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the flavour puzzle from a symmetry perspective

symmetric limit

𝑚!" 𝜏 = 𝑚!"
# + 𝑚!"

$% 𝜏% + 𝑚!"
$&% ̅𝜏&% + 𝑚!"

'%( 𝜏%𝜏(+…

assume a symmetry group G acts in generation space

fermion masses and mixing angles require (up to) 22 parameters
6+6 masses, 3+3 mixing angles, 1+3 phases

ℒ! = −Ψ"𝒴 ΦΨ− #
⋀ (Φ Ψ)𝒲 (ΦΨ)



the flavour puzzle from a symmetry perspective

symmetric limit

higher 
dimensional 
operators 

vacuum alignment
in SB sector

SUSY breaking effects 
RGE corrections 
(𝚲UV,mSUSY ,tan𝝱)

symmetry breaking sector:
set of dimensionless, gauge invariant
scalar fields, charged under Gfl

𝑚!" 𝜏 = 𝑚!"
# + 𝑚!"

$% 𝜏% + 𝑚!"
$&% ̅𝜏&% + 𝑚!"

'%( 𝜏%𝜏(+…

𝜏!

<- many free parameters

[𝜏! stands for 𝜏! /ΛF
where the scale ΛF has 
been set to 1]

huge number of models: Gfl continuous/discrete, global/local,…..
no baseline model in bottom-up approach



in a SUSY model

𝑚 𝜏 = 𝑍)
*$' 𝜏, ̅𝜏 𝒴(𝜏) 𝑍+

*$' 𝜏, ̅𝜏
the holomorphic part 𝒴(𝜏) can be tightly constrained by modular invariance 

𝜑 → 𝑐 𝜏 + 𝑑 +,! 𝜌- 𝛾 𝜑

𝜏 →
𝑎𝜏 + 𝑏
𝑐𝜏 + 𝑑 𝛾 = 𝑎 𝑏

𝑐 𝑑 ∈ 𝑆𝐿(2, 𝑍)

unitary representation
of the finite modular group 

𝑁 = 1,2,3, …

𝑆𝐿(2, 𝑍5)

𝑅𝑒(𝜏)

𝐼𝑚
(𝜏
)

𝜏="!
""

𝐼𝑚 𝜏 > 0

an ubiquitous ingredient in string theory



Example

𝑆𝐿(2, 𝑍!)
≈ 𝐴"’

𝜈<
𝜈=
𝜈>

→ 𝑐𝜏 + 𝑑 +#𝜌 𝛾
𝜈<
𝜈=
𝜈>

𝑘? = +1 ~3 of 𝑆𝐿(2, 𝑍@)

𝑤 𝜏, 𝜈 = 𝑚A 𝜈 𝒴(𝜏)𝜈 + ℎ. 𝑐.

modular form of level 3
𝑘 = +2 and 𝜌 ⊂ 3 + 1 + 1# + 1′′

𝒴(𝜏)= 𝒴A
2𝑌#(𝜏) −𝑌@(𝜏) −𝑌G(𝜏)
−𝑌@(𝜏) 2𝑌G(𝜏) −𝑌#(𝜏)
−𝑌G(𝜏) −𝑌#(𝜏) 2𝑌@(𝜏)

𝑑(ℳG(Γ@)) = 3
𝜌 = 3

Yukawas completely 
determined in terms of 𝜏
up to an overall constant

no corrections from higher order operators in the exact SUSY limit

[F.F. 1706.08749]



a unique CP law consistent
with the modular group
[Im(𝜏) > 0] 

𝜏 → −𝜏∗ [up to modular 
transformations]

CP conserved ↔ 𝜏 imaginary or 
at the border of the fundamental 
domain

otherwise CP spontaneously broken
by 𝜏

in a modular and CP invariant theory



𝜏 →
𝑎𝜏 + 𝑏
𝑐𝜏 + 𝑑

with discrete nonlinear transformations 

there is no notion of “small”

𝛾 = 1 𝑛
0 1 ∈ 𝑆𝐿(2, 𝑍)𝜏 → 𝜏 + 𝑛



𝜏 = 𝑖

𝜏 = 𝑒J GK/@

𝜏 = 𝑖 ∞

𝜏 → −
1
𝜏

𝜏 → −
1

𝜏 + 1

𝜏 → 𝜏 + 1

S

ST

T

ℤ,-

ℤ'-.×ℤ'-
!

ℤ. ×ℤ'-
!

fixed point

residual symmetry

[F., Gherardi, Romanino and Titov, arXiv:2101.08718] 



𝜏 ≈ 𝑖assume

make use of new
coordinates: 𝑢 =

𝜏 − 𝑖
𝜏 + 𝑖 𝑢 → −𝑢

S

𝑢 is small

𝑚!" 𝑢 = 𝑚!"
# + 𝑚!"

$ 𝑢 + 𝑚!"
&$ -𝑢 + 𝑚!"

' 𝑢' +…

near 𝜏 = 𝑖, this looks like a ℤOP theory
spontaneously broken by the SB parameter 𝑢

mass hierarchies can be generated this way



models of lepton masses

modular invariance successful in describing the lepton sector

reproduce neutrino masses (3), mixing angles (3) and CP phases (3)
in terms of 𝜏 and 2 or 3 additional parameters.

𝑚 𝜏 = 𝑍)
*$' 𝜏, ̅𝜏 𝒴 𝜏 𝑍+

*$' 𝜏, ̅𝜏 = 𝑧#𝒴 𝜏

1. Large freedom leads to > 100 viable models

𝜑 → 𝑐 𝜏 + 𝑑 +,! 𝜌- 𝛾 𝜑

unitary representation
of the finite modular group 𝑆𝐿(2, 𝑍5)

2. non-holomorphic contribution assumed flavor universal

what can we learn?



distribution of models in 𝜏 space
all CP invariant

[F. 2211.00659,2302.11580]



for any choice of level 𝑁, weights 𝑘$ and kinetic terms 𝑍$
%"! 𝜏, ̅𝜏

lepton doublets are in an irrep of  𝑆𝐿 2, 𝑍&

models fall into 3 classes, and the successful one predicts

𝑥 = 𝑢 =
𝜏 − 𝑖
𝜏 + 𝑖

𝑠𝑖𝑛'𝜗(' =
1
2 1 + 𝑐(' 𝑥 + ⋯

𝑠𝑖𝑛'𝜗') = 𝑐') +⋯

𝑥*+ real

𝑠𝑖𝑛'𝜗() = 𝑐() 𝑥'+⋯
Δ𝑚,-.

'

Δ𝑚/01
' = 𝑐,// 𝑥)+⋯

𝛿34 = 𝑐5 +⋯

𝛼'( = 𝜋 +⋯

𝛼)( = 𝑐! +⋯

𝑚(,' = 𝑚7 1 ± 𝑐1𝑥 + ⋯

𝑚) = 𝑚7
𝑐)
𝑥 + ⋯

𝑚7 ≈ 10meV 𝑥 = 𝑢 ≈ 0.1

data reproduced by

𝑐* = 𝑂(1)

[F. 2211.00659,2302.11580]



what determines the value of 𝜏 ?

extrema of 𝑉(𝜏) at the border of the 
fundamental region and along the 𝐼𝑚(𝜏) axis ? 𝑅𝑒(𝜏)

𝐼𝑚
(𝜏
)

CP-conserving

- anthropic selection
- cosmological evolution
- extrema of 𝑉(𝜏)

[Cvetic, Font, Ibanez, Lust and Quevedo, 
Nucl.Phys.B 361 (1991) 194]



CP-violating minima from local SUSY

[Novichkov, Penedo and Petcov, 2201.02020]



Congratulations Serguey!

there are still many adventures 
on our way!



back-up slides







Yukawa interactions in N=1 global SUSY
invariance
satisfied by
”minimal” 
Kahler potential  

N=1 SUSY modular invariant theories

field-dependent
Yukawa couplings

modular forms
of level N and weight kY

invariance of 𝑤 Φ guaranteed by an holomorphic 𝑌8"… 8# 𝜏 such that 

𝑘: 𝑛 − 𝑘8" −⋯− 𝑘8# = 0

𝜌×𝜌8"× … ×𝜌8# ⊃ 1

1.

2.

[extension to N=1 SUGRA straightforward]

𝑤 𝜏, 𝜑 =&
!

𝑌"!… "" 𝜏 𝜑
"! …𝜑 ""

𝑌)"… )# 𝛾𝜏 = 𝑐𝜏 + 𝑑 *$ + 𝜌(𝛾) 𝑌)"… )# 𝜏

form a linear space ℳ;(Γ&))
of finite dimension

𝑆 = -𝑑$𝑥𝑑%𝜃 𝑤 𝜏, 𝜑 + ℎ. 𝑐 + 𝑘𝑖𝑛𝑒𝑡𝑖𝑐 𝑡𝑒𝑟𝑚𝑠


