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Electron Self- Energy 3(p, m) fundamental building block

II = iA
p—m—i—Z(p,m)

Two spinor structures

A

Z(pa m) — ZV(pa m)ﬁ"" ZS(pa m) m 1

Compute in perturbation theory

o=V S
> « ¢ V) e = V4ma ~» bare charge
Z.(p, m) == Z <E C(E)) Eg )(p7 m) m ~+ bare massg
¢=0 C(e) = T(1 + €)(4m)*(m?*)™°

f = 1 [Textbooks]

f = 2 [Sabry; Hoenemann, Tempest & Weinzierl]

€ p— 3 [Duhr, FG, Nega, Tancredi & Weinzierl; In this talk focus Bare Results]



Setup

e Generation of Feynman Diagrams

e Spinor Algebra

e Integration by Parts, reduction to Master Integrals (MIs)

(0 # Diagrams | # MIs
(=1 1 2
(=2 3 8
(=3 20 51

D

N

Evaluation of MIs via Differential Equations

dI(z,€)
dx

= A(x,e)I(z,¢€)

[QGRAF; FeynArts]

[FORM; FeynCalc]

[Kira; Reduze; LiteRed]

L

[Kotikov; Remiddi, Gehrmann & Remiddi]



Evaluation MIs via Differential Equations in e—factorized form [Henn]

dJ
—((1:;’ ) =eG(x)J(x,¢€) G(x) = ZL: G; wi(z)
fi(x)dx
Solution “trivial” via Path Ordered Exponential ~ Iterated Integrals
K Jo(e) ~»Boundary Constants
J(z,e) =P [e/ G(aj)] Jo(€) o ) ) S
~ o T Natural “truncation” in e
E.g.: Zg:l)
J = (e 33—/.\— € O)
N

Differential Forms? dlog forms {w;(x)} = {dlogx,dlog(l — )}

Iterated Integrals? Harmonic Polylogarithms (HPLs) [Remiddi & Vermaseren]



What happens for the integrals needed for Eg) with £ = 2,37

How to obtain an e—factorized basis?

(We assume that such a basis exists)



Paradigmatic example, “Elliptic Sunrise” (¢ =

=(C0---) ¢ <>

Analyze the Maximal Cut

2) [Laporta & Remiddi]
L

f \ / dz
= d = 2 [loop-by-loop] Baikov rep.
\J \/ P 4 (Z ) P, quartic polynomial

Square Root Quartic ~» Elliptic Curve X, =0
Xo = (1 —/x)?
9 [ <2 X3 = (1+/2)?

{(X,Y)eC Y™ = (X — X1)(X — Xo)(X — X35)(X — X4)} Xy =4
Maximal Cut annihilated by Picard Fuchs operator (int. over proper cycles) [Primo & Tancredi]

1Dy oz
\IJ m

AV (0 ) ()2,
Tdo x—1 -9 Tdx 4z —9) 4(x—1)

Singular points zg = {0,1,9, 0o}



The
d=2—2¢
n=e 0
_2_T
J2=¢ w(m)%
1 dJ
Jg = %J(Qﬁ)d—; + SgQ(QZ)JQ(.%‘)

First two rows e—form (tautological), €

1 9

68

[Adams & Weinzierl]
[Poegel , Wang & Weinzierl]

Ansatz Method =2

—1 € give differential constraints

27
+

1
r—9) i

w(x) =0

4(z —1)



The Ansatz Method ¢ = 2)

h=¢ w(x) %
1 dJs
I3 = 27m'6J( ") ie dzx + S (w)J2(2)

First two rows e—form (tautological), €

! 2) (di) e R e

i 2+ L + )
xdx r—1 x—-9

cf.

[Adams & Weinzierl]
[Poegel , Wang & Weinzierl]

—1 € give differential constraints

+1| w(x)=0




[Adams & Weinzierl]
The AHS&tZ Method (£ =2) [Poegel , Wang & Weinzierl]

_ 2 T 0 0 0
J2=e w(aj)% dJ _ ( 0 e e(...)( )) J

()52 4+ S () Ta()

27T€E

Jg =

—1

First two rows e—form (tautological), ¢ ', " give differential constraints

KI\ = w(x) = (...)EllipticK]...] = o 3l 71z

Rl 5
..—\/_<1—|— t o5t 53 T 7o —|—(9(:U))

Holomorphic sol. o =0

Holomorphic sol. can be obtained at any xg = {0,1,9, 00}



[Adams & Weinzierl]
The AHS&tZ Method (£ =2) [Poegel , Wang & Weinzierl]

o, T 0 0 0
ha=e @ () % Co [ o () ) J
dz L)+e(.)

L J(x)%  San(2) ()

Jg =

27T€E

First two rows e—form (tautological), ¢ ', " give differential constraints

27 r  5x?  312®  Tlat (322 — 10z — 9) w(x)?
= (142 > =
@ (2) \/5( tatar T ous Ty O )> 53:(2) 24 2
z(l—x)(9 —x)
J(x) = — i w(z)?
Comments:

e Jy normalized by “Maximal Cut” ~» not algebraic in this case

e Transformation depends on w(x) and 0, w(x)



[Adams & Weinzierl]
The AHS&tZ Method (£ =2) [Poegel , Wang & Weinzierl]

L @22 4 g0 ()35()

T3 = dzx

2T1€

Similar strategy works for other Elliptic Sectors (¢ = 3)

ann e gy =
SO EEA

(l=2)x(=1) 3 MIs, follow idea from [Jiang, Wang, Yang & Zhao]

They all share same underlying Elliptic Curve

Alternative, yet equivalent, method [Goerges, Nega, Tancredi & Wagner]



Differential Equation in e—factorized form

dJ(z,€)
dx

=eG(x)J(x,€) G(z) = Z G; wi(z)
wi(z) = fi(x)dz Z

[Hoenemann, Tempest & Weinzierl]

ﬂg@g{l 11 2 w(z) wlz) 1 (z + 3)4 wwﬁ}

’ r’r—12-9z(z-—1)(z—-9w@)? 7 7 z-1z(z—-1)(z—-9) =2

(=3) _ (t=2) 111 1 1 1 1
e lJ{x+3“ﬂ+fx2ﬁ¢@+xﬂl—@’Jﬂ—xﬂ9—@’¢ﬂ—xﬂ9—@x}

U r—3 w(x) (x+3)(x—1)w(x)? 1 w(x)?
Vi-z)9-z) 7 = zz=9) w* (z-1-9) =°

Always redefine w(x) s.t. f; locally at most simple pole



Consider 0 < = < 1, two interesting limits p?

J(z,e) =P [e/ G(x)] Jo(€) o )
2
Limit x — ¢ = 0, MIs expected to be finite, collapse to tadpoles (GPLs at sixth roots of unity)

Jo(e) ~ G(...,a4...51) a; € {0,p*} where p=€"? with 0<k<6

Limit x — xo = 1, generalized series expansion

J(a,e) =) "I (x) I (z) =Y (1 - 2)log"(1 - z)

Y
n a,b

Match against AMFlow at £ = 1 — § (6 ~ 10™2) and PSLQ

Jo(e) ~ m, ((n), Li,(1/2)



Self Energy £ = 3 via iterated integrals (Gauge dependent)

B E(ei:)’) 2(523) Z(€:3> B
ndT =t g 2 e 4 n (Y 4 0 =S
Esffg) ~~ const.
207 fie £V
(6=3) _ L(1=2) . . .
Ye_1 ~ fi € f; (i.e. poles in € are described by lower loop kernels)

ZE%OZS) ~~ kernels w/ pos. powers w?(z) drop out

Let w(x) hol. solution xy = 0, iterated integrals ~» local series expansion for ZS‘:‘”

(=Y = (.)+ (. )z+ ()2 +0(2?)



Self Energy ¢ = 3 via iterated integrals (Gauge dependent)

2(623) 2(523) Z(€:3>

ZEEZB) _ 06,3—3 4 06,2—2 4 0,6—1 4 E(E 3) + O(E) e — V.S

Eﬁffg) ~~ const.
YT~ fie S

de_?) fi € fi(£:2) (i.e. poles in € are described by lower loop kernels)

=3
ZE)O ) s kernels w/ pos. powers w?(x) drop out
A peek at the result (Gauge choice: £ = 0)
(£=3) 5 1241 3373 72 g(g) 3V3 . |1
25 ‘ —0 " 11528 34562 1206 | 1152 © 4 16 CIQ(?) €
4447957 7031 o (3019  Tlog?(2) 3log*(3) 15172
sti010 B o T (17280 T 6 1152

7log*(2) N 3log*(3)
6 32

6917 22 . 129 5 387
+\/§{ oo0 + 5 C12(8) 5571 (3) - %Im(“"(\f))] +0(9

21 9
_ §012(%)2 — 28Lig(d) — = [Li4(—%) —2Lia(3)] -




Self Energy ¢ = 3 via iterated integrals (Gauge dependent)

§3(4223) 2:(52:3) 23(£::3>

S = '6’;3 + '6’2‘2 + "6‘1 +305% + 0(e) VS

Eﬁffg) ~~ const.

YT~ fie S

ng?) ~ fi € fi(£:2) (i.e. poles in € are described by lower loop kernels)
ZE%OZB) ~~ kernels w/ pos. powers w?(z) drop out
A peek at the result (Gauge choice: £ = 0)
Egzg) ‘ =0 ~ 143162 ngg i ;_z a fﬂz(%)] %+ 22(?5;82801 + 733251(3)
N 51024(2) B 3101g6(t_) o {32(;30 N 510%32(2) B 3log§(3) N 1/;;3»32}

15, x 9
+ 7 Cla(5)” +40Lia (3) + 5 [Lia (=3) — 2Lia (5)]
)+

1037?8197, gy 69
—V3 { Cla (3 %?TIOD (3) — Tlm(qu(v—,_))] + O(e)

2160 480



Self Energy ¢ = 3 via iterated integrals (Gauge dependent)

2(523) 2(623) 2(523)

(=3 o —3 o, —2 o, —1 {=3
=t + 3057 + 0(e) —
€ € €
(£=3)
24 _3 ~ const.
(4=3) (£=1)
Z]o,—2 e fl S fz
U= e 72 (ie. poles | described by lower loop kernel
Ye_1 ~ fi€f i.e. poles in € are describe ower loop kernels
o —1 ¢ 1 p Yy p
(e 3) 2
DI ~+ kernels w/ pos. powers w”(z) drop out
A peek at the result (Gauge choice: £ = 0)
_ 1 27 . 27 27 27 27 9 97
Zg_?’)] _‘“{mbgz(lj‘”(m g)lo"( R E R T 32]
z—1 9 125\
——logr (1—x)+ (§+ 128) log”(1 — x)
9 17 3433 5372 3 9¢(3)
Hlog(1 =) (@ 128 763 32 +Zﬁzl°g(2)T>
5 7 8117 9572 5 9¢(3)
- ]_15262 108¢2 e ()184 288 T 24 7 log 8(2) - 16 )

162239 7686177 | 3139 5 )
30104 103680 238
29l0g*(2) T 5 o 2Lia(3) 7))
o 5 o 1 2/ > ) .
8 17 g (2) - — TR TR

o2 - 13237¢(3) | 9977"
576 5760




Self Energy ¢ = 3 via iterated integrals (Gauge dependent)

E@ 3) 2(623) 2(523)

B € € €
EE%:? ~ const.
257_2) - f; Efi( )
(6=3) (£=2) . . .
Ye_1 ~ fi € f; (i.e. poles in € are described by lower loop kernels)
Zsljozg) ~~ kernels w/ pos. powers w?(x) drop out
A peek at the result (Gauge choice: £ = 0)
Z(ﬁ 3) 27 o, 2Tlog*(l—=z) ([ 27 27  9x? -
o' = Tolog (1-2) 32 T\ 32 8 '3z )losl=2)
7 1 /5179 1397% 7 o . T7((3)
tie T (3456 ~ 76 T 12" o8- T)
5815 682772 5149((3) 373 E 43374 83log?(2)
T 0736~ 12060 576 06" 8T 3ame T 1w
1, 83 5¢(5)
— g7 log?(2) — L (3) + 16 + O(e)



How to obtain results for x € R 4 07
Redo calculation at each zg € {—3,—1,0,1,2,9, 0}, fix BCs via matching against AMFlow

Local series expansion, radius of convergence ~ nearest singularity in DEQ (conservative)

"

Use matching in the overlapping region as consistency check

£

Technical details:
e Moebius transformation to increase radius of convergence

e Analytic continuation by Feynman ie

To — T — —i\/ X — g, log(xg — x) — log(x — xp) — i



How to obtain results for z € R + 207

———— T e e
200 f RIS 53
e[Zgg e[Eyp
oo -
L 3 (i
150 — [111[22._5 — I111[E=.:1_'?j
100 i 50
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e P—— 3
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1 . . : 7-0 _aam
= -E i
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-k
0
1 _EAi
i
= -1l
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N i3k | 24 [
Re[Egg] | - Re[Zi, -
110
[ o5 1 . A 4]
B Im|Z% 0] . 2l — 1]]]|L'.'.IJI —xm
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H.50 s w00 05 04K 0.0 1 015 055 - o
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Matching and convergence of the Series (results for O(zy — z)1°1)

240 (1/2) = —4.654743138598507 (2 = 0)

S0 (1/2) = —4.654743138598507  (wp = 1)

xr=1/2
Truncation order Partial Sum
10 -4.627232359131039
20 -4.654707119839225
30 -4.654743097377922
40 -4.654743138553728
50 -4.654743138598460
60 -4.654743138598507
-4.654743138598507
99 -4.654743138598507




Matching and convergence of the Series (results for O(zy — z)1°1)

240 (1/2) = —4.654743138598507 (2 = 0)

Bernoulli Change of Variables (improved convergence)

r=1—e" z = —log(l — x)
xr=1/2 z =log(2)
Truncation order Partial Sum Truncation order Partial Sum
10 -4.627232359131039 10 -4.654743032579379
20 -4.654707119839225 20 -4.654743138598507
30 -4.654743097377922 30 -4.654743138598507
40 -4.654743138553728 40 -4.654743138598507
50 -4.654743138598460 50 -4.654743138598507
60 -4.654743138598507 60 -4.654743138598507
-4.654743138598507 -4.654743138598507
99 -4.654743138598507 99 -4.654743138598507

for Liz, GPLs/HPLs: ['tHooft & Veltman; Ghermann & Remiddi; GINAC; CHAPLIN]  for “Elliptic Sunrise”: [Pozzorini & Remiddi]



Conclusions

We discussed analytical and numerical aspects of the computation of Ese:?’) in QED

e Differential Equations in e—factorized form
e Elliptic Kernels and Iterated Integrals

e Local Series Expansions and Bernoulli Change of variables

Techniques developed for Master Integrals “mature” to tackle realistic examples

beyond Polylogarithms
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