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ℒ 𝜃𝜃 = 𝑃𝑃 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝜃𝜃 ��
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑃𝑃 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃
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𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑃𝑃 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃

Poisson term Spectrum PDF

 Reactor antineutrinos
 Geoneutrinos U/Th
 Cosmogenic 9Li/8He
 Fast neutrons
 α/n reactions
 Accidental coincidences
 Correlated radio events (e.g. Bi-Po)
 Global reactor antineutrinos
 Atmospheric (anti)neutrinos

𝑃𝑃𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = 𝑓𝑓𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃
𝑷𝑷𝒃𝒃𝒃𝒃𝒃𝒃



Unbinned l ikelihood calculat ion

16

Reconstructed energy 𝐸𝐸𝑟𝑟𝑒𝑒𝑟𝑟

Visible energy 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

ℒ 𝜃𝜃 = 𝑃𝑃 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝜃𝜃 ��
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑃𝑃 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃

Poisson term Spectrum PDF

 Reactor antineutrinos
 Geoneutrinos U/Th
 Cosmogenic 9Li/8He
 Fast neutrons
 α/n reactions
 Accidental coincidences
 Correlated radio events (e.g. Bi-Po)
 Global reactor antineutrinos
 Atmospheric (anti)neutrinos

Energy resolution G

𝑃𝑃𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒, �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = 𝑓𝑓𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃
𝑷𝑷𝒃𝒃𝒃𝒃𝒃𝒃



Unbinned l ikelihood calculat ion

17

Reconstructed energy 𝐸𝐸𝑟𝑟𝑒𝑒𝑟𝑟

Visible energy 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

Deposited energy 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑

ℒ 𝜃𝜃 = 𝑃𝑃 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝜃𝜃 ��
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑃𝑃 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃

Poisson term Spectrum PDF

 Reactor antineutrinos
 Geoneutrinos U/Th
 Cosmogenic 9Li/8He
 Fast neutrons
 α/n reactions
 Accidental coincidences
 Correlated radio events (e.g. Bi-Po)
 Global reactor antineutrinos
 Atmospheric (anti)neutrinos

Energy resolution G

Scintillator nonlinearity nl

𝑃𝑃𝑑𝑑𝑒𝑒𝑑𝑑 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓𝑑𝑑𝑒𝑒𝑑𝑑 𝑛𝑛𝑛𝑛 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝑛𝑛𝑛𝑛 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑 ,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒, �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = 𝑓𝑓𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃
𝑷𝑷𝒃𝒃𝒃𝒃𝒃𝒃



Unbinned l ikelihood calculat ion

18

Reconstructed energy 𝐸𝐸𝑟𝑟𝑒𝑒𝑟𝑟

Visible energy 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

Deposited energy 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑

Antineutrino energy 𝐸𝐸�𝜈𝜈

ℒ 𝜃𝜃 = 𝑃𝑃 𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝜃𝜃 ��
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑃𝑃 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃

Poisson term Spectrum PDF

 Reactor antineutrinos
 Geoneutrinos U/Th
 Cosmogenic 9Li/8He
 Fast neutrons
 α/n reactions
 Accidental coincidences
 Correlated radio events (e.g. Bi-Po)
 Global reactor antineutrinos
 Atmospheric (anti)neutrinos

Energy resolution G

Scintillator nonlinearity nl

IBD cross section xs

𝑃𝑃�𝜈𝜈 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓�𝜈𝜈 𝑛𝑛𝑛𝑛 𝑥𝑥𝑥𝑥 𝐸𝐸�𝜈𝜈 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝑛𝑛𝑛𝑛 𝑥𝑥𝑥𝑥 𝐸𝐸�𝜈𝜈 ,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑑𝑑𝑒𝑒𝑑𝑑 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓𝑑𝑑𝑒𝑒𝑑𝑑 𝑛𝑛𝑛𝑛 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝑛𝑛𝑛𝑛 𝐸𝐸𝑑𝑑𝑒𝑒𝑑𝑑 ,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = �𝑓𝑓𝑒𝑒𝑖𝑖𝑒𝑒 𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒, �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 ⋅ 𝐺𝐺(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

𝑃𝑃𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃 = 𝑓𝑓𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸𝑖𝑖 , �̅�𝑟𝑖𝑖 , 𝑡𝑡𝑖𝑖|𝜃𝜃
𝑷𝑷𝒃𝒃𝒃𝒃𝒃𝒃

𝑷𝑷𝒃𝒃𝒈𝒈𝒈𝒈

𝑷𝑷𝒓𝒓𝒈𝒈𝒓𝒓



Our model

19

Detector response:
 IBD cross section (w/ recoil) (fixed)
 Energy resolution
 Liquid scintillator nonlinearity
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BackgroundsOsc. parametersResolution Non-linearity
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Neutrino oscillations:
 Matter density (fixed)
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ℒ 𝜃𝜃 ≅�
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
�𝑃𝑃(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒) ⋅ 𝐺𝐺(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

In theory:
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ℒ 𝜃𝜃 ≅�
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
�𝑃𝑃(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒) ⋅ 𝐺𝐺(𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒,𝐸𝐸𝑖𝑖) ⋅ 𝑑𝑑𝐸𝐸𝑒𝑒𝑖𝑖𝑒𝑒

log ℒ 𝜃𝜃 ≅�
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
log �

𝑗𝑗

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒
𝑃𝑃 𝐸𝐸𝑗𝑗 ⋅ 𝐺𝐺 𝐸𝐸𝑗𝑗 ,𝐸𝐸𝑖𝑖 ⋅ Δ𝐸𝐸𝑗𝑗 = �

𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
log�

𝑗𝑗

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒
𝐶𝐶𝑖𝑖,𝑗𝑗

In theory:

In practice:
 ℒ 𝜃𝜃  log ℒ 𝜃𝜃 (Π Σ)
 ∫ Σ
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𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
log�

𝑗𝑗
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𝐶𝐶𝑖𝑖,𝑗𝑗

In theory:

In practice:
 ℒ 𝜃𝜃  log ℒ 𝜃𝜃 (Π Σ)
 ∫ Σ

Complexity scales with𝑵𝑵𝒈𝒈𝒆𝒆𝒆𝒆𝒆𝒆 × 𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆 !

But the computation of the 𝑪𝑪𝒃𝒃,𝒋𝒋 is independent “embarrassingly parallel” computation
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𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆

𝑵𝑵𝒈𝒈𝒆𝒆𝒆𝒆𝒆𝒆
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Single-thread

𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆

𝑵𝑵𝒈𝒈𝒆𝒆𝒆𝒆𝒆𝒆

1.    Element calculation 2.    Vector reduction
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𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆 ℒ
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Δ𝑡𝑡 = Δ𝑡𝑡1 + Δ𝑡𝑡2

log ℒ 𝜃𝜃 ≅�
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𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
log�
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𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒
𝐶𝐶𝑖𝑖,𝑗𝑗
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log ℒ 𝜃𝜃 ≅�
𝑖𝑖

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
log�

𝑗𝑗

𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑒𝑒
𝐶𝐶𝑖𝑖,𝑗𝑗

Multi-thread
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… …
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3,2 4,2

3,3 4,3

… …

5,1 …

5,2 …

5,3 …

… …

𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆

𝑵𝑵𝒈𝒈𝒆𝒆𝒆𝒆𝒆𝒆

ℒ
C12

C11

C13

…

1.    Element calculation 2.    Vector reduction

Δ𝑡𝑡 =
Δ𝑡𝑡1

𝑁𝑁𝑒𝑒𝑇𝑟𝑟𝑒𝑒𝑟𝑟𝑑𝑑𝑒𝑒
+ Δ𝑡𝑡2
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Control
ALU ALU

ALU ALU

Cache

DRAM

DRAM

CPU

GPU

Model: Intel Xeon Gold 6238R CPU
N° of ALU*: 28 cores (56 threads)
Price: 3 k€

Model: NVIDIA Tesla V100 16 GB SXM2
N° of ALU*: 5120 CUDA cores
Price: 14 k€

*ALU: arithmetic-logic unit

Pros:
More memory
Faster ALUs

Cons:
Less cores

Pros:
Thousands core

Cons:
Less memory
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Multi-threading implemented 
in both CPU and GPU!

Multi-threading on GPU can 
achieve performances x100

– Less time for computations
+ More time for analyses 

x100
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“What if parameters are different from what we expect? (but we still manage to measure them)” precision loss

R
es

o
lu

ti
o

n
O

sc
ill

at
io

n

N
o

n
lin

ea
ri

ty
E

ve
n

t 
ra

te
s

Scale factor:
-50%
0%
+50%



A case study: 𝚫𝚫𝒎𝒎𝟑𝟑𝟑𝟑
𝟐𝟐 - precision

28

“What if parameters are different from what we expect? (but we still manage to measure them)” precision loss
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Important to maximize number of 
selected events: 

Vanessa C.
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“What if we fail in fitting/estimating one or more parameter?” possible bias, accuracy loss
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“What if we fail in fitting/estimating one or more parameter?” possible bias, accuracy loss
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𝟐𝟐 - accuracy

32

Important to understand the 
energy scale of JUNO and to 
characterize its nonlinearity

Beatrice J.

Bias:
-50%
0%
+50%



Final remarks

33

» Unbinned likelihood gives us more freedom in treating space/time-dependent effects:

• performs comparably to binned likelihood/𝝌𝝌𝟐𝟐 when no additional info is provided
we need to test performances when space/time effects are included

» In unbinned likelihood computation time scales linearly with the number of events

• luckily the 𝑵𝑵𝒈𝒈𝒆𝒆𝒆𝒆𝒆𝒆 × 𝑵𝑵𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆 computations required are almost fully independent
 perfect for parallelization

» GPUs are a “no-brainer” when considering parallelization

• Multi-threading implemented in the ORSA fitting framework for both GPU and CPU
 x100 reduction in computation time
(e.g., only 10 seconds for an Asimov binned fit with Minuit)
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