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GRAVITY INSPIRED (QUANTUM THEORY OF GRAVITATION, 1963)

R. P. Feynman, Closed Loop And Tree Diagrams. (talk), 
Magic Without Magic: J. A. Wheeler, A Collection of Essays in Honor of his Sixtieth Birthday. Edited by 
John R. Klauder, 1972, p.355, In *Brown, L.M. (ed.): Selected papers of Richard Feynman* 867-887

Gell-Mann suggested Feynman to study massless Yang-Mills 
theory: a toy unrealistic theory at that moment
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CAUCHY RESIDUE THEOREM

The loop-tree duality (LTD)
Cauchy residue theorem 

in the loop energy complex plane


selects residues with definite positive energy    
and negative imaginary part 

At fixed three-momentum, each Feynman Propagator 
has two on-shell modes with on-shell energies:


qi,0 → ± q(+)
i,0 = ± q2

i + m2
i − i0

[Catani et al. JHEP 0809 (2008) 065]

×

×

GF(qi)

qi,0 plane

×

×

𝒜(1)
F ℓ1,0 plane

××

××

GF(qi) =
1

q2
i − m2

i + i0
=

1
(qi,0 − q(+)

i,0 )(qi,0 + q(+)
i,0 )

∑
[see also Soper PRL 81 (1998) 2638]

https://doi.org/10.1088/1126-6708/2008/09/065
https://doi.org/10.1103/PhysRevLett.81.2638
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The loop-tree duality (LTD)
Cauchy residue theorem 

in the loop energy complex plane


selects residues with definite positive energy    
and negative imaginary part 

At fixed three-momentum, each Feynman Propagator 
has two on-shell modes with on-shell energies:


qi,0 → ± q(+)
i,0 = ± q2

i + m2
i − i0

[Catani et al. JHEP 0809 (2008) 065]

×

×

GF(qi)

qi,0 plane

×

×

𝒜(1)
F ℓ1,0 plane

××

××

GF(qi) =
1

q2
i − m2

i + i0
=

1
(qi,0 − q(+)

i,0 )(qi,0 + q(+)
i,0 )

∑
[see also Soper PRL 81 (1998) 2638]

in an arbitrary coordinate system: reduce the 
dimension of the integration domain by one unit

https://doi.org/10.1088/1126-6708/2008/09/065
https://doi.org/10.1103/PhysRevLett.81.2638
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ONLY SINGLE CUT TREES AT ONE LOOP

One-loop amplitudes in any relativistic, local and 
unitary QFT represented as a linear combination 
of  single-cut phase-space/dual amplitudes |  
connected trees

N

𝒜(1)
N = ∫ℓ1

𝒩(ℓ1)∏GF(qi) = − ∫ℓ1

𝒩(ℓ1) ⊗ ∑ δ̃(qi)∏
i≠j

GD(qi; qj)

∑
Loop-tree duality (LTD)

1

   on-shell positive energy mode


dual propagator      


LTD realised by modifying the customary  prescription of the Feynman propagators 

The Catani’s covariant complex prescription encodes in a compact way the effect of multiple-cut 
contributions that appear in the Feynman’s Tree Theorem. Convinient choice  : energy 
component integrated out, remaining integration in Euclidean space     

δ̃(qi) = ı2π θ(qi,0) δ(q2
i − m2

i )

GD(qi; qj) =
1

q2
j − m2

j − ı0 ηkji
kji = qj − qi

+ı0

ημ = (1,0)

[Catani et al. JHEP 0809 (2008) 065]

https://doi.org/10.1088/1126-6708/2008/09/065
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https://doi.org/10.1088/1126-6708/2008/09/065
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A FOREST OF TREES FROM MULTIPLE CUTS ∑
The Feynman Tree Theorem

1

[Catani et al. JHEP 0809 (2008) 065]

GA(qi) = GF(qi) + δ̃(qi) GR(qi) = GF(qi) + δ̃(−qi) GA(−qi) = GR(qi)

δ̃(qi) GD(qi; qj) = δ̃(qi)[GF(qj)+θ(η(qj − qi)) δ̃(qj)]

× ×
GA(qi)

qi,0 plane

GA(αk) = GF(αk) + GD(αk)

GA(qi) =
1

q2
i − m2

i − i0qi,0

∫ℓ1

GA(αk) = 0 = ∫ℓ1
[GF(αk) + ∑ ⋯δ̃(qi)

+∑ ⋯δ̃(qi)δ̃(qj) + ∑ ⋯δ̃(qi)δ̃(qj)δ̃(qk) + …]
Some identities relating Feynman, Advanced/Retarded and Dual propagators

https://doi.org/10.1088/1126-6708/2008/09/065
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LTD singular structure of single cuts
[Buchta PhD2015, Buchta, et al. Numerical implementation 
of the loop–tree duality method, EPJC 77 (2017) 274]

 : noncausal singularities,  , undergo dual cancellations among dual pairs 


 : causal singularities, , bounded to a compact region of size the hard scale 


causal singularities collapse to a finite segment for infrared singularities  
Numerical integration in the Euclidean space of the loop three-momenta, CPU/GPU time do not scale significantly 
with the number of legs

1
q(+)

i,0 − q(+)
j,0 ± kji,0

k2
ji − (mi − mj)2 ≤ 0

1
q(+)

i,0 + q(+)
j,0 − kji,0

k2
ji − (mi + mj)2 ≥ 0

Energy scan of a 
scalar pentagon

red curve with 
LoopTools

1
2

3

[See also Kermanschah’s talk]

[at two loops JHEP12(2019)163 

https://inspirehep.net/literature/1395624
https://inspirehep.net/literature/1395624
https://doi.org/10.1007/JHEP12(2019)163
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FEYNMAN DIAGRAMS AND GRAPH THEORY

Causality in Feynman loop diagrams
A Feynman propagator describes a quantum superposition 
of propagation in both directions


A Feynman diagram is a superposition of  states2n

GF(qi) =
1

2
( |0⟩ + |1⟩)
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FEYNMAN DIAGRAMS AND GRAPH THEORY

Causality in Feynman loop diagrams
A Feynman propagator describes a quantum superposition 
of propagation in both directions


A Feynman diagram is a superposition of  states2n

GF(qi) =
1

2
( |0⟩ + |1⟩)

If a particle returns to the point of emission: it travels back 
in time and thus breaks causality  cyclic configurations 
are nonphysical


Causal configurations of Feynman diagrams are directed 
acyclic graphs (DAG) in graph theory

≡

use case for quantum computing 
applications [Ramírez,Rentería, Sborlini, 
Vale Silva, Crippa, Clemente, Jansen, 
GR, 2021-2024]
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FEYNMAN DIAGRAMS AND GRAPH THEORY

Causality in Feynman loop diagrams

The Feynman representation is very compact 
but this apparent simplicity comes at a price


The integrand of the Feynman representation 
in the Minkowski space of the loop four-
momenta inevitably contains nonphysical 
singularities due to cyclic configurations 


It is not manifestly causal

𝒜(L)
N = ∫ℓ1⋯ℓL

𝒜(L)
F

ℓ⊥

ℓz

ℓ0
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GRAVITY INSPIRED (QUANTUM THEORY OF GRAVITATION, 1963)

R. P. Feynman, Closed Loop 
And Tree Diagrams. (talk), 
Magic Without Magic: J. A. Wheeler, A 
Collection of Essays in Honor of his 
Sixtieth Birthday. Edited by John R. 
Klauder, 1972, p.355, In *Brown, L.M. 
(ed.): Selected papers of Richard 
Feynman* 867-887

Gell-Mann suggested Feynman to study massless Yang-Mills 
theory: a toy unrealistic theory at that moment
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GRAVITY INSPIRED (QUANTUM THEORY OF GRAVITATION, 1963)

R. P. Feynman, Closed Loop 
And Tree Diagrams. (talk), 
Magic Without Magic: J. A. Wheeler, A 
Collection of Essays in Honor of his 
Sixtieth Birthday. Edited by John R. 
Klauder, 1972, p.355, In *Brown, L.M. 
(ed.): Selected papers of Richard 
Feynman* 867-887

Gell-Mann suggested Feynman to study massless Yang-Mills 
theory: a toy unrealistic theory at that moment

I. Bierenbaum, S. Catani, P. Draggiotis 
and G. Rodrigo, “A Tree-Loop Duality 
Relation at Two Loops and Beyond,” 
JHEP 1010 (2010) 073 [1007.0194]

https://inspirehep.net/literature/860013
https://inspirehep.net/literature/860013
https://inspirehep.net/literature/860013
https://doi.org/10.1007/JHEP10(2010)073
https://arxiv.org/abs/1007.0194
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OPENING TO CONNECTED TREES

LTD to all perturbative orders
Multi-loop scattering amplitude:  sets of internal momenta, each set depends on a specific linear 
combination of the  loop momenta. Starting from the integrand in the Feynman representation

n
L

𝒜(L)
F (1,…, n) = 𝒩({ℓi}L, {pj}N) GF(1,…, n) GF(1,…, n) = ∏

i∈1∪…∪n
(GF(qi))ai

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

[see also Runkel, Stör, Vesga, Weinzierl, PRL 122 (2019) 111603

 Capatti, Hirschi, Kermanschah, Ruijl, PRL 123 (2019) 151602]

https://doi.org/10.1103/PhysRevLett.124.211602
https://doi.org/10.1103/PhysRevLett.122.111603
https://doi.org/10.1103/PhysRevLett.123.151602


G
. R

O
DR

IG
O

 - 
H

P2
 T

or
in

o
OPENING TO CONNECTED TREES

LTD to all perturbative orders
Multi-loop scattering amplitude:  sets of internal momenta, each set depends on a specific linear 
combination of the  loop momenta. Starting from the integrand in the Feynman representation

n
L

𝒜(L)
F (1,…, n) = 𝒩({ℓi}L, {pj}N) GF(1,…, n) GF(1,…, n) = ∏

i∈1∪…∪n
(GF(qi))ai

𝒜(L)
D (1; 2,…, n) = − 2πı∑

i1∈1

Res (𝒜(L)
F (1,…, n), Im(ηqi1) < 0)

The LTD representation is written in terms of nested residues

𝒜(L)
D (1,…, r; r + 1,…) = − 2πı∑

ir∈r

Res (𝒜(L)
D (1,…, r − 1; r, …), Im(ηqir) < 0)

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

[see also Runkel, Stör, Vesga, Weinzierl, PRL 122 (2019) 111603

 Capatti, Hirschi, Kermanschah, Ruijl, PRL 123 (2019) 151602]

https://doi.org/10.1103/PhysRevLett.124.211602
https://doi.org/10.1103/PhysRevLett.122.111603
https://doi.org/10.1103/PhysRevLett.123.151602
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LTD to all perturbative orders
Multi-loop scattering amplitude:  sets of internal momenta, each set depends on a specific linear 
combination of the  loop momenta. Starting from the integrand in the Feynman representation

n
L

𝒜(L)
F (1,…, n) = 𝒩({ℓi}L, {pj}N) GF(1,…, n) GF(1,…, n) = ∏

i∈1∪…∪n
(GF(qi))ai

𝒜(L)
D (1; 2,…, n) = − 2πı∑

i1∈1

Res (𝒜(L)
F (1,…, n), Im(ηqi1) < 0)

The LTD representation is written in terms of nested residues

𝒜(L)
D (1,…, r; r + 1,…) = − 2πı∑

ir∈r

Res (𝒜(L)
D (1,…, r − 1; r, …), Im(ηqir) < 0)

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

Determined by the Catani’s covariant complex prescription. If  the energy components are 
integrated out and the integration domain is Euclidean 

Requires to reverse some momenta to keep a coherent momentum flow:  

η = (1,0)

s → s̄ (qis → − qis)

[see also Runkel, Stör, Vesga, Weinzierl, PRL 122 (2019) 111603

 Capatti, Hirschi, Kermanschah, Ruijl, PRL 123 (2019) 151602]

https://doi.org/10.1103/PhysRevLett.124.211602
https://doi.org/10.1103/PhysRevLett.122.111603
https://doi.org/10.1103/PhysRevLett.123.151602
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OPENING TO CONNECTED TREES + CAUSALITY

The maximal loop topology (MLT) ∑

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

 sets of momenta, arbitrary 
number of external particles and 
arbitrary number of raised 
propagators


The only topology needed at two 
loops

L + 1

https://doi.org/10.1103/PhysRevLett.124.211602
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OPENING TO CONNECTED TREES + CAUSALITY

The maximal loop topology (MLT) ∑

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

 sets of momenta, arbitrary 
number of external particles and 
arbitrary number of raised 
propagators


The only topology needed at two 
loops

L + 1

𝒜(L)
MLT = ∫ ⃗ℓ 1⋯ ⃗ℓ L

L+1

∑
i=1

𝒜D(1,…, i − 1,i + 1, …, L + 1; i)

https://doi.org/10.1103/PhysRevLett.124.211602
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The maximal loop topology (MLT) ∑

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

 sets of momenta, arbitrary 
number of external particles and 
arbitrary number of raised 
propagators


The only topology needed at two 
loops

L + 1

𝒜(L)
MLT = ∫ ⃗ℓ 1⋯ ⃗ℓ L

L+1

∑
i=1

𝒜D(1,…, i − 1,i + 1, …, L + 1; i)

Torres Bobadilla

https://doi.org/10.1103/PhysRevLett.124.211602
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OPENING TO CONNECTED TREES + CAUSALITY

The maximal loop topology (MLT) ∑
If we sum up all the nested residues, e.g. scalar integral with one external momentum


         𝒜(L)
MLT = ∫ ⃗ℓ 1⋯ ⃗ℓ L

1
∏2q(+)

i,0 ( 1
λ+

1,n
+

1
λ−

1,n ), λ±
1,n = ∑ q(+)

i,0
± k(1,n),0 q(+)

i,0 = qi2 + m2
i − ı0

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

https://doi.org/10.1103/PhysRevLett.124.211602
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The maximal loop topology (MLT) ∑
If we sum up all the nested residues, e.g. scalar integral with one external momentum


         𝒜(L)
MLT = ∫ ⃗ℓ 1⋯ ⃗ℓ L

1
∏2q(+)

i,0 ( 1
λ+

1,n
+

1
λ−

1,n ), λ±
1,n = ∑ q(+)

i,0
± k(1,n),0 q(+)

i,0 = qi2 + m2
i − ı0

Aguilera, Driencourt, Hernández, Plenter, Ramírez, Rentería, 
Rodrigo, Sborlini, Torres, Tracz, PRL 124 (2020) 211602

Independent of the initial momentum flow assignments

Only causal configurations (DAG) survive

k

1

2

3

L + 1

k

1

2

3

L + 1

+=

https://doi.org/10.1103/PhysRevLett.124.211602
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OPENING TO CONNECTED TREES + CAUSALITY

LTD is manifestly causal ∑

4

1

2

3

p12

5
6

p1

p2

4

1

2

3

p12

5
6

p1

p2

= ∑

1
q(+)

1,0 + q(+)
2,0 + q(+)

3,0 − p12,0

1
q(+)

1,0 + q(+)
2,0 + q(+)

5,0 + q(+)
6,0 − p1,0

1
q(+)

1,0 + q(+)
4,0 + q(+)

5,0 − p1,0

𝒜(L)
LTD = ∫ ⃗ℓ 1⋯ ⃗ℓ L

1
∏2q(+)

i,0
∑
σ∈Σ

𝒩σ(i1,…,in−L)

λh1
σ(i1)⋯λhn−L

σ(in−L)
+ (λ+

p ↔ λ−
p )

Each combination of compatible causal propagators in  fixes the momentum flows of all the internal momenta

Conversely, if we fix the causal momentum flows we can bootstrap the causal LTD representation  
A causal propagator is singular when all internal particles involved are on shell, and divides the amplitude 
into two subamplitudes 
geometric interpretation: Sborlini PRD 104 (2021) 036014 

Σ

JHEP 1912, 063 | JHEP 2101, 069 | JHEP 2102, 112 | JHEP 2104, 129 
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TEXTO

Scattering amplitudes are 
not physical objects
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energy colliders from squared 
amplitudes

Scattering amplitudes are 
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Theoretical predictions at high-
energy colliders from squared 
amplitudes

They are defined for a fixed 
number of external particles, 
i.e. artificially separating loop 
and tree-level contributions

Scattering amplitudes are 
not physical objects
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o
TEXTO

Theoretical predictions at high-
energy colliders from squared 
amplitudes

They are defined for a fixed 
number of external particles, 
i.e. artificially separating loop 
and tree-level contributions

Requires to work in an 
unphysical spacetime (DREG)

Scattering amplitudes are 
not physical objects
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muerto el perro, se acabó la rabia 
dead dogs don’t bite 

tote Hunde beissen nicht

If the number of external particles is the problem, 
let’s drop external                                      
particles

The solution                                                         
is in the vacuum 

SVBLATA CAVSA TOLLITVR EFFECTVS
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THEORETICAL PREDICTIONS AT COLLIDERS

Starting Hypothesis

The most efficient building blocks for 
assembling theory predictions are vacuum 
amplitudes, i.e., scattering amplitudes 
without external particles


Loop-tree duality (LTD) is the most 
suitable and powerful framework to 
implement this idea because it provides a 
manifestly causal representation 

LTD 
causal 
unitary

+

S. Ramírez Uribe, P.K. Dhani, 
G.F.R. Sborlini, GR, 
"Rewording theoretical 
predictions at colliders with 
vacuum amplitudes,"  
2404.05491


S. Ramírez Uribe, A.E. Rentería 
Olivo, D.F. Rentería Estrada, 
J.J. Martínez de Lejarza, P.K. 
Dhani, L. Cieri, R.J. Hernández 
Pinto, G.F.R. Sborlini, W.J. 
Torres Bobadilla, GR, "Vacuum 
amplitudes and time-like 
causal unitary in the loop-
tree duality, 2404.05492 


J.J. Martínez de Lejarza, D.F. 
Rentería Estrada, M. Grossi,  
GR, “Quantum integration of 
decay rates at second order 
in perturbation theory,”

https://inspirehep.net/literature/2775063
https://inspirehep.net/literature/2775063
https://inspirehep.net/literature/2775063
https://arxiv.org/abs/2404.05491
https://inspirehep.net/literature/2775043
https://inspirehep.net/literature/2775043
https://inspirehep.net/literature/2775043
https://inspirehep.net/literature/2775043
https://inspirehep.net/literature/2775043
https://arxiv.org/abs/2404.05492
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LTD CAUSAL UNITARY

Vacuum amplitudes in LTD

1
λi1i2⋯in

=
1

∑n
s=1 q(+)

is,0
, q(+)

is,0
= q2

is + m2
is − ı0 .

Feynman propagators are substituted by causal propagators of the form

4

1

2

3
5

6= ∑
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is,0
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is + m2
is − ı0 .

Feynman propagators are substituted by causal propagators of the form

Each causal propagator involves a set of internal particles that divide the 
amplitude in two subamplitudes, with the momentum flow of all particles in 
the set aligned in the same direction
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Vacuum amplitudes in LTD

1
λi1i2⋯in

=
1

∑n
s=1 q(+)

is,0
, q(+)

is,0
= q2

is + m2
is − ı0 .

Feynman propagators are substituted by causal propagators of the form

Each causal propagator involves a set of internal particles that divide the 
amplitude in two subamplitudes, with the momentum flow of all particles in 
the set aligned in the same direction

If ,  all particles in the set would become on shell and the vacuum 
amplitude would represent an interference, but  cannot vanish !!!

λi1i2⋯in = 0
λi1i2⋯in
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Vacuum amplitudes in LTD

1
λi1i2⋯in

=
1

∑n
s=1 q(+)

is,0
, q(+)

is,0
= q2

is + m2
is − ı0 .

Feynman propagators are substituted by causal propagators of the form

Each causal propagator involves a set of internal particles that divide the 
amplitude in two subamplitudes, with the momentum flow of all particles in 
the set aligned in the same direction

If ,  all particles in the set would become on shell and the vacuum 
amplitude would represent an interference, but  cannot vanish !!!

λi1i2⋯in = 0
λi1i2⋯in

Generate all final states from residues on causal propagators after 
analytic continuation to negative values of those in the initial state: 
phase-space residues

4

1

2

3
5

6= ∑

𝒜(Λ,R)
D (i1⋯inab) = Res ( xab

2
𝒜(Λ)

D , λi1⋯inab) − 𝒜(Λ)
UV/C(i1⋯inab)

local UV renormalisation and local 
subtraction of initial-state collinearxab = 4q(+)

a,0 q(+)
b,0
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Master representation of differential observables

dσNkLO =
dΛ
2s ∑

(i1⋯inab)∈Σ

𝒜(Λ,R)
D (i1⋯inab) 𝒪i1⋯in Δ̃i1⋯ināb̄

One common integration measure  dΛ =
Λ−2

∏
j=1

dΦℓj
=

Λ−2

∏
j=1

μ4−d
dd−1ℓj

(2π)d−1

Energy conservation 


Vacuum amplitudes are singular only in the UV, so soft, collinear and threshold singularities 
should locally match in the coherent sum over all phase-space residues (initial-state collinear 
limited by kinematics): well defined in the four physical dimensions of the spacetime 

Δ̃i1⋯ināb̄ = 2π δ(λi1⋯ināb̄)

From a vacuum amplitude  in the LTD representation that depends on  loop momenta𝒜(Λ)
D Λ

Specific observable, if , total cross section/decay rate𝒪i1⋯in = 1

without momentum mappings [FDU 2016; Prisco, Tramontano 2021; Pozzorini’s talk] 
or momentum rescaling [Soper; Local unitarity] 



G
. R

O
DR

IG
O

 - 
H

P2
 T

or
in

o
TIME-LIKE LTD CAUSAL UNITARY

Double-collinear configuration

𝒜(Λ)
D ∼

1
λi1i2⋯ab λi3⋯ab

,

A vacuum amplitude with the insertion of a trivalent interaction (it could be a 
multiloop subdiagram or an effective operator). The LTD vacuum amplitude is 
proportional to 
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Double-collinear configuration

𝒜(Λ)
D ∼

1
λi1i2⋯ab λi3⋯ab

,

A vacuum amplitude with the insertion of a trivalent interaction (it could be a 
multiloop subdiagram or an effective operator). The LTD vacuum amplitude is 
proportional to 

1
λi1i2⋯ab

λi3⋯ab=0

=
1

λi1i2ī3

,
1

λi3⋯ab
λi1i2⋯ab=0

= −
1

λi1i2ī3

,

Each phase-space residue is singular for , 
due to the following identities 

λi1i2ī3
= q(+)

i1,0
+ q(+)

i2,0
− q(+)

i3,0
→ 0
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Double-collinear configuration

𝒜(Λ)
D ∼

1
λi1i2⋯ab λi3⋯ab

,

A vacuum amplitude with the insertion of a trivalent interaction (it could be a 
multiloop subdiagram or an effective operator). The LTD vacuum amplitude is 
proportional to 

1
λi1i2⋯ab

λi3⋯ab=0

=
1

λi1i2ī3

,
1

λi3⋯ab
λi1i2⋯ab=0

= −
1

λi1i2ī3

,

Each phase-space residue is singular for , 
due to the following identities 

λi1i2ī3
= q(+)

i1,0
+ q(+)

i2,0
− q(+)

i3,0
→ 0

Then, the sum of phase-space residues is finite in that limit:

lim
λi1i2ī3

→0 (𝒜(Λ)
D (i1i2⋯ab) Δ̃i1i2⋯āb̄ + 𝒜(Λ)

D (i3⋯ab) Δ̃i3⋯āb̄) = 𝒪(λ0
i1i2ī3

) .
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LOCAL MATCHING OF SINGULARITIES

Proof of concept NLO and NNLO: flat integrands
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Local UV renormalisation

𝒜(3,H)
UV (456) =

g(1)
H

x45 [ΔZ(UV)
H |ℳ(0)

H→qq̄ |2 − ΔZ(UV)
m 8m2 (1 + β2) + Δ(UV)

H ] ,

The wave function for external particles is also IR, selfenergy insertions required for a full local 
cancellation of IR singularities 


LTD causal unitary accounts properly for the wave function renormalisation of external legs

ΔZ(UV)
H =

1
4λ3

UV (c(UV)
H − c(UV)

γ +
3μ2

UV

2λ2
UV ) , λUV = ℓ 2

1 + μ2
UV − ı0

ΔZ(UV)
m =

1
4λ3

UV (c(UV)
H − c(UV)

γ +
15μ2

UV

2λ2
UV )

μUV=m

.

Wave function + 
vertex interaction

Mass renormalisation

The factor  subtracts up to quadratic UV singularities that integrate to zero


Conserved or partially conserved currents: e.g. 

Δ(UV)
H

ΔZ(UV)
γ = 0

[See also Rios, Sborlini, 2402.13995] 

https://arxiv.org/abs/2402.13995
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NUMERICAL IMPLEMENTATION: CLASSICAL AND QUANTUM

Proof of concept NLO: total decay rates

Smooth massless 
limit: quasicollinear 
logs properly 
accounted for locally In a quantum simulator (noiseless) Partly in quantum hardware

Quantum Fourier Iterative 
Amplitude Estimation
J.J. Martínez de Lejarza, M. Grossi, 
L. Cieri, GR

https://inspirehep.net/literature/2656225
https://inspirehep.net/literature/2656225
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THE SOLUTION IS IN THE VACUUM

Conclusions
Fundamental initial boost on LTD by Stefano CATANI


LTD is more general than just integrating out the loop energy components thanks to the 
CATANI’s covariant complex prescription and manifestly causal properties


Many talks about in this conference [Kermanschah, Pozzorini, Bertolotti]


Vacuum amplitudes acting as a kernel that generates all final states contributing to a 
scattering or decay process through residues in the on-shell energies of internal 
particles, after analytic continuation to negative values of those in the initial state


The sum over all phase-space residues ensures the preservation of the competitive 
advantage of the vacuum amplitude: local matching of soft, collinear and threshold 
singularities … A novel representation of differential observables, which is well defined in 
the four physical dimensions of the spacetime 


First proof-of-concept results presented, more to come 


