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INTRODUCTION



Antenna subtraction is a well established

method for NNLO calculations involving jets.

[Gehrmann,Gehrmann-De Ridder,Glover '05]

[Braun-White,Glover,Preuss 23]
[Gehrmann-De Ridder, [Fox,Glover ‘23]
Ritzmann ‘09][Abelof,

Gehrmann-De Ridder “11]

[Currie,GloverWells '13] :
Idealized Elliot Fox' s talk
. antenna
Massive functions
) fermions Generalized

Implemented in the NNLOJET antenna
Monte Carlo framework: functions

.« ee—jj, eemijj dentified

. .. entitie
* ep—J, ep—y [Gehrmann,Stagnitto ‘22] . ANTENNA
. NT [Bonino,Gehrmann,MM, final-state SUBTRACTION
PP—J) . Schirmann,Stagnitto 24] partides

* pp—V, pp—VH

* pp—H, pp—H+ Leonardo

* pp—YH Bonino's talk Polarized

* pp—YY antenna

* VBFH functions Automation

* Markus

Lochner’s talk [Gehrmann,Glover,MM ‘23]
] [Chen,Gehrmann,Glover,Huss,MM ‘22]
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FF antenna functions: colour-singlet decay MEs

Photon decay: 7~ — 49 Higgs decay: H — gg Neutralino decay: X — 99
_____ —_—— _<. —_
A a,uv pa L =4 .a v F h
L= _ZHF L = inpzot Pz F, + h.c.
Quark-Antiquark Gluon-Gluon Quark-Gluon
antenna functions antenna functions antenna functions
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Tree-level antenna functions
Integrated

Antenna
antenna

“'( X = %% XY o /dc1>3 X3
M2

. === 0
NNLO: Ié:/ ng% Xfoc/d@4X2
_--.‘< 2
=== é 0
N3LO: / Xg = % XE? X /d(I)5 Xg
_--.‘< 2

Matteo Marcoli
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One-loop antenna functions

Antenna Integrated
NLO: X antenna
---'CE ----< Ml Ml
NNLO: — X3 Xé:ﬁ‘;a—X:?ﬁz) X?}oc/dcngg
""(é “"()< M1 Ve
Xl = 4 XO_2 1 1
N3L0: _XL(L) . 4 MQO 4 Mg -X4 X dq)4 X4
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Two-loop antenna functions

NLO: X
NNLO: X
N3LO: - X3 —- X1
M2 M2 M :
2 _ M3 yoM2 12 ntegrated X2:/d<1> X2
Antenna X3 MY X3 MY A3 MY antenna 3 S
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Analytic integration

Integration of renormalized matrix elements for colour-singlet decay over the fully inclusive phase

space:
/ ddbs MY, / AP, Mj, / dPs M3, / APy M, ]

[akubcik,MM,Stagnitto 22] Two-parton three-loop, for validation:

[Chen,Jakubcik,MM,Stagnitto ‘23]
/d<I>5M§ +/<11<I>4M;l +/d<I>3M32 —|—/d<1)2M3 — finite N°LO
inclusive XS

Master integrals from

[Gituliar,Magerya,Pikelner “18]
[Magerya,Pikelner ‘“19]

1 1
— — - [Cutkosky ‘60]
p2 — 10 p2 + 20 [Anastasiou, Melnikov ‘02,'03]

* Phase space and (genuine) loop integrals addressed simultaneously;
* Systematic treatment of all four layers within a common framework;

26/01/2024 Matteo Marcoli
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ANTENNA MAPPING AT N3LO

work with Xuan Chen



Antenna mapping at NNLO

Pi23 * momentum conservation;

* on-shellness conditions;
* IR limits;

D234
. H _ S23+ 524
2 unresolved partons: 4 — 2 mapping = tntom
534
T = —————————
]’L h, h, h 513 + 823 + 834
{pl 7p2 Y p3 ) p4 } % {p123 9 p234} x = m[(l+,0)S1234*7'1(323+2S24)*7'2(323+534)

o 312334 — 513524

P123 = TP1 + r1P2 + reP3 + 2Py - s

51234 — r1(823 + 2512) — r2(s23 + 513
e rermi (U ( ) = ra(szs + 1)

posa = (1 —2)p1 + (1 —r1)p2 + (L —ra)ps + (1 — 2)pa

(Tl g12 834 — 913‘324:|
The mapping assumes the (1-2-3-4) ordering: 1 <:§ :!"2)2 Mo12556, 514520, 13524)
2141234
4 colour-ordered emissions; S 20107200 s e = s

+4r1(1 — r1)s12524 + 4ra(1 — 7“2)813834}

X colour-unordered (photon-like) emissions;

Mu,v,w) = u® 4+ 0% + w? — 2(uv + uw + vw).
[Kosower ‘02]
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Antenna mapping at NNLO

Prototype antenna function: AE)L (q, g, g, 67)

Colour-ordered: does not contain the

q(1) g(2) a(3) 1//3 and 2//4 collinear limits.

Ordered mapping works fine.
q(4)
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Antenna mapping at NNLO

Prototype antenna function: A9l (q, Y, Q)

Colour-unordered: does contain the
q(1) photons or 1//3 and 2//4 collinear limits.

abelian gluons

Ordered mapping does not work!

q(4) . . : .
Traditional solution: partial fractioning:
10 _ ~0 N, ~0 _
4\ [y I — U \Y5 V25 13> 4 \Y5 135 /2>
Ay (4,77, @) = ag (4,72,73, @) + ay (473,72, 9)
1712, 3114 1113, 2/14
1 —_— 1 + ! {piL?pZ?p?an} {p?7p37p27p2}

12513 s12(812 + 513) 513(812 + 513)
* harder to integrate (typically not done);

* split soft limits: potential numerical instabilities;

* poor scaling with number of unresolved emissions;
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Phase-space sectors for NNLO mapping

Sector solution: keep the full antenna but split the phase space into
two sectors isolating the problematic limits.

The appropriate colour-ordered mapping is then used in each sector.

q(4)

S, 512834 < S13524 contains only 1//2 and 3//4
1-2-3-4 mapping is used

contains only 1//3 and 2//4

Sb 813524 < S12834 1-3-2-4 mapping is used

+ used for A7, DYDY ), F{ (FY,,);
 avoid partial fractioning;

* easily generalizable beyond NNLO;
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Phase-space sectors for NNLO mapping

NNLOJET e*e™ ~qaggg—3jet (LIN? RR) s _ozrey NNLOJET &*e” ~aaggg=3jet (N RR) is_osrey
We compared the RR . 7 y—
o s —— NNLO_only Sector Antenna
. . =
contribution to event-shapes £ T T 2 .
3 50 7 ointszale v_ari;tion B NNPDF31 nnlo_as 0118
. o~ coe § o ZF=UR=200 ,g 7-point scale variation
-100 - -
In e e _)JJJ ~100 —— NNLO_only. Sub Antenna il i
s ———\ NNLO only Sector Antenna o
© 20 o5
2§ g5
. . . o - . _1_,—1—\+ o - =
* with partial-fractioned S5 £5 -
. @ @ oo
sub-antennae; _
E om0 £
e 0.0005 a -5
—-0.0010
0.05 0.10 0.15 U]f(;r]T 0.25 0.30 0.35 0.40 0.10 0.15 0.20 TJ OBZS 0.30 0.35 0.40

* with phase-space
seCtors for antenna NNLOJET e*e” —qqggg -3 jet (N> RR)  5_02ev NNLOJET e*e” —qqggg -3 jet (N2RR)  5_027ev

m a p pi n g; 200 —— NNLO_only Sub Antenna

—— NNLO_only Sub Antenna 1000
—— NNLO_only Sector Antenna

—— NNLO_only Sector Antenna

E @
= 200 NNPDF31_nnlo_as_0118 E
g 7-point scale variation B 0
- M = g =200 ° NNPDF31_nnlo_as_0118
-600 500 7-point scale variation
M =g =200
-800 -1000
g 2.0 g 2.0
oG _,f oG —'—|+
E=R=ET) ] [SR=ET) = i I T
§ g 0.5 L § g 0.5 T
> >
0.0 () 0.0
0.050 0.0025
0.025 . 0.0000
e w
E 0000 ———————— = = E e P e E ~0.0025
-0.025 —0.0050
~0.050 ~0.0075
0.05 0.10 0.15 0.20 0.25 0.30 035 0.40 0.10 0.15 0.20 0.25 0.30 0.35 0.40
ImT T)B
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Antenna mapping at N3LO

P1234

P2345

3 unresolved partons: 5 — 2 mapping

{p?,p2,p3>p4apg} — {p?234,p§345}
D1234 = TP1 + T'1P2 + T2P3 + T'3P4 + ZP5
p23as = (1 —x)p1 + (1 —ry)p2 + (1 —72)ps + (1 —r3)ps + (1 — 2)ps
The mapping assumes the (1-2-3-4-5) ordering:
{4 colour-ordered emissions;

X colour-unordered (photon-like) emissions;
[Kosower ‘02]
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o
I

=1+

T 2s15(s12 + 813 + S14 + 515)

5

514 1 S24 + 834 + S45

T3 =
1
T3514(825 + 835) — T3845(812 + S13) + $23815
+s15(524 — 73824 + 812 + 525 + 834 + $13 + 835 + S1a + 845
+p(s23 + 521+ 512 + 25 + s34+ s13+ 835+ s14+ s45) — 3(s31 + 2545))
+(1+ p)sts +r2( — sas(s12 + s14) + s13(s25 + s45) — (523 + s34+ 2535)515)
—r1( = s12(s35 + sa5) + (523 + 524)515 + s25(513 + 514 + 2515))

1
——————————————— | —T3514(895 + S835) + 73345(512 + S13) + S23515
D PSr—— 3814(S95 + 835) + rasas(s12 + 513) + 52351
+s15(524 — 73504 + 812 + s25 + s34+ S13 + S35 + S14 + 845
—p(s23 + 824+ s12 + 525 + $31 + $13 + 535 + s14 + 545) — 73(s34 + 2s14)>
+(1 = p)sts + 71 (s25(s13 + s14) — s12(535 + 545) — (523 + 524 + 2512)815)
—ra( — s35(s12 + s14) + (523 + $31)515 + s13(525 + $45 + 2515))

2

2 2
[* 211812825 — 2r3s13835 + 1‘1{523(811; — 2ras13 + s14 — 2r3514)
§15812345

+812(2825 + 835 — 2ra835 + 815 — 2r3845) + $15(— 823 + 22823 — S04 + 2r3824) |
+ra{sa5513 + $12835 + s35514 — 2rasgss1a + $13(2s35 + s45 — 2r38a5) + 2ra3saas1s

—(s23 + s30)s15} + 73{ (812 + 813)525 + s14(825 + 835 — 2(—1+ 73)845)

1 5
—(s21 + 5&!)&6}} + T [l‘f{(h‘zn(ﬁlx +s14) — s12(535 + MJ)V

557215
—2515( — 2512505534 1 (S23 + 524)525(513 + 514) + (523 + 524)512(535 + 545))
Pt} + 3o
513 + 512534535
523813825 + 845)) + (323 + 534)
+73{ (525 + s35)510 — (512 + 513)55)” — 2515 (520 + 534) (525 + 535514
1545) + (520 s3) 15}

+514) = 73812 + 518)845 + 2513 (25 + 545))

+514) — s13(825 + «*45))2

o

24813835 + 8 35(s12 + s14)

831813545 515
+ (524 + 534) (512 + 813) 845 —
—2r1{ (ra(s2s

1

835)814 —

3+ s11) — s12(835 + $45)) + $15(2r2812525534 + 213812825534

r3525(— 524 + 834)813 — T2825(2523 + S04 + $34) 813 + 72525(— 823 + 530)s514
5(s12530 + s2(s12 — 2813 — 1) + s23(2512 + 514))
2831 + 923510 = S24(912 + 2513 + 514))

3+ 2524 + s34)814 — 7

g (snassn + $20(2812 + 515) + 523512 — 813 — 2810)) 845

+ra(s12834 + 520813 — $23(812 + 513 + 2514))545)

+575 (23 + 524) (r2sas + r3sas) + (r2 — 13) (23 — $24)534) }

+2ror3{ 535513514 + 5Tos35545 — s12(835 — 545) (S35514 — 513545) — (335514 — $13545)°

+515(s24535514 + (523 + 2534) 833514 + 2834813545 + 523(s13 — 2514) 45

+s24813(= 2835 + 545)) + s12( — s20835 — $23545 + s34 (835 + 545)) 515

+(s23(s24 — s30) — s3a(s24 + s31)) 75 + 825 ( — s35814(812 — 13+ 814)

13512 + 513 — $10)815 + (~$20813 — $23914 + 534(2812 + 513 + 51 .))m)}}
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Antenna mapping at N3LO

Prototype antenna functions: A2 (¢, 9, 9,9,7) s AS (4,7, 9:9,7), A% (47,77, q)

q(1) 9(2) g(3) q(1) g(3) q(1)

g(4) g(4)
ny q(5) iyy q(5) q(5)

Colour-ordered Colour-ordered
mapping works fine mapping does not work
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Phase-space sectors for N3LO mapping

Prototype antenna functions: Ag (q, YV Y Cj)

Example:
q(1) 1) find
. Smin — 512
Smin =  Min {sin}
. 1€unresolved,
q(5) h&hard l

h h
{p17 p2, ... 7p5}
2) put photon i adjacent to h and

. S13S S$14S
apply NNLO-like sectors to 13545 < 514535
the remaining two photons; l
12 different sectors h h
(6 different mappings) {pl’ P2, P3, P4; p5}
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Phase-space sectors for N3LO mapping

2 B
Prototype antenna functions: A5 (9,7,9,9,7)

find Smin = II;;H { Sij }

q(1) g(3)
9(4) / \
j q0) Smin < 534 Smin = 534
/ \ apply NNLO-like sectors with
$1(34+4)525, S125(34+4)5
) Smin — S2h Smin 7£ Sop
12 different sectors
a. h= e.g. S1(3+4)525 < S125(3+4)5
(3 different mappings) (eglh R l (3+4) l (3+4)
{p}, p2, p3, pa, DL} {p}, p3, P2, pa, I} {p}, p3, pa, P2, PE}
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N3LO SUBTRACTION FOR e*e" - j)



Motivation: you have to start somewhere

Simplifications: /
* only q-q N3LO antenna functions;

* only dipole-like correlations at
N3LO (two hard legs);

v

RRR

* definition of N3LO antenna functions;
* removal of double- and single-
unresolved limits; RVV

Two-jet production rate computed at N3LO in [Gerhrmann De-Ridder,Gehrmann,Glover,Heinrich ‘08]
Interesting to compute: forward-backward asymmetry, sensitive to the weak mixing angle

do angle between beam
OF = / d cosf and flavoured jet axis
OoF —0pB dcos _—
AFB — [Altarelli,Lampe ‘93]
OF + OB 0 do . [Ravindran,van Nerveen ‘98]
0B = / dCOSGd 0 NNLO study in [catani,Seymour ‘98]
—1 COs [Weinzierl ‘06]
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0
M, 5

11/09/2024

triple-real matrix element

Matteo Marcoli
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ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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Matteo Marcoli
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0 . .
M, . 5  triple-real matrix element

— E X;(g) . M2+2 removes SU of

has SU limits »  X§ - M, |

— E XS-M2+1 removes DU of

\ has SU limits Z X9 X3
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MO_|_3 triple-real matrix element <
— E X:(g) Mn+2 removes SU of +— NLO
0 0
— X, - M, removesDU of
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— E XQ-MO removes TU of

11/09/2024 Matteo Marcoli
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0 : :
Mn+3 triple-real matrix element <

— E X;(g) . M2+2 removes SU of

has DU limits Z X2 MY

— E XE-MQ_H removes DU of

+ E Xg-Xg-M2+1 fixes
- ———————— | hasSUlimits ZXQ-MO

—E XQ-MO removes TU of

n

and

has DU limits Z X9 x3
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RRR subtraction term for abelian case

q
Mn—|—3(Q7i7j7 kv@)‘]g
o Z Ag(Qa i7 q_)Mn+2({Q7 Z} 7j7 k? {q_a Z})JZ —
(i7j>k)€Z3 q
- Z flg(q,i,j, Q_)Mn—i—l({q’iaj}aka {ijzaj})J??
(ivjak)€Z3
+ Y AYq i, A a5 4T i) M ({{g, i} 5} kL@ i) 5 T3
(i,7,k)ES3 Jm
~0 .o _ .o _ .. 2 n
- A5(Q7@7]7kaQ)Mn({Qa27]7k}7{Q729]7k})<]2 / . .
S0/ . .\ AD o o o L 5 jet algorithm:
+ . Z A4(Qa®7]7Q)A3({Q7Z7]}7kJ {(Lza]})Mn({{q’ZJ]}7k}7{{Q7Z7]}7k})J2 selects mjets
(4,3,k) €23 from n momenta
+ > Aq. i, DA {q. i}, 5,k AG ) Ma({{g, i} 5, kY {{a i}, 5. kD) T3
(ivjak)EZS
- Y Aq.i,AY({q, i} 5 AT i D AS{{a i} 5k {{a iy DM (({{a i} L 5} kY ({1}, 5 R TS
(i,7,k)ES3
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Numerical tests

. . Triple soft 5,6,7 e*e”—-q4q'q'g LC Quadruple collinear 4//5//6//1 e*e™ -qgggg SSLC
Fully working subtraction terms for el Tomo — e -
“oi5 — x=107 712 — x=10"
o 1500 77 1000 48/10
all RRR partonic channels:
v v
. ‘% 1000 I% 600
* two quarks: * -
— 500
*e'e—>qQqggg LC
— 911 -10 -9 -8 -7 -6 -5 -4 -3 -2 0—9 -8 -7 -6 -5 -4 -3 -2 -1
) +A- trr trr
e e - q q g g g SLC Double soft 5,6 e*e™ -»qggggg SLC Triple collinear 5//6//1 e*e~ -q4ggg SLC
—_— 2000 pOin.tS: 10000 — x:10:2 1000 poinFs: 10000 — x:10:2
[ e+e- _) q q g g g SS LC 1750 outgde:(g)glg : izigiﬁ outgde:(}j/{%g? : izigiﬁ
1500 800
9 1250 H}
1 . 5] S 600
* four quarks, different flavour:
750 400
*ee—>qqqqg LC -

o

° e+e- - q a q’ a’ g SLC vy 12 1o t:; 6 2 —2 9 8 =7 6 o 5 ) 3 2

Single soft 5 e*e~ - qggggg SSLC Single collinear 3//4 e*e™ -»q4q'q'g LC

2000{ points: 10000 — x=10"° 17501 points: 10000 — x=10"¢
outside: 0/3 — x=10"% outside: 0/55 — x=10"%

 four quarks, same flavour: o™ e o™ 4 e

1500

— — 1250
° +A- LC 9 1250 2
ee—>09q9qq9g 5 g 1000
2 1000 @
% % 750

750

« e'ee—>qqQgqqg SLC

500
250 250
0 0
“14 12 10 8 6 2 2 ei) ur) =7 6 5 ) 3 -2 —1
trr trr
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RRV, RVV, VVV subtraction: work in progress ...

Problem: numerical
stability of loop matrix
RRV y P

— E Xg- elements and antenna
functions:
* algebraic
+§jX0-X0 MO, e

3 manipulation;
* expansions;
— E Xg-M,,g RVV * quad-precision;
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SUMMARY AND CONCLUSIONS



* Antenna subtraction for NNLO calculations is sufficienly well-established to allow
for extension at N3LO;

* The analytical ingredients and numerical techniques to apply antenna subtraction
at N3LO for simple processes with no initial-state hadrons are in place;

* We have fully working RRR subtracion terms for ee—jj. Work on RRV, RVV and VWV is in
progress to finalize the first proof-of-principle application at N3LO;

11/09/2024 Matteo Marcoli
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Thank you for your attention!



Backup Slides



Momentum mapping

* kinematics of real (R, RV, RR, ...) correction: n;

* kinematics of the subtraction term for u unresolved partons: n-u;

R({p},) SUpt) = X ({2} asmen) B {2}, )

real correction subtraction term unresolved factor reduced ME
(antenna)

. N _ h = hard radiators
p=7p ({p }n) « momentum conservation:

* on-shellness conditions;

* IR limits;

[ ((p},) -

factorization of the phase-space

/d@xX ({p}(u+h)6n) /dCI)n_uB {p},_.)

integrated analytically
11/09/2024 Matteo Marcoli 37



Structures we will NOT be able to probe

e'e — 3j
op— v+  9-9andgg
RRR: antennae
/ e'e — 4j needed too
- PP — 2j

* NB3LO LAST or
equivalent

high-
/ multiplicty
RRV: antennae
L gl _ Elliot's

talk
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