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‣New instrument to probe our universe

‣Next generation of gravitational waves interferometers (Einstein Telescope, LISA, …)

‣Good handling of experimental uncertainties 

‣Extreme need for precise theoretical predictions for signal templates for 
Matched filtering analyses
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‣Waveform as fourier transform of scattering amplitudes  

Waveform From Amplitudes
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Fourier Transform
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∏
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̂dDqiδ(2pi ⋅ qi + q2
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‣No spurious poles, analytic results into a finite basis of Master Integrals
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ei b⋅q (i b ⋅ q)−a1 ̂δ(u1 ⋅ q) ̂δ(u2 ⋅ (q − k))
(q2)a4((q − k)2)a5

∫ ̂q

∂
∂qμ (eD1

vμ

∏5
i=1 Dai

i
) = 0

‣Integration by parts-identities for Fourier Integrals

⇒ (1 − D1)IBP[a1, …, a5] + IBP[a1 − 1,…, a5] = 0 LiteRed 
FiniteFlow

‣Sum of standard IBPs:

Complex analysis 
Differential Equations 

G.B., S. De Angelis 

‣ Decomposition into a basis of 6 Master Integrals: 

Δ⟨+(0)
h ⟩ =

6

∑
i=1

ci Ji

J1+n =

J3+n =

J5+n =‣Alternative: coefficients from Intersection numbers 
Mastrolia, Mizera, (2018) See Pierpaolo Mastrolia, 

Vsevolod Chestnov talks 
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‣ Time-domain waveform (CoM) 
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‣ Integrand generation from double and single graviton exchange 

D1 = i b ⋅ q, D2 = q2, D3 = (q − k)2,

Iu1
a1a2a3a4a5a6a7a8a9a10a11

= ∫ ̂ℓ, ̂q
eD1

1
∏11

i=1 Dai
i

D6 = u1 ⋅ ℓ , D7 = u2 ⋅ ℓ, D8 = ℓ2,
D4 = u1 ⋅ q, D5 = u2 ⋅ (k − q)

D9 = (ℓ − q2)2, D10 = (ℓ + q1)2, D11 = i b ⋅ ℓ

‣Form factors in terms of scalar integrals: 

• One-loop Compton 
amplitude
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‣ Integrand generation from double and single graviton exchange 

D1 = i b ⋅ q, D2 = q2, D3 = (q − k)2,

Iu1
a1a2a3a4a5a6a7a8a9a10a11

= ∫ ̂ℓ, ̂q
eD1

1
∏11

i=1 Dai
i

D6 = u1 ⋅ ℓ , D7 = u2 ⋅ ℓ, D8 = ℓ2,
D4 = u1 ⋅ q, D5 = u2 ⋅ (k − q)

D9 = (ℓ − q2)2, D10 = (ℓ + q1)2, D11 = i b ⋅ ℓ

‣Form factors in terms of scalar integrals: 

̂δ(D4) ̂δ(D5) ̂δ(D7)

∫ ̂ℓ, ̂q

∂
∂{ℓμ,qμ} (eD1

vμ

∏11
i=1 Dai

i
) = 0

‣ Fourier-Loop IBPs: ̂δ(D4) ̂δ(D5) ̂δ(D6)
(1 − D1)IBP[a1, …, a11] + IBP[a1 − 1,…, a11] = 0

• One-loop Compton 
amplitude
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i J ū2,C
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i + cū2
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Jū1
9+n = Jū1 C
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‣10 MIs, canonical DEs via leading singularities and dim shift
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Results from IBP decomposition
‣2 families of 12 MIs appearing in ED: 
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,

‣ Retarded boundary conditions as prescribed by in-in, 
using AMFlow + PSLQ

‣10 MIs, canonical DEs via leading singularities and dim shift
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Jū1
9+n = Jū1 C
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G.B., S. De Angelis

15

i

16π (−b2)p∞
{z∫

∞

0
dx[e−z cosh x H−1(z p∞sinh x)] − i

e−z 1 + p∞

p∞ }
Struve H-function



Integral Evaluation - Fourier integral

‣Waveform integrals appearing in ED:  

ℱ[(−q2)α] ∝ Kα+ D
2 −1( −b2ŵ2)

G.B., S. De Angelis

‣Fast numerical convergence  

15

i

16π (−b2)p∞
{z∫

∞

0
dx[e−z cosh x H−1(z p∞sinh x)] − i

e−z 1 + p∞

p∞ }
Struve H-function
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i J ū2
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‣ Integrand generation from double and single graviton exchange 
• Cut merging

‣2 families of 28 MIs appearing in General Relativity: 

Δ⟨+(1)
h ⟩(ω, ⃗n) = eiω n⋅b2

4πr

28

∑
i=1

(cū1
i J ū1

i + cū2
i J ū2

i )

G.B., S. De Angelis, 
In progress 

‣New master integrals need to be computed: 
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• Analytic Waveform at next-to-next-to-leading order?

‣ Multi-loop technology applied at the level of the frequency-space waveform 

‣Analytic waveform at next-to-leading order in general relativity 

‣Analytic waveform at next-to-leading order in electrodynamics G.B., Stefano De Angelis [2403.08009]

G.B., Stefano De Angelis [in progress]

‣Fourier-like integrals can be understood as twisted period integrals G.B., G. Crisanti, M. Giroux, P. Mastrolia, Sid Smith [2311.14432]

• How to systematically compute Fourier integrals? Iterated integrals over Bessel kernelsCanonical DEs for Fourier integrals

P. Benincasa, G.B., M.K. Mandal, P. Mastrolia, F. Vazão [2408.16386]• On one-loop corrections to the Bunch-Davies wavefunction of the Universe



Thank you!


