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M o t i v a t i o n

𝒜

𝑘1

𝑘2 𝑘3

𝑘4

= 𝑐1Master1 +⋯ + 𝑐𝑁Master𝑁

1 . IR factorization: 𝒜 (𝐿) = ℱ (𝐿) +𝒜
(<𝐿)

IR

+ organize integrals according to their divergence properties

[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka 2011; Badger, Mogull, Peraro 2016;

Henn, Peraro, Stahlhofen, Wasser 2019]

2 . Finite integrals are simpler to evaluate

+ (quasi-)finite basis [von Manteuffel, Panzer, Schabinger 2015]
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Q u e s t i o n s

1 . Classification

» locally finite

» evanescently finite: 1/𝜖 divergence × 𝒪(𝜖) integrand

» evanescent: 𝒪(𝜖)

2 . Construction

» momentum space

» parameter space

3 . Evaluation

» numerical

» IBPs, differential equations, …
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C o n s t r u c t i n g f i n i t e i n t e g r a l s i n m o m e n t u m s p a c e



S e t u p

∫
L

∏
𝑖=1

d4ℓ
Num

Den1⋯DenE
< ∞FindNum such that

Num = Poly (ℓ𝑖 ⋅ ℓ𝑗 , ℓ𝑖 ⋅ 𝑘𝑗) whose coefficients are Rational (𝑘𝑖 ⋅ 𝑘𝑗 ,𝑚𝑖)

Den = (∑±ℓ𝑖 ± 𝑘𝑗)
2
−𝑚2 + 𝑖𝛿

ℓ1 ℓ2𝑘1

𝑘2 𝑘3

𝑘4

locally finite ∼ absolutely convergent: ∫d𝑥𝑓 (𝑥) = ∫

𝑓 (𝑥)>0

d𝑥 |𝑓 (𝑥)| − ∫

𝑓 (𝑥)<0

d𝑥 |𝑓 (𝑥)|
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S t r a t e g y

divergent surface power-counting rule

U V {
ℓ1 = ∞

ℓ1 + ℓ2 = 𝐶
} {

ℓ1 → 𝜆ℓ

ℓ2 → 𝐶 − 𝜆ℓ
}

I R {
ℓ1 = 𝑘1

ℓ2 = 𝑥𝑘4
} {

ℓ1 → 𝑘1 + 𝜆2ℓ𝑠

ℓ2 → 𝑥𝑘4 + 𝜆2𝜂4 + 𝜆ℓ⟂
}

Constrain the ansatz: Num = 𝑐1 + 𝑐2 (ℓ1 ⋅ 𝑘1) + ⋯ + 𝑐𝑛 (ℓ
2
2)
2
(ℓ2 ⋅ 𝑘3)
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I R d i v e r g e n c e s f r o m L a n d a u e q u a t i o n s

∀ℓ𝑖 ∶
𝜕

𝜕ℓ𝑖
∑
𝑒

𝛼𝑒Den𝑒 = 0
⎧
⎨
⎩

ℓ1 =
𝛼1

𝛼1 + 𝛼2
𝑘1

ℓ2 = …

{
ℓ1 = 𝑘1

ℓ2 = …

∀𝛼𝑒 ∶ 𝛼𝑒Den𝑒 = 0 ∀𝛼𝑒 ∶ 𝛼𝑒
𝜕

𝜕𝛼𝑒
ℱ (𝛼) = 0 𝛼2 = … = 0

𝒰(𝛼) ≠ 0

in many cases [Stephen’s talk]

can form a subtraction-free combination:

∑
𝑒

𝑤𝑒 (𝛼𝑒
𝜕

𝜕𝛼𝑒
ℱ (𝛼)) = 0

𝒰(𝛼) = 0degenerate case:
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E x a m p l e

𝛼3

𝛼1

𝛼2
ℓ

𝑘1

𝑘2𝑘3

𝜕

𝜕ℓ
(𝛼1 (ℓ + 𝑘3)

2
+ 𝛼2ℓ

2 + 𝛼3 (ℓ − 𝑘1)
2
) = 0

⇒ ℓ =
𝛼3𝑘1 − 𝛼1𝑘3

𝛼1 + 𝛼2 + 𝛼3

∀𝛼𝑒 ∶ 𝛼𝑒
𝜕

𝜕𝛼𝑒
(𝑚

2
3𝛼1𝛼2 +𝑚2

2𝛼1𝛼3) = 0

⇒ 𝛼1 = 0

ℓ =
𝛼3

𝛼2 + 𝛼3
𝑘1

⇒ 𝛼2 = 𝛼3 = 0

ℓ = −𝑘3

by power counting

Num = 𝑐1 + 𝑐2 (ℓ ⋅ 𝑘1) + 𝑐3 (ℓ ⋅ 𝑘2)

Num (ℓ = 𝑥𝑘1) = 0

𝑐1 + 𝑥 (𝑘1 ⋅ 𝑘2) 𝑐3 = 0

⇒ 𝑐1 = 𝑐3 = 0

⇒ Num = (ℓ ⋅ 𝑘1)

⇒ ∫d
4ℓ

(ℓ ⋅ 𝑘1)

ℓ2 (ℓ − 𝑘1)
2
(ℓ + 𝑘3)

2
< ∞
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E x a m p l e
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E x a m p l e
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C o n s t r u c t i n g f i n i t e i n t e g r a l s i n p a r a m e t e r s p a c e



F r o m m o m e n t u m t o p a r a m e t e r s p a c e

∫
L

∏
𝑖=1

dDℓ𝑖
Num(ℓ, 𝑘)

Den1⋯DenE

Γ( E − LD/2 − ⌊𝑟/2⌋ ) ∫
ℝ+

dE−1𝛼 Num(𝛼; 𝑠, D) 𝒰(𝛼)E−(L+1)D/2−𝑟 ℱ (𝛼; 𝑠)LD/2−E

𝑟 is rank ofNum(ℓ, 𝑘)

𝑠 = {(𝑘𝑖 ⋅ 𝑘𝑗) ,𝑚𝑖}

» Num(𝛼; 𝑠, D) is a polynomial in 𝛼s of degree 𝑟L

» not everyNum(𝛼; 𝑠, D) can be obtained fromNum(ℓ, 𝑘)

» for someNum(ℓ, 𝑘) ≠ 0we haveNum(𝛼; 𝑠, D) = 0
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C o n v e r g e n c e i n p a r a m e t e r s p a c e

∫
ℝ+

d𝑛𝛼
Num(𝛼)

Den(𝛼)
= ∑

𝑥

𝑐𝑥 ∫
ℝ+

d𝛼1

𝛼1
⋯
d𝛼𝑛

𝛼𝑛

𝛼
𝑥1
1 ⋯𝛼

𝑥𝑛
𝑛

Den(𝛼)

Euler–Mellin integral [Pierpaolo’s talk]

Newton polytope [Leonardo’s talk]

Theorem: ∫ converges⇔ (𝑥1, … , 𝑥𝑛) ∈ Newt (Den)

[Nilsson, Passare 2013; Berkesch, Forsgård, Passare 2014]

7 theorem applies to single terms ofNum(𝛼)

3 can show there are no cancellations between terms

7 theorem probes only end-point divergences

3 map inner divergences to the boundary [Stephen’s talk]
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3 can show there are no cancellations between terms

7 theorem probes only end-point divergences

3 map inner divergences to the boundary [Stephen’s talk]
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C o n v e r g e n c e i n p a r a m e t e r s p a c e

𝑥1

𝑥2

𝑤𝑤

𝑥⋆

Den(𝛼) = ∑
𝑥∈𝑋

𝑐𝑥𝛼
𝑥 = 𝛼1 + 𝛼31𝛼2 + 𝛼1𝛼

2
2 + 𝛼32

𝑋 = {(1, 0), (3, 1), (1, 2), (0, 3)}

Newt(Den) = conv(𝑋)

𝛼𝑖 → 𝜌𝑤𝑖𝛼𝑖 𝛼𝑥 ∼ 𝜌𝑤⋅𝑥 𝜌 → ∞

lim
𝜌→∞

Den = ? 𝑤 ⋅ 𝑥 → max
𝑥∈𝑋

𝛼𝑥 ⊂ Num cannot become dominant (for any choice of 𝑤) if 𝑥 lies inside Newt
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E x a m p l e

𝛼3

𝛼1

𝛼2
ℓ

𝑘1

𝑘2𝑘3

Num(ℓ) = 𝑐1 + 𝑐2 (ℓ ⋅ 𝑘1) + 𝑐3 (ℓ ⋅ 𝑘2) → ∫
ℝ+

d𝛼1

𝛼1

d𝛼2

𝛼2

Num(𝛼)

𝒰2(𝛼)ℱ (𝛼)

𝑥1

𝑥2

Newt (𝒰
2ℱ)

Num(𝛼) = 2𝑐1𝛼1𝛼
2
2 + [2𝑐1 + (𝑚

2
3 −𝑚2

2) 𝑐3] 𝛼1𝛼2

+ [2𝑐1 + (𝑚
2
3 −𝑚2

2) 𝑐2 + (𝑚
2
2 +𝑚2

3) 𝑐3] 𝛼
2
1𝛼2

⇒
𝑐1 = 𝑐3 = 0

Num(ℓ) = (ℓ ⋅ 𝑘1)

1 0 / 1 4



E x a m p l e

𝛼3

𝛼1

𝛼2
ℓ

𝑘1

𝑘2𝑘3

Num(ℓ) = 𝑐1 + 𝑐2 (ℓ ⋅ 𝑘1) + 𝑐3 (ℓ ⋅ 𝑘2) → ∫
ℝ+

d𝛼1

𝛼1

d𝛼2

𝛼2

Num(𝛼)

𝒰2(𝛼)ℱ (𝛼)

𝑥1

𝑥2

Newt (𝒰
2ℱ)

Num(𝛼) = 2𝑐1𝛼1𝛼
2
2 + [2𝑐1 + (𝑚

2
3 −𝑚2

2) 𝑐3] 𝛼1𝛼2

+ [2𝑐1 + (𝑚
2
3 −𝑚2

2) 𝑐2 + (𝑚
2
2 +𝑚2

3) 𝑐3] 𝛼
2
1𝛼2

⇒
𝑐1 = 𝑐3 = 0

Num(ℓ) = (ℓ ⋅ 𝑘1)

1 0 / 1 4



E x a m p l e

𝛼3

𝛼1

𝛼2
ℓ

𝑘1

𝑘2𝑘3

Num(ℓ) = 𝑐1 + 𝑐2 (ℓ ⋅ 𝑘1) + 𝑐3 (ℓ ⋅ 𝑘2) → ∫
ℝ+

d𝛼1

𝛼1

d𝛼2

𝛼2

Num(𝛼)

𝒰2(𝛼)ℱ (𝛼)

𝑥1

𝑥2

Newt (𝒰
2ℱ)

Num(𝛼) = 2𝑐1𝛼1𝛼
2
2 + [2𝑐1 + (𝑚

2
3 −𝑚2

2) 𝑐3] 𝛼1𝛼2

+ [2𝑐1 + (𝑚
2
3 −𝑚2

2) 𝑐2 + (𝑚
2
2 +𝑚2

3) 𝑐3] 𝛼
2
1𝛼2

⇒
𝑐1 = 𝑐3 = 0

Num(ℓ) = (ℓ ⋅ 𝑘1)

1 0 / 1 4



M o m e n t u m s p a c e v s . p a r a m e t e r s p a c e



R e s u l t s

momentum

loc. finite
⊂

parameter

loc. finite

parameter

loc. finite
=

momentum

loc. finite
+

weakly

UV finite
+

total

derivatives

𝑘

ℓ

[ (ℓ ⋅ 𝑘)
2
] = ∫d

2ℓ
(ℓ ⋅ 𝑘)

2

(ℓ2 −𝑚2) ((ℓ + 𝑘)
2
−𝑚2)

ℓ→∞
∼ 𝑘𝜇𝑘𝜈∫d

2ℓ
ℓ𝜇ℓ𝜈

(ℓ2)
2
= 0

∝ 𝜂𝜇𝜈

IBP reduce IBP reduce

compare as linear spaces

over D-independent coefficients
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U V p o w e r c o u n t i n g ( s e e m i n g l y ) d o e s n ’ t w o r k

𝑘

ℓ

[ (ℓ ⋅ 𝑘) ] = ∫d
2ℓ

(ℓ ⋅ 𝑘)

(ℓ2 −𝑚2 + 𝑖𝛿) ((ℓ + 𝑘)
2
−𝑚2 + 𝑖𝛿)

= ∫dℓ+dℓ−
ℓ+𝑘− + ℓ−𝑘+

(ℓ+ℓ− −𝑚2 + 𝑖𝛿) ((ℓ+ + 𝑘+) (ℓ− + 𝑘−) − 𝑚2 + 𝑖𝛿)
→ ∞

Weinberg’s theorem assumes Euclidean denominators:

1

𝑞2
0
− 𝑞⃗2 −𝑚2 + 𝑖𝛿

→
1

𝑞2
0
+ 𝑞⃗2 +𝑚2
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A b s o l u t e c o n v e r g e n c e w i t h Z i m m e r m a n n ’s 𝑖𝛿

1

𝑞2
0
− 𝑞⃗2 −𝑚2 + 𝑖𝛿𝐹

1

𝑞2
0
− 𝑞⃗2 −𝑚2 + 𝑖𝛿𝑍 (𝑞⃗

2 +𝑚2)

momentum repr.

with 𝑖𝛿𝐹

momentum repr.

with 𝑖𝛿𝑍

mixed repr.

with 𝑖𝛿𝑍

parametric repr.

with 𝑖𝛿𝐹

parametric repr.

with 𝑖𝛿𝐹

parametric repr.

with 𝑖𝛿𝑍

5

𝛿 → 0

[Zimmermann 1968]

[in the context of BPHZ]

[Lowenstein, Zimmermann 1975; Lowenstein, Speer 1976]
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S u m m a r y

1 . We can systematically construct locally finite Feynman integrals both in

momentum and parameter space

2 . Parameter-space locally finite⇏momentum-space locally finite

3 . Momentum-space locally finite⇒ parameter-space locally finite⇒

composed of “interior” monomials:

» can cross-check momentum-space results

» can expand in powers of 𝜖 directly under the integral sign

» can compute numerically (term by term⇒ numerical stability)

T h a n k y o u !
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