JHEP`12]

<latexit sha1_base64="3TlLorvGw2KjemTiZvVuKAeTdOc="></latexit>Z

�
I(w1, · · · , w4;�) =

Z �

0
d�1f1(�1)

Z �1

0
d�2f1(�2)

Z �2

0
d�3f1(�3)

Z �3

0
d�4f1(�4)

| {z }
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IBP Reduction  
Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions

•  Numerical evaluation of integrals

-  3 regions to consider 

-   We obtain distinct analytic results valid in different region, specific 

  boundary constants for each region 

-   Integrals are cross-checked for few phase points using  

  AMFLOW

<latexit sha1_base64="O+II2BbFVC69OPMbJrm7bt76Avk=">AAACGXicbZDLSgMxFIYz9VbH26hLN8EiuJCSEW+LUopuXFawF2iHkknTNjRzITkjlNLXcOOruHGhiEtd+TZm2llo64GEj/8/h+T8fiyFBkK+rdzS8srqWn7d3tjc2t5xdvfqOkoU4zUWyUg1faq5FCGvgQDJm7HiNPAlb/jDm9RvPHClRRTewyjmXkD7oegJRsFIHYfoEjkBbC6clIndbtu6bBimQmkmpAzlTOg4BVIk08KL4GZQQFlVO85nuxuxJOAhMEm1brkkBm9MFQgm+cRuJ5rHlA1pn7cMhjTg2htPN5vgI6N0cS9S5oSAp+rviTENtB4FvukMKAz0vJeK/3mtBHpX3liEcQI8ZLOHeonEEOE0JtwVijOQIwOUKWH+itmAKsrAhJmG4M6vvAj106J7UTy/OytUrrM48ugAHaJj5KJLVEG3qIpqiKFH9Ixe0Zv1ZL1Y79bHrDVnZTP76E9ZXz+1oJnl</latexit>

s < 0, t < 0, u > 0

s > 0, t < 0, u < 0

s < 0, t > 0, u < 0

[Liu &  Ma, CPC’23] 
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IBP Reduction  
Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions

•  Relations among MIs at a given transcendental weight using 

-  Shuffle properties of iterated integrals 

-  Matching symbols of different integrals

Simplifying amplitudes

•  Finding linear relations among the rational coefficients and express  

  complex ones into simple ones. 

•  This step was necessary for the analytic pole cancellation. This also 

 help to avoid numerical cancellation between different pieces

FiniteFlow MultivariateApart



Computation
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IBP Reduction  
Kira/FiniteFlow+LiteRed

Generate amplitudes  
Qgraf/FeynArts

FORM/Mathematica

Solve MIs in terms of special 
functions

Simplifying amplitudes

Number of scalar integrals to Master 
integrals

Master integrals in UT basis at different 
weights

Rational coefficients

Total size

10k+ 30 + crossing

300+ 84

300 Mb 180 Kb

200+ 31+ crossing



Cross section : Analytic and numeric methods
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• Numerical approach is based on local unitarity 

method 

• Analytical exact result matches with numerical one  

• Exact results matches with the HE/LE 
approximations in their applicable regimes  

• Exact K-factor exhibit more richer structure 
compared to both LE and HE approximations

Coulomb sing.

[Capatti, Hirschi, Pelloni & Ruijl PRL’21]



Data-Theory comparison
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• Data-theory tension persists, though it reduced a 

bit compared to LO 

• HE (LE) under (over) estimates the corrections. 

• 6 C-even bottomonia and X(6900) seems cannot 
explain the discrepancy neither

σLO = 76 nb σNLO = 81.2+1.6
−0.9 nb

σATLAS = 120 ± 22 nb

Improved theory predictions 
and/or measurements?
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Data-Theory comparison

σNLO = 95.4 (+2.0
−1.0)scale

nb

σCMS = 107 ± 33stat ± 20syst nb

[CMS-PAS-HIN-21-015]



Summary
• NLO computations with exact mass for Light by Light scattering in QCD & QED in ultra-

peripheral heavy ion collisions 

• Two completely different approach have been compared and serve as a strong check for 
our calculations 

• Compact analytic results at two loop, overcoming the difficulties arising due to internal 
mass scales. 

• The theory tension with ATLAs data reduces, but does not eliminates. 

• If data-theory agrees as in CMS, that gives the strongest constraints on axion or graviton 
like particles 
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Limits on axion like particle
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[CMS-PAS-HIN-21-015]

Strongest limit on the 
axion-like particles over 
mass above 5 GeV

Outlook



Outlook

• Intriguing to look at the EW 
corrections at NLO or even go to 
the NNLO in QCD and QED 

• Phenomenological relevance will 
show up in HL-LHC where the 
precision is aim to be within 3%

20



Thank you for the attention!



Backup Slides



Local unitarity technique
• Direct Monte-Carlo integration in momentum space 

• Consider all relevant forward scattering graphs relevant to a given cross section and collect all 
the cutkosky cuts

23



Iterated integrals
• Shuffle properties : For example
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Photon luminosity
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Photon number density calculated using EdFF (Electron dipole form factor or ChFF (charge form factor)



Low energy approx.
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Background for exclusive LbL
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