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standard amplitude workflow
?
can we use exploit \ /

the analytic structure earlier
?

analytic

structure

YES : Integrated Unitarity

® dispersion relations : discontinuities algorithmic .

[see Appendix for technical definitions]
® cut canonical differential equations (DEQ) : algorithmic in dimReg
® Generalized Unitarity @ integrated level : constrains both Master Integrals (MIs) and their coefficients using cuts
°

less subsectors, less MIs, simpler DEQ and IBP system




consider a toy 1-loop amplitude

dk N (k dk 1
oA D ~ J ® = 7y 4[ + subsectors
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cut all 4 propagators
dk d

d’k
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Generalized Unitarity Integrated Unitarity

can compute integral coefficient compute cut amplitude

1 l dd
= Y AV AP A D) A k) Cutyy &V = rm4[ G (@100 820 67(25(0) 51(D4(K)
2 cut solns &+
scalar integral remains to be computed can reconstruct whole amplitude
d 0] / (6] /
[ - 1 AV(s, u) ~ [ ,dS J /du Cut o34 (s, u')
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Cauchy's integral formula X =—- 4-point massless

1 A (x)dx [Cutkosky, Mandelstam, Eden,
A () = omi Landshoft, Olive, Polkinghorne,
e X=2 Remiddi, van Neerven, Kniehl, Sirlin]
[x
/
plecewise contour
/l , 1)
1 © . <. A (x)d
A1) =cCcop+— J Discy + J Disc; (odx NV
27 0 | xX—z
0 1
cancel constant from infinite arc C
1 . . 1 1
A7) = Ao+ — Disco+ | Disc, - A (x)dx
2ri \ Jo | X—27Z X—=2

unitarity

1 °° « 1
A2)= dy+— <I Cutt+I Cutu> ( - ! ) A (x)d x
2ri \ Jo 1 X—2 X—2




expressing cuts as phase space integrals

Az)= dy+—
(2) ot
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J CUtt+J Cutu)( L1 ).szf(x)dx
0 1 AX—=Z X—2

A. explicit integration : convergent e.g. for canonical MIs
subtraction terms needed for full amplitude

(x—2zy) x—7) — 2

A (x) = S(x) A (x) S(x)=(1_—x)pxq —Res.szf(x)S(x)< 1 _xl )
x—z

B. ansatz reconstruction with 2 discontinuities + # evaluations :
Discof = Cut, o/
Disc; o = Cut,d A (z) = G#Z Gnﬁ Z 1,52 G(d, 2)
dz) =4, n20 el »\

unknowns

C. ansatz reconstruction with 3 discontinuities :

Discoof = Cut, o .
Disc,/ = Cut, o AR =e* Y e" N 1,32 G(@,2)

n>0 a:la|<n

Disc, &/ = Cut, o




A. explicit integration

Mi(z) = M, +

27l

)

(6]

1

dx

cut Mls

4 Mf € {eQe— 1)1, 0,6e =Dy 01,2@ =115,

,,,,,,,,,,

””””””””

dx

&

—Z

X

Cut,M¢ € {0, 0, 0}

0 0 0
A@@)=[ 0 % 0
x xTix otTs
3 methods .
Mi(z)=¢€
n>0 a

B. ansatz + 2cuts + 1pt

ansatz computed
DiscoM? = Cut,M¢
> Cut, M¢(x) DisciMf = Cut,M{
M;(0) = M;,

v

v

cut DEQ

oM (x,e) =€ Ag.(x) Mjc(x, €)

0,Cut,Mf(x,e) =€ Al;f’s(x) CutSMJ “(x, €)
0,Cut,Mi(x,e) =€ AZ.JC.’”(x) Cutquc(x, €)
0,Cut,M(x,e) =0

unknowns

¢, 5G(a,2) o, € {0,1}

C. ansatz + 3cuts

DiscoMf = Cut,Mf
DisciMf = Cut,Mf
Disc, ,M{ = Cut,Mf /




Master Integrals (from DEQ) . ZZ 3

® 2-loop planar (#Mls : 8 — 5) v

Isp

® 2-loop nonplanar (#Mls : 12 — 2+6) /

® 3-loop planar ladder (#MIs : 26 — 17) v 2

Amplitudes (from form factor method)

® 1-loop gg — gg (#INTs : /~2 per cut) /

® 2-loop gg — gg planar (#INTs : /~8 per cut) v

® 2-loop gg — gg nonplanar (#INTs : /~4 per cut) v




procedure [~ f{ {% 4% 4}

22 generalized propagators = 13 denominators + 9 ISPs ﬁ( %% M M ﬁ:(

cut u : 5 propagators % : MW .
IBP : 59 MIs Cut, M (LiteRed + Kira) MMNMM
o e e e e )

canonical DEQ :Al.ji(x) =247 (CANONICA+MultivariateApart +FiniteFlow)

X 1 —x

canonical general solution : M, (x, €) = Pe® JA"@dx g " ol€) (PolyLogTools + in-house)

regularity constraints on BCs M (¢) : 59 — 5 (in-house)

5 remaining BCs : weight 7 (AMF 1 ow)

method B : DiscoM; = Cut,M; =0 & DisciM; = Cut,M; (in-house)

tfixed all HPL coefficients to weight 8




0,1,1;2) — (6848.2665281193484352 + 512.29062045536006251)G (1,0, 1; =) + (18326.117849612006352 — 517.3090485351147531)G(1, 1, 1; @) — (150.44202048584820862 + 306.585552387758111421)G(0, 0,0, 15 2)

@ 136032 x 107 — 2.021 x 10%)G(157) — (491 16635 — 925.891 . 152) + (10416.080957097170424 — 15906. 1,150) + (224 — 58.937124477165316921)G(0, 0, 1; ) — (4872 — 618
+ (907. 386 + 1689.57" )G(0,0,1,1; @) + (1714.4000021984428954 + 4022.53671837222777581)G (0, 1,0, 1; ) — (7177.7271696981104554 + 7412.8806006164141904)G(0, 1,1, 1;x) + (267 1333 + 5190. 1,0,0,1;2) — (10918.71° + 11669, 1,0,1,1;x) — (10996.404054505164026 + 14149.9302755313469971)G(1,1,0, 1; =) + (31185, + 23864 )G(1,1,1,1;2) — (56. — 34.45 0,0,0,1;x)
+ (256.61688851155190506 — 289.391915682798321644)G(0, 0,0, 1, 15 ) + (540. — 1005.981 0,0,1,0,1;2) — (1197, 165 — 1998, ,0,1,1,1;2) + (2155.61 —1750.1 1,0,0,1;x) — (324 109 — 7028, )G(0,1,0,1,1;7) — (3612.5816796289673501 — 6669.7946281178279844i)G(0,1,1,0, 1;2) + (5714.3113938644535452 — 12402.5106721199280702i)G(0,1,1, 1, 1;7)
+(s21 — 654 )G(1,0,0,0,1;2) - (4298 — 5622.47 1,0,0,1,15@) — (5357.9683030166982615 — 11754.82400368609849321) G (1, 0,1, 0, 15 ) + (11201.389512405700822 — 21635.4908391425411891)G (1,0, 1, 1,15 2) — (6079, — 9430 192014)G(1,1,0,0, 1; 2) + (14337.778575879207053 — 28443.0911413950350411)G(1, 1,0, 1, 1; 2) + (13524 - 32580 119)G(1,1,1,0,17)

— (24674.399448026777157 — 58402.044698271394624i)G (1, 1,1, 1, 1; %) + 16.449340668482264365G (0,0, 0, 0, 0, 1; ) — 86.267653283595875335G(0, 0, 0,0, 1, 1; ) — 348.72602217182400453G (0, 0,0, 1,0, 1; z) + 426.95177557305077284G (0, 0,0, 1, 1, 1; ) — 875.10492356325646420G(0, 0, 1,0,0, 15 ) + 1612,

(0,0,1,1,0, 152) — 2035.3317520468721774G(0, 0, 1, 1,1, 1; 2) — 875.10492356325646420G (0, 1,0, 0, 0, 1; ) + 4218.3420202063406838G (0, 1,0, 0, 1, 13 ) + 6092.8357836058307207G (0, 1,0, 1,0, 152)

L0,1,0,1, 1;2) + 1921 78

— 7322.5153838008159945G (0, 1,0, 1, 1, 15 ) + 5448.0216294013259576G (0, 1, 1,0,0, 1; #) — 9025.9359952480904821G (0, 1, 1,0, 1, 1; ) — 11277.667962311440448G (0, 1, 1, 1,0, 15 ) + 9451.4256072061650537G(0, 1, 1, 1, 1, 15 ) — 312.53747270116302293G(1,0,0,0,0, 1; z) + 1520.6501595752493279G (1, 0,0, 0, 1, 1; x) -+ 4967.7008818816438381G(1,0,0, 1, 0, 1;2) — T164.6017133833862566G (1,0, 0, 1, 1, 15 ) + 9481.3999613131771798G(1, 0,1,0,0, 15 v) — 14943.312145056777050G (1,0, 1,0, 1, 1; =) — 19252.308318391642212G(1,0,1,1,0, 152)

+ 18563.620265737851411G(1,0, 1,1, 1, 1; ) + 6296.8076078950107988G(1, 1,0,0,0, 1; %) — 14787.147075345132670G (1,1, 0,0, 1, 1; 2) — 25160.911486510471572G (1, 1,0, 1,0, 1; ) + 28307.487585939256720G(1, 1,0, 1, 1, 1; ) — 25884.682475023691204G (1, 1,1, 0,0, 1; =) + 30194.026781244563327G (1,1, 1,0, 1, 1; 2) + 51532.494446221237802G (1, 1,1, 1,0, 1; 2) — 49783.746762709701075G(1, 1,1, 1, 1, 1; #) — 3.4906585039886591538iG (0, 0,0,0, 0,0, 1; x) + 13

3401 0,0,0,0,1,1;2) + 60 10,0,0,1,0, 152)

— 55.850536063818546462iG(0,0,0,0, 1,1, 1; ) + 185.70303241219666698:G (0, 0,0, 1,0,0, 1; ) — 240.15730507441974978:G(0, 0,0, 1,0, 1, 1; ) — 332.31068957972035145iG(0,0,0, 1, 1,0, 1; 2) + 223.40214425527418585iG(0,0,0,1, 1, 1, 15 2) + 185.70303241219666698:G(0, 0, 1,0,0,0, 15 2) — 742.81212064878666794iG(0, 0, 1,0,0, 1, 1; %) — 1027.64986357426125491G (0,0, 1,0, 1,0, 1; z) + 960.62022029767899914iG(0,0,1,0, 1,1, 1; 2) — 1010.8947027651156910iG(0, 0, 1,1,0,0, 1; ) + 1329.2427583188814058iG(0,0,1,1,0, 1, 1; )

+ 1840.2751633028211059:G (0,0, 1,1, 1,0, 1; =) — 893.60857702109674338iG (0,0, 1,1, 1,1, 1; ) + 185.70303241219666698iG (0, 1,0,0,0, 0, 1; ) — 742.81212964878666794iG (0, 1,0,0,0, 1, 15 2) — 2435.08337238248862574G(0, 1,0,0, 1,0, 1; #) + 2071.2485185951466718iG(0,1,0,0, 1, 1, 1; %) — 3415.2602803025041161iG(0, 1,0, 1,0, 0, 1; 2) + 4110.5994542070450196iG (0, 1,0, 1,0, 1, 1; z) + 5936.9119835830114889G(0,1,0,1,1,0, 1; ) — 3842.5168811907150966:G(0, 1,0, 1, 1,1, 1; 2) — 2317.7972466484696782iG (0, 1,1,0,0,0, 1; 2)

+ 4043.5788110204627638iG (0, 1,1, 0,0, 1, 1; 2) + 6615.4950967593068284iG (0, 1, 1,0, 1,0, 15 ) — 5316.9710332755256231iG(0, 1, 1,0, 1,1, 1; =)+ 6816.5579265890535956iG (0, 1,1, 1,0, 0, 1; ) — 7361.1006532112844236iG (0, 1,1, 1,0, 1, 15 ) — 10041.926384274574654iG (0, 1, 1,1, 1,0, 1; z) + 3574.4343080843869735iG (0, 1, 1,1, 1,1, 1; 2) + 66.322511575784523923iG(1,0,0,0,0, 0, 1; =) — 265.29004630313809569G (1,0,0,0,0, 1, 15 ) — 914.55252804502869831iG (1, 0,0,0, 1,0, 1; 2) + 1061.1601852125523828iG(1,0,0,0, 1,1, 1; 2)

— 2171.1895894809459987iG (1, 0,0, 1,0,0, 1; &) + 3658.2101121801147982iG (1, 0,0, 1,0, 1, 1; ) + 5484.5226414669812625:G(1,0,0, 1, 1,0, 1; ) — 4244.6407408502095311G(1,0,0, 1,1, 1, 1; ) — 4156.6761465496953204iG (1,0, 1,0, 0,0, 1; 2) + 6975.7319543709364530:G (1,0, 1,0,0, 1, 1; 2) + 10708.755236630824429iG(1,0, 1,0, 1,0, 1; ) — 9003.1064134875496896iG(1, 0, 1,0, 1, 1, 1; =) + 10988.592070556209016iG (1,0, 1,1,0,0, 1; =) — 12890.303723529320623iG (1,0, 1, 1,0, 1, 15 2) — 17598.503913709223990iG (1,0, 1,1, 1,0, 1; )

4 8936.0857702109674338iG/(1,0, 1,1, 1, 1, 1; 2) — 2631.9565120074490020iG (1,
~ 28261.069379992082241iG (1, 1, 1,0, 1,0, 1; &) + 23915.199542527101595:G (1,
~ 152.88888888888888889G(0, 0,0, 1,0, 1, 1, 1; %) — 105.77777777777777778G(0,0,0,1,1,0, 1, 1; ) + 284.44444444444444444G(0,0,0,1, 1,1, 1, 1; 2) + 59.111111111111111111G(0,0,1,0,0,0, 1, 1; =) — 472.88888888888888889G (0,0, 1,0,0, 1,1, 1;) — 327.11111111111111111G(0,0,1,0,1,0, 1,
4 59.111111111111111111G(0,1,0,0,0,0, 1, 1; ) — 472 88588888888888889G (0, 1,0,0,0, 1,1, 1) ~ 775.11111111111111111G(0, 1,0,0, 1,0, 1, 1; 2) 4 2837.3333333333333333G (0, 1,0,0, 1, 1,1, 1;2) — 1087.1111111111111111G (0, 1,0,1,0,0, 1, 1; #) + 2616.8888888888888889G(0,1,0,1,0,1, 1,
~ 5077.3333333333333333G(0,1,1,0, 1,1, 1, 1; 2) + 2169.7777777777777778G (0, 1,1,1,0,0, 1, 1; ) ~ 4686.2222222222222222G(0, 1,1,1,0, 1, 1, 1; ) — 3196.4444444444444444G (0, 1, 1,1, 1,0, 1, 1; 2) - 6826.6666666666666667G (0, 1,1,1,1,1,1,1; ) + 21.111111111111111111G(1, 0,0,0,0,0, 1,
+ 1745, 77TTTTITITTITITRG(1,0,0,1, 1,0, 1, 1; ) — 5404.4444444444444444G(1,0,0,1, 1, 1, 1, 1; ) — 1323, 1111111111111111G(1,0,1,0,0,0, 1, 1; 2) 4 4440.8888888888888889G (1,0, 1,0,0, 1,1, 1; 2) + 3407.1111111111111111G(1,0,1,0,1,0, 1, 1; 2) — 8597.3333333333333333G/(1,0,1,0,1,1, 1,

+ 2000.2222222222222222G(1,1,0,0,0,1, 1, 1; 2) + 2061.7777777777777778G(1,1,0,0,1,0, 1, 1; ) — 9493.3333333333333333G (1, 1,0, 0,1, 1, 1, 1s &) + 4529.7777777777777778G(1,1,0,1,0,0,1, 1; z) — 10766.222222222222222G(1,1,0,1,0, 1, 1, 1; @) — 7545.4444444444444444G (1, 1,0,1,1,0, 1,

1,0,0,0,0, 1;2) + 4697.0300820671397574iG(1, 1,0,0,0, 1, 1; 2) + 9304.6993082321698405iG (1, 1,0,0, 1,0, 1; 2) — 9941.3954193597012702iG (1, 1,0,0, 1, 1, 1; 2) + 14230.716589060965638iG (1, 1,0, 1,0,0, 15 2) — 16911.542320124255869¢G (1, 1,0, 1,0, 1, 1; ) — 23714.137612697354828iG(1, 1,0, 1, 1,0, 1; 2) + 15638.150097869193009iG(1, 1,0, 1,1, 1, 1; =) + 12295.495514449653004iG (1, 1, 1,0, 0,0, 1; ) — 18570.303241219666698iG (1, 1,1,0,0, 1, 15 )

1,1,0,1,1,1;2) — 30550.243226908744914iG(1, 1,1, 1,0, 0, 1; 2) -+ 33934.785712376148830iG(1, 1,1, 1,0, 1, 1; 2) -+ 45780.6844115120625351G (1, 1, 1,1, 1,0, 1; 2) — 25021.040156590708815¢G(1, 1,1, 1,1, 1, 1;2) — L.I111111111111111111G(0,0,0,0,0,0, 1, 1; ) + 8.8588888888888888889G (0, 0,0,0,0, 1,1, 1;#) + 19.111111111111111111G(0,0,0,0, 1,0, 1, 15 =) — 53.333333333333333333G(0,0,0,0, 1,1, 1, 1; 2) + 50.111111111111111111G(0,0,0,1,0,0, 1, 1; )

1) + 917.33333333333333333G (0,0, 1,0, 1, 1, 1, Ls &) — 321.77777777777777778G (0,0, 1,1, 0,0, 1, 1; z) + 546.22222222222222222G(0,0,1, 1,0, 1, 1, 1; @) + 585.77777777777777778G (0,0, 1,1, 1,0, 1, i z) — 1422.2222222222222222G:(0, 0,1, 1,1, 1,1, 1;2)

1i2) 4 1889.7777777777777778G(0, 1,0, 1, 1,0, 1, 15 2) — 4892.4444444444444444G (0, 1,0, 1, 1,1, 1, L ) — 73T.77777777777777778G (0, 1, 1,0, 0,0, 1, 1; ) + 2574.2222222222222222G(0. 1, 1,0, 0, 1, 1, 1; 2) + 2105.7777777777777778G(0, 1,1,0,1,0, 1, 1; )
132) — 165.88585888588888889G (1,0, 0,0, 0, 1,1, 1;2) — 201.11111111111111111G(1,0,0,0, 1,0, 1, 1; &) + 1013.3333333333333333G (1, 0,0,0,1,1, 1, 13 ) — 691.11111111111111111G(1,0,0,1,0,0, 1, 1; ) - 2328 S888888888888889G(1,0,0,1,0,1,1,1; 2)
1i) 4 3497.777TTTTITTITTTIRG(L,0, 1,1,0,0, 1, 15 2) — §206.2222222222222222G(1,0.1,1,0,1, 1, i ) — 5601.7777777777777778G (1,0, 1, 1, 1,0, 1, 1; ) + 14222.222222222222222G(1,0, 1, 1, 1, 1, 1, 1; 2) — 837.77777777777777778G(1,1,0,0,0,0. 1, 1; )
1i2) 4+ 19911 111111111111111G(1, 1,0, 1, 1, 1, 1, 15 2) + 3013.7777777777777778G (1,1, 1,0, 0,0, 1, 1; o) — 11522.222222222222222G(1,1,1,0,0,1, 1, 1: z) — 8995.7777777777777778G (1, 1, 1,0, 1,0, 1, 1; 2) + 22837.333333333333333G.(1, 1, 1,0, 1,1, 1, 1; )

— 58.93712447716: 0,15 2) — (3774.667 159 + 1560. 116§)G(1, 15 &) — (150.44202048584820862 + 306.58555238775811142) G (0, 0, 15 ) + (907.2273861240018352 + 1680.57731425370346081)G (0, 1, 1: 2)

— 0724.4444444444444444G(1,1,1,1,0,0, 1, 1; 2) + 21603.555555555555556G (1,1, 1,1, 0, 1, 1, 1; o) + 14572.444444444444444G (1,1, 1,1, 1,0, 1, 1; 2) — 34588.444444444444444G(1, 1,1, 1, 1, 1,1, 1; 2)) 4 ((—1721.21467: + 2370.5621; 100)G(Li ) + (

o )

— 654, )G(1,0,0,12) — (21 — 3472, )G(1,0,1,1;2)

~ 1005.981421 ) 165 — 1908, 01,1, 1) + (821

8851155190596 — 0,1, 1i2) + (540.

— 344514 0,0,0, 1) + 1

+ (1081.2409104774270533 + 2461 1,0, 1:2) — (2871.1630227614915914 + 5457.55851011410776811) G (1, 1, 15 ) — (56,

01.881101 — 4313.31760041504

16)G(1,1,0, 1) + (4344.5007717750314351 — 9720.08050300741024174)G(1, 1, 1, 1 2) + 16.449340668482264365G (0, 0,0, 0, 1; =) — 86.267653283595875335G (0,0, 0, 1, 1; 2) — 348.72602217182400453G(0, 0, 1,0, 15 2) + 426.95177557305077284G(0, 0, 1, 1, 1: 2) — 875.10492356325646420G(0, 1, 0,0, 1; ) + 1612,

1,0, 1:2) — (1107,

78G(0,1,1,0, 1; 2) — 2035.3317520468721774G(0, 1,1, 1, 1; 2) — 312.53747270116302203G (1, 0,0, 0, 15 ) + 1520.6501505752493279G(1, 0,0, 1, 15 2)

11,0,1,1;2) + 1921

10,0,1,1, 1;2) + 185.703032412106666981G (0,0, 1,0, 0, 1; z) — 240.157305074419749781G(0,0,1,0,1, 1; 2)

10,0,1,0,1;2) —

L) -8

0,0,0,1,152) + 60.

+ 3270.1280248942741557G(1, 0, 1,0, 1; ) — 4058.9661951739347446G (1,0, 1, 1, 1; ) + 3217.4910347551300097G(1,1,0,0, 1; ) — 6236.12T8178734984458G (1, 1,0, 1, 1; z) — 8691.8316002260284903G (1,1, 1,0, 1;2) + 11100,

— 332.31068957972035145iG (0,0, 1, 1,0, 15 2) 4 223.40214425527418585iG (0,0, 1, 1, 1, 1; 2) + 185.703032412196666981G (0, 1,0, 0,0, 1; ) — T42.81212064878666794iG(0,1,0,0, 1, 1 2) — 1027 11,0,1,0,1;2) + 960

0,0,0,0,1;2) + 18 4

1,0,1,1,1;2) — 1010.8947027551156910iG(0, 1, 1,0, 0, 1; ) + 1329

10591G(0,1,1,1,0, 1 ) — 803.608577021096743381G (0, 1, 1,1, 1, 1; =) + 66.3225115757845239231G(1,0,0,0,0, 1; z) — 265.20004630313809569iG (1,0,0,0,1, 1; z)

L 1,1,0,1, 13 2) + 1840

— 914.55252804502860831iG (1, 0,0, 1,0, 1; ) + 1061.16018521255238281G(1,0,0,1, 1, 13 2) — 1743,9320885027341133iG(1, 0,1, 0,0, 1; ) + 2250.7766033718874224iG (1,0, 1,0, 1, 1; 2) + 3222, 57503088233013081G (1,0, 1,1, 0, 1: 2) — 2234.0214425527418585iG (1,0, 1,1, 1, 1; 2) — 1174.2575207417849304iG (1, 1, 0, 0,0, 15 ) + 2485.34885483002531751G (1, 1,0, 0, 1, 1; 2) + 4227.88558003106396711G (1, 1,0, 1,0, 1; ) — 3909.5375244672082523iG (1, 1,0, 1, 1, 1; 2) + 4642.5758103049166746iG (1, 1,1, 0,0, 1: ) — 5978, 799885631 7753987iG (1,1, 1,0, 1, 1; 2)

— 8483.6064280040872075¢G (1, 1,1, 1,0, 1; ) 4 6255.26003014767720371G(1,1,1,1, 1, 1 2) — 1.1111111111111111111G(0, 0,0,0,0, 1, 1; z) + 8 SSS8S8S888888888880G (0, 0,0,0,1, 1, 1: 2) + 10.111111111111111111G(0,0,0,1,0, 1, 15 ) — 53.333333333333333333G (0, 0,0,1, 1,1, 1; 2) + 50.111111111111111111G(0,0,1,0,0, 1, 1; ) — 152 SS888888888888880G(0, 0, 1,0, 1,1, 1;2) — 105.77777777777777778G(0,0,1,1,0, 1, 1; ) + 284.44444444444444444G(0, 0,1, 1,1, 1, 1 2) + 59.111111111111111111G(0, 1,0,0,0, 1, 1; 2) — 472, SS858888888888889G(0, 1, 0,0, 1,1, 11 )

— 327.11111111111111111G(0, 1,0, 1,0, 1, 1; 2) + 917.33333333333333333G (0, 1,0, 1, 1, 1, 1; 2) — 821.77777777777777778G(0, 1, 1,0, 0,1, 1; ) + 846.22222222222222222G(0, 1, 1,0, 1, 1, 1; ) + 585.77777777777777778G (0, 1,1, 1,0, 1, 1; 2) — 1422.2222222222222222G(0, 1, 1,1, 1,1, 1; ) + 21.111111111111111111G(1,0,0,0,0, 1, 1; =) — 168.88888888888888889G (1, 0,0, 0,1, 1, 15 2) — 291.111111111111111116G(1,0,0, 1,0, 1, 1; =) + 1013.3333333383833338G(1,0,0,1, 1, 1, 1; ) — 555.11111111111111111G(1,0,1,0,0,1, 1; )

1432, 8888888888888889G (1,0, 1,0, 1, 1, 1; ¢) + 1025.777777777TT777T78G(1,0,1,1,0, 1, 1; ¢) — 2844.4444444444444444G(1,0,1, 1, 1, 1, 1; &) — 373.7777777T777777778G(1,1,0,0,0, 1, 1; 7) + 1582,2222222222222222G(1, 1,0, 0, 1, 1, 1; ) + 1345.7777777777777778G (1, 1,0, 1,0, 1, 1; ©) — 3733.3333333333333333G (1, 1,0, 1, 1, 1, 1; ) + 1477.7777777777777778G (1,1, 1,0, 0, 1, 1; ) — 3806.2222222222222222G(1,1,1,0,1, 1, 1; ) — 2700.4444444444444444G(1, 1, 1, 1,0, 1, 1; ) + 6656.0000000000000000G (1, 1, 1,1, 1, 1, 15 2))e”

— 14021 1,1,1:2) + 16. 0,0,152) — 86. 0,1, 1;2)

— 468

(0,0, 1) + (256.61688851155190596 —

89

)G(0, 1, 15.2) + (417, )G(1,0,1; ) — (673.7751

75811142)G(0, 15 &) — (170. — 1128, 115) - (56 — 84.45141 )

+ ((635.4226627 +572.3701511 (152) — (150. + 306

,0,1,0, 1) — 55.850536063818546462iG(0, 0, 1, 1, 1; %) + 185.70303241219666698iG(0, 1,0, 0, 1; ) — 240.1 11,0,1,1; ) — 33 L1,1,0,152)

43 L) -3 0.0,0,152) +1

— 348.72602217182400453G (0, 1,0, 1; ) + 426.95177557305077284G (0, 1, 1, 1 ) — 312.537472701 1,00, 15 2) + 869 165910G (1,0, 1, 1; ) + 1348.8450348155456779G (1, 1,0, 1; ) —

+228.402144255274185851G (0, 1, 1, 1, 1; ) + 66.8225115757845239231G(1, 0, 0, 0, 1; ) — 265.29004630813809569:G (1,0, 0, 1, 1; 2) — 562.69415084297185560iG (1, 0, 1,0, 1; ) + 558.50536063818546462¢G (1, 0,1, 1, 1; ) — 621.33721370998132088iG (1, 1, 0, 0, 1; ) + 977.38438111682456308iG (1, 1,

+59.111111111111111111G(0, 1, 0,0, 1, 1; 2) — 152.88888888888888889G (0, 1,0, 1,1, 1; @) — 105.77777777777777778G (0,1, 1,0, 1, 15 ) + 284.44444444444444444G (0, 1,1, 1,1, 1 ) + 21.111111111111111111G(1, 0,0,0, 1, 1; ) — 168.88S88888888888889G (1, 0, 0,1, 1, 15 2) — 179.11111111111111111G(1, 0, 1,0, 1, 1; =) + 533.33333333333333333G (1, 0,1, 1, 1, 13 2) — 197.

10,0, 1,1 2) + 60.
0,1,1; ) + 1494.6999714079438497iG (1, 1, 1,0, 1; ) — 1563.8150097869193009iG (1,1, 1,1, 1;2) — L.I111111111111111111G(0, 0,0, 0, 1, 1; ) + 8. 8S88S8S888888888889G (0, 0, 0,1, 1, 15 2) + 19.111111111111111111G(0, 0, 1, 0, 1, 1; =) — 53.333333333333383333G (0,0, 1,1, 1, 1; )

1,1,0,1,1,1;2) + 475, 77777777777777778G(1, 1, 1,0, 1, 1; ) — 1166,2222222222222222G(1, 1,1, 1,1, 1; 2))e®

(1,1,0,0,1, 1, 2) + 6

L)

0,0,12) +13 401595463661 0,1,1;2) + 60 11,0, 15) —

115 - 180,

+ ((190.03792111911401413 — 204 )G(1 ) - (56. —34.45 )G(0, 1 2) + (75. — 137, )G(1, 152) + 16 ,0,1;2) — 86.

1G(1,0,150) + L1 L) -8

+66.322511575784523923iG (1,0, 0, 1; %) — 130.626340150546366151G(1, 0, 1, 1 ) — 244.34609527920614077iG (1, 1, 0, 1; ) + 390.95375244672982523iG (1, 1,1, 1;¢) — 1.1111111111111111111G(0, 0,0, 1, 1; =) + 8.8888888888888888889G (0, 0,1, 1, 15 ) + 19.111111111111111111G(0, 1,0, 1, 1; @) — 53.333333333333333333G (0, 1,1, 1, 15 2) + 21.111111111111111111G(1, 0,0, 1, 1; ) — 88.8S8888888888888889G (1, 0, 1, 1, 15 2) — 77.777777777777777778G(1, 1,0, 1, 1 2) + 167. 1111111111116 (1, 1, 1, 1, 13 2))e”

1.1;2) + 34 8.

+( 3 154)G(157) + 16. 1) — 110 1,152) -8 s 0,1;2) + 13.96263401

1iz))e? —

1,12) -6 1

+ (2234368’ L1 @) + 240 4077iG(1, 1;2) — 1.1111111111111111111G(0, 1, 1;2) — 5. 1111111111111111111G(1, 1, 1; 2))e? + (3.

1,0,1; @) — 97.738438111682456308iG(1, 1, 1; ) — 1.1111111111111111111G(0, 0, 1, 15 =) + 5.8588588588888888889G (0, 1, 1, 1; @) + 11.111111111111111111G(1, 0, 1, 1; ) — 10.666666666666666667G (1,1, 1, 1; z))e®

Lim)e




kinematic limits

e.g. Disc; & = Cut, &/ alone gives u—0 limit at fixed Log accuracy to any subleading power
lim &/ (x) ~ ¢; ;(x) G(1,1,x) + ¢4 ;(x) G(0,1,x) + ¢_ ((x) G(...,0,x)
I

X—
Leading Log Next-to-Leading Log \ suppressed

recursive appro aCh lower-loop amplitudes
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examples
) properties
pp — ttH @ 2 loops

uncut ]
many cut propagators — simpler IBPs

2 > : : . :
1 \_5 o ® iterative Cauchy formula — multivariate complex analysis
KON
8 ) > Z . . . . . .
s 8 e ® Landau singularities — nontrivial analytic structure
g [Helmer, Papathanasiou, :
1 - Tellander 2402.14787] [Correra 2212.06157]
[see talks T
by Anton, Guoxing] ° : : : : : :
genealogical constraints — possible simplifications
gg — £gggg @ 2 loops [Hannesdottir, Lippstreu, McLeod, Polackova 2406.05943]

ongoing : 4-point 1-mass
[PB, collaborators in the group of Lorenzo Tancredi]



https://arxiv.org/abs/2402.14787
https://arxiv.org/abs/2212.06157
https://arxiv.org/abs/2406.05943

5-point 6-point n-point

[Abreu, Chicherin, Ita, Page, Sotnikov, [Henn, Matijasi¢, Miczajka, Peraro,
Tschernow, Zoia 2306.15431] Xu, Zhang 2403.19742]

[see talks by Federico, Jungwon]

when does 1t end ?

a.k.a. the finite basis problem



https://arxiv.org/abs/2306.15431
https://arxiv.org/abs/2403.19742

1-loop n-point : linearly related to subsectors of 5-point

o z”: d tadpole.;, N Z”‘: N bubble,i,.i;, N z”: d triangle.i,.i.i, N Z”‘: N bOX.iinisi, N z”: N pentagon.iisisi.is
1,n - ’
i=1 2 iy i i, =1 2 ilg i iy, i iy =1 2 ir@ i29 I3 iy iy iny iy = 1 2 il'@ izg i3@ Iy iy, iy, by s = 1 2 i19 iz'@ i3@ i49 Is
i # i i # iy i # iy, i # iy
beyond 1-loop : new integrals with each new leg ?

L . . . ) .
1-loop : “no” 1.e. up to 5-point [Passarino, Veltman, Ossola, Papadopoulos, Pittau]
® 2-loop massless planar in d=4-2¢ : “also no” i.e. up to 11 denominators [Gluza, Kajda, Kosower 1009.0472]
o 2—100p n d=d0-2€ - “also no” [Kleiss, Malamos, Papadopoulos, Verheyen 1206.4180]
® 2-loop in d=4 : “also no” i.e. up to 8 denominators [Feng, Huang 1209.3747]
() [Bourjaily, Herrmann, Langer, Trnka 2007.13905]

L-loop in d=4 : “also no"

[PB, Tong-Zhi Yang 2408.06323]

® L-loop in d=d-2¢ : “also no"

(for integer d, & propagator powers)



https://arxiv.org/abs/1009.0472
https://arxiv.org/abs/1206.4180
https://arxiv.org/abs/1209.3747
https://arxiv.org/abs/2007.13905
https://arxiv.org/abs/2408.06325

independent external momenta {p;} : (n-1) in Conventional Dimensional Regularization scheme (CDR)

only 4 in 't Hooft-Veltman scheme (tHV)

® scalar products {k; - k;, k; - p;} involving loop momenta {k;, k,} : at most 11 in tHV

generalized propagators : denominators & Irreducible Scalar Products (ISPs)

generalized CDR

generalized tHV

kinematics denominators CDR ISPs tHV ISPs Dropagators propagators
2-loop 4-point 7 2 2 9 9
2-loop 5-point 8 3 3 11 1"
2-loop 6-point 9 4 2 13 1"
2-loop 7-point 10 5 1 15 1"
2-loop 8-point 11 6 o) 17 1"
2-loop 9-point 12 7 o 19 1"

only 11 independent

= partial fraction




[Gluza, Kajda, Kosower 1009.0472]
planar l

v = Zpinehes Afred, 1,4

w w
red,5,is 5 @ +N;ed,8,fS : w JF'/\/—red,ll,fllE @

IO

red,Z,ZQ E
partial fraction
+ - + - PN szﬁf/\iﬁ:E
red,3,i3 red,6,ig red,9,ig w+j\/;ed’12,;125

lower dimensions : less denominators e.g. 7 in d=2-2¢

higher loops : 12p@3L, 17p@A4L, ... (loop-by-loop approach analogous but many more topologies)



https://arxiv.org/abs/1009.0472

{ky — ky, kys ko, ky + ppo Ky + pros ki + Dross Ky + Piosas ko + Prasas Ko + Prosass Ko + Prozases Ko + Prozasers ki — Ps» ky — Pe» ky — P75 ky — P1s ky — Doy ky — 3}

4 4 4
{ky — ky, kys Koy ky + proky + pros kg + Pioss Ky + Prosas Ko + Prosas ky + ij Zg Ky + ij 210, ko + ZPJ- 211,

17 CDR generalized propagators

momentum decomposition

Pj>4 = Zpi
i=1

o det({py...

P Djs - -

,p4} : {pl’ cee ’p4})

det({p. ..

. ’p4} : {pl’ R ’p4})

= 11 tHV generalized propagators

CDR

tHV

Ry

D2

31.4m/3126M1/13.9G

6.8m/2368MI/1.88G

4.6

D3

51.5m/3302MI1/18.19G

10.1m/2368MI/2.9G

5.1

N3

115.2m/4497MI1/25.7G

5.7m/2358MI/2.59G

20.2

N4

321.3m/6742MI/56.4G

7.6m/2368MI/4.3G

42.3

Nb5

908.9m/9779MI /137G

12.5m/2368MI/7.35G

72.7

N6

20.1m/2368MI1/10.34G

j=1

J=1

no cut propagators
one numerical probe
one finite field

with FIRE6

improves numerical AMFlow evaluation of Feynman integrals

J=1




degree

of Baikov
polynomials 4
at the
maximal cut

all 84 subsectors of the 12 finite basis topologies

urely non-planar

o

o

L

hyper-surfaces

1 2

3

4

roots appear when integrating out the variables

Hvariables



can exploit the analytic structure of amplitudes Nz) . }i{ Sy (P ) i }ﬁiiw

® Integrated Unitarity ~ Generalized Unitarity @ integrated level

® allows algorithmic usage of dispersion relations in dimReg 2 3
® beneficial for IBP computational complexity \ I 4
o

requires understanding of analytic structure <——— trade-off

can constrain the analytic structure of QCD amplitudes

® finite basis exists at any fixed loop order @ R % o @
® explicit reduction to lower points at 2 loops 3l g
| N e 57 : | N eds 7y 55

Y

red, 7,7 N,

red, 10,719

Sy
E)IE)IED:

N, N e 117
¢ improves IBP efficiency (also numerical via AMFlow) r—c
o 1 1 _Hvredv?n;s ; EE _Hvred,ﬁ,fﬁ 3 EE _Hvred,f),?g ; - +N -
upper bound on special functions spectrum | w




THANK YOU






i pdl2

integral definition : L N d%k
=1

i=1

cut propagator : — 27 5(D) 6*(q) = 8(¢*) 0(qp)

D+ ie

L
cut integral : Cutuy = D, L) = D, [(Hdez> 11 2| 11 612767 @,
=1

{c}€B, {¢)€8, i#{c) me{c;}

less subsectors : /2€ I S S SO

: L 0 S , 0 0
Integration-By-Parts [(HD%) 5 <q”H ; > =0 Piu Pl <p,, —— P >I{ni} =0

: > Pn, 0Py
identities (IBPs) : '

[Laporta 0102033] [Chetyrkin, Tkachov 1981] [Gehrmann, Remiddi 9912329]
) ) ) . . . canonical . . .
Differential Equations (DEQ) : 9, Mi(x,€) = A;(x, €) Mi(X, €) » 0, M{(X,€) = € Ai(X) Mi (X, €)
[Kotikov 1991] [Henn 1304.1806]
Master Integrals (MlIs)

— can solve cut integrals with DEQ



https://arxiv.org/abs/hep-ph/9912329
https://arxiv.org/abs/1304.1806
https://arxiv.org/abs/hep-ph/0102033

discontinuity :

from now on, focus on specific
kinematics :

branch cuts :

Harmonic Polylogarithms (HPLs) :
[Remiddi, Vermaseren 9905237]

discontinuities of HPLs algorithmic

from monodromy matrices :

[Bourjaily, Hannesdottir, McLeod,
Schwartz, Vergu 2007.13747]

unitarity : 1

Discyf(x) = f(x + ie) — f(x — ie)

x=-= 4-point massless
t>0 u>0 s >0
x<0 x>1 pushed to oo

*d
G(an,...,al;x)=J < G(a,_

0 £~ Gn

Disco=(1 - 4,) - M _, .,
Disc,=-(0-)-_,,,
Disco =1 —lly- M) - M_,,.

4 Discy = Cut,

Disc; = Cut,

Lo O3 2)

o, € {0,1}

[x

[x
NV
0 1
4
2 (Disc,, = Cuty)



https://arxiv.org/abs/2007.13747
https://arxiv.org/abs/hep-ph/9905237

Harmonic Polylog :

vector of derivatives :

connection matrix :

variation matrix :

general solution :

monodromy matrices :

discontinuities :

following :

[Bourjaily, Hannesdottir, McLeod,
Schwartz, Vergu 2007.13747]

G(a,,...,a;x) a, € {0,1}

o 1 ifi=0,
o OflG(anH_i,...,an,x) ifn>i>0

dx
=T 4 01, s.t. dY =7 - w
ﬂy =Peh” collects all n + 1 solutions for 77

_N # of 1
<ﬂ—>x)l-j - ]; (_ 1) G(an—i’ s ikt 1o x) 6i+k,j
= G = 1
.ﬂo = '%00’
%1 = ‘%—)1 ﬂolﬂ:}l .

Disco=(1 - 4,) - &

—Xx°

Disc,=-(0-))-H_,,,
Disco =(1—lly- M) - M_,,.



https://arxiv.org/abs/2007.13747

example ansatz :

impose e.g. Discy = 0 :

Discy =27i (2 G(1;x) + 3 G(0; x) + 5 «i)

now only constant unconstrained :

impose fixed value e.g. {, at x=0 :

c11G(L,15%) + ¢, G(1,05x) + ¢ 1 G(0,1; x) + ¢4 G(0,0; x) + ¢; G(1;x) + ¢, G(0; %) + ¢

11 G(L,1x)+0+¢,GO,1;0)+0+¢;G(1;x) +0+¢

=1 Qri(=G(1;x) + im) + ¢y (=271 G(0,x)) + ¢; (—27i) + 0

-2G(1,1;x)—3G0,1;x) = 7in G(1;x)+ ¢

-2G(1,1;x) =3GO0,1;x) =7in G(1;x) + &,




i=1 Iy oeniy =1 L7, iA "9D(n,L)
i # b
with
D(N(L’dO)’L)

(=B;,.;)" P = a0+ e
. . = Ll aD(N(L,do),L)+1,’i1 T aD(N(LadO)aL)'i'la":A i>D(N(L,d0),L) - ai,O ai,j J
1y,°°,1 .
Dt By i Bioei o Bino QD(N(L,do),L)+2,i1 **° QD(N(L,do),L)+2,i4 =1
A =D(n,L) - D(N(L,d,), L) ®D(n,L),is e XD (n,L),ia

Qi j>D(N(L,dy),L) = 0

partial fractions implemented in Mathematica package Apart [Feng 1204.2314]



https://arxiv.org/abs/1204.2314

no ISPs = maximal cut localizes [Bosma, Sogaard, Zhang 1704.04255]

true for finite basis topologies ¢

" da’ kl dd k2 11 . " G(S—d)/2
e.g. at 2 loops Imax = J 2 2n) [127i62() = c@) 07
i=1
with
1 G =det({py,..., Pyt APy - Pa})
c(d)

= AdRT((d — _
W= DRI = 5)2) B, = det({ky, ky, py, ... pa} - {ki ko prs - P4 }) |9§z>=0, i=1....11

leading singularity for higher-loop finite basis topologies S =



https://arxiv.org/abs/1704.04255

