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Exact analytic expressions (m terms of confluent hypergeometnc functmns) for the probability amphtudes describing the os- 
cdlatmns of two (flavour) neutrinos m matter with exponentmlly varying (electron number) density are derived It is shown that 
the transltmn probabilities they determine reduce to the well-known one m the bruiting cases of (l) zero matter density (oscflla- 
tmns m vacuum), (n) admbatlc transltmns for small neutrino mixing angles, and (m) extreme non-admbatlc transltmns The 
results obtained can be used for descnptmn of matter-enhanced solar neutnno oscdlations which can take place when the solar 
neutrinos propagate from the interior to the surface of the sun 

In the present  let ter  we der ive exact analyt ic  solut ions o f  a system of  evolut ion equations describing the os- 
ci l lat ions of  two ( f lavour)  neutr inos  in mat te r  [ 1-3]  with (electron number )  densi ty  changing exponent ia l ly  
along the neutr ino path  and s tudy some of  their  propert ies.  According to the s tandard  solar model  [4] ,  the 
mat te r  densi ty  in the sun decreases exponent ia l ly  with the dis tance from the centre o f  the sun, except in small 
regions located close to the centre and to the surface. Therefore,  our  results can be used for descr ip t ion  o f  mat-  
ter -enhanced osci l lat ions of  solar neutr inos  which can occur when the solar neutr inos propagate  from the cen- 
tral region to the surface o f  the sun. As was shown by Mikheyev  and Smirnov  [ 3 ], mat te r -enhanced  neutr ino 
oscil lat ions provide  a possible very appeal ing solut ion o f  the solar neutr ino problem. 

We shall consider  for concreteness the case of  t9¢)~-(9~ ) oscil lat ions (see e.g. the review in ref. [5]  ): 

[ (9¢~)=1(91)  c o s 0 + l ( ~ )  s in0 ,  { ( 9 ~ ) ) = - [ ( 9 ~ )  s l n 0 + l ( v ~ )  c o s 0 .  (1)  

Here [(%)) and I ( %  ) )  are the states o f  the neutr inos (an t lneu t r inos)  (9¢) and (9,) with defini te  m o m e n t u m  
P, I ( 9 I )  and  I (9~) are the states o f  two neutr inos (9 ~ and ( ,~ with definite masses m~ and m2 (m2 > m t ) and 
m o m e n t u m  p, and  0 is the neutr ino mixing angle in vacuum. I f  the neutr inos (%), t =  1, 2, are stable and re- 

2 2 lat ivist ic  ( E , = , , / p  + m ,  ~-p+m2/2p,  t =  1, 2, p =  [Pl ), the propagat ion  of  the neutr inos (9~) and t~)  in mat te r  
with non-uni form electron number  densi ty  d is t r ibut ion  is descr ibed by the following system of  evolut ion equa- 
t ions [1,2,6]:  

( o 
ldt\(~'~(t, to)/= e,,_ (-~-(-~)~/ \(~'~(t, to)/'  (2) 

where 

e~2 = (Am2/2p)½  sin 2 0 ,  (3 )  

(~ ~ - ( ~  = ( A m 2 / 2 p )  cos 20 (+ ).~/2GvN¢(t) (4 )  

and Arn2----m~--m~. In eq. (2 )  (5~(t, to), I~=e, ~t, is the ampl i tude  of  the probabi l i ty  to f ind neutr ino (9~) at 
t ime t in a region o f  mat te r  with electron number  densi ty  Are ( t )  i f  at t ime to (to ~< t) some coherent  mixture  
o f  the neutr inos  (9 ~ and ( ~  was produced.  
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My encounter with Serguey

• neutrino oscillation = first experimentally 
established physics beyond SM


• I studied Serguey’s papers intently

• A giant in neutrino physics

• First met him at Neutrino 1998


• When I founded IPMU in 2007, I invited Serguey

• He became a regular presence at IPMU

• Staff loved him
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Neutrinos and relativity
Faster than the speed of light
What does an experiment that seems to contradict Einstein’s theory of relativity
really mean?

IN 1887 physicists were feeling
pretty smug about their subject.
They thought they understood
reality well, and that the future
would just be one of ever more
precise measurements. They could
not have been more wrong. The
next three decades turned physics
on its head, with the discovery of
electrons, atomic nuclei,
radioactivity, quantum theory and
the theory of relativity. But the
grit in the pearl for all this was a
strange observation made that year by two researchers called Albert Michelson and Edward
Morley that the speed of light was constant, no matter how fast the observer was travelling.

Some physicists are wondering whether their subject has just had another Michelson-Morley
moment. On September 23rd researchers at CERN, Europe’s main physics laboratory,
announced that subatomic particles called neutrinos had apparently sped from the lab’s
headquarters near Geneva, through the Earth’s crust, to an underground detector 730km (450
miles) away around 60-billionths of a second faster than light would take to cover the same
distance (see article (http://www.economist.com/node/21530946) ). The difference in speed is
tiny, but the implications are huge.

As every schoolboy (and journalist with access to Wikipedia) knows, this flies in the face of
special relativity, a theory devised by Albert Einstein precisely to explain the observation of
Michelson and Morley. Special relativity, which physicists thought they had tested almost to
destruction, and found not wanting, states that as objects speed up, time slows down. Time
stops altogether on reaching the 299,792,458 metres per second at which light zaps through a
vacuum. Go any faster and you would be moving backwards in time.

803Like 0
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Rare effects from  
high energies

• Effects of high-energy physics mostly 
disappear by power suppression

• can be classified systematically

L = LSM +
1

⇤
L5 +

1

⇤2
L6 + · · ·

L5 = (LH)(LH) ! 1

⇤
(LhHi)(LhHi) = m⌫⌫⌫

L6 = QQQL, L̄�
µ⌫
Wµ⌫Hl, ✏abcW

aµ
⌫ W

b⌫
� W

c�
µ ,

(H†
DµH)(H†

D
µ
H), Bµ⌫H

†
W

µ⌫
H, · · ·



unique role of mν
• Lowest order effect of physics at short 

distances
• tiny effect: (mν/Eν)2≈(0.1eV/GeV)2≈10–20!
• interferometry (e.g. Michaelson-Morley)
• need a coherent source
• need a long baseline
• need interference (i.e. large mixing angle)

• Nature was kind to provide them all!
• neutrino interferometry (a.k.a. oscillation) a 

unique tool to study physics at very high E
• probing up to Λ≈1014 GeV

9



Typical Theorist’s View 
ca. 1990

• Solar Neutrino Problem must be solved by 
Small Angle MSW solution because it is so 
beautiful

• Important scale for oscillation is Δm2≈10-100 
eV2 because it may be dark matter

• θ23 must be about θ23≈Vcb≈0.04
• atmospheric neutrino anomaly must go away 

because it requires large mixing angle

Wrong!

Wrong!
Wrong!

Wrong!



Questions
• mass hierarchy?
• mass scale?
• which octant?
• Is θ23 maximal?
• CP violation?
• Dirac or Majorana?
• sterile neutrinos?
• non-std interactions?
• origin of neutrino mass?
• seesaw?  which type?
• leptogenesis?
• dark matter?

m2

0

solar~7.5×10–5eV2

atmospheric
~2.5×10–3eV2

atmospheric
~2.5×10–3eV2

m12
m22

m32

m2

0

m22

m12

m32

νe
νµ
ντ

? ?

solar~7.5×10–5eV2



anarchy θ23

θ12

θ13

Kolmogorov-Smirnov test (de Gouvêa, HM) 
nature has 47% chance to choose this kind of numbers
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Leptogenesis
• You generate Lepton Asymmetry first.

• Generate L from the direct CP violation in right-
handed neutrino decay

• Like ε’/ε!

• L gets converted to B via EW anomaly

⇒ More matter than anti-matter                  

⇒ Neutrinos saved us from complete annihilation

Fukugita Yanagida

<latexit sha1_base64="1zYGkE/5nmUmpl41pZzz0VKCsHA="></latexit>
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Leptogenesis
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Figure 10: Analytical lower bounds on M1 (circles) and Ti (dotted line) for m1 = 0,

ηCMB
B = 6 × 10−10 and matm = 0.05 eV. The analytical results are compared with the

numerical ones (solid lines). The vertical dashed lines indicate the range (msol,matm).

The gray triangle at large M1 and large m̃1 is excluded by theoretical consistency (cf. ap-

pendix A).

Fig. 10 shows the analytical results for Mmin
1 (m̃1), based on Eq. (107) for thermal initial

abundance (thin lines) and the sum of Eqs. (109) and (110) for zero initial abundance

(thick lines). For comparison also the numerical results (solid lines) are shown. The

absolute minimum for M1 is obtained for thermal initial abundance in the limit m̃1 → 0,

for which κf = 1. The corresponding lower bound on M1 can be read off from Eq. (120)

and at 3 σ one finds

M1 ! 4 × 108 GeV . (121)

This result is in agreement with [10] and also with the recent calculation [12]. Note that the

lower bound on M1 becomes much more stringent in the case of only two heavy Majorana

neutrinos [28]. The bound for thermal initial abundance is model independent. However,

it relies on some unspecified mechanism which thermalizes the heavy neutrinos N1 before

the temperature drops considerably below M1. Further, the case m̃1 # 10−3 eV is rather

artificial within neutrino mass models, and in this regime a pre-existing asymmetry would

not be washed out [2].

31
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di Bari, Plümacher,
Buchmüller



How do we test it?

build a 1014 GeV collider



Possible theories
• Any other signals 

beyond 0νββ and CPV?
• possible gauge groups

• forbids M νR νR

• anomaly-free without 
additional fermions

• no magnetic 
monopoles

• rank ≤5
• possible Higgs

• matter parity?
• e.g. φ(+1) or φ(+2)
• H=GSM or GSM×Z2

• 5 out of 8 have strings

2

generic prediction of the seesaw mechanism. We enumer-
ate all possible symmetries that could protect the right
handed neutrino mass and point out their predicted de-
fect structure. A common possibility seen in di↵erent
breaking structures is the persistence of a cosmic string
network. We compute the gravitational wave spectrum
and compare with projections from future space missions,
finding that such experiments could probe most of the
parameter space necessary for thermal leptogenesis.

SYMMETRY BREAKING PATTERNS

We begin by showing that the cosmic string network
is a generic prediction of the seesaw mechanism when
B�L is broken spontaneously, rather than explicitly. For
this purpose, we classify all possible symmetry breaking
patterns.

We require that there is an extended gauge symmetry
G which forbids the mass for the right-handed neutrinos,
is flavor-blind, and is broken below the Hubble scale dur-
ing inflation to allow for leptogenesis. As a minimalist
approach, we consider gauge symmetries that are at most
rank 52 and are non-anomalous with only the standard-
model fermions and right-handed neutrinos (while not
the focus of this work, we note that non-minimal gauge
groups would o↵er additional opportunities to look for
topological defects). We also require that the symmetry
breaking from G to the Standard Model gauge group,
GSM = [SU(3)C ⇥SU(2)L⇥U(1)Y ]/Z6, does not lead to
magnetic monopoles, allowing the symmetry breaking to
occur below the inflationary scale. With these assump-
tions,we find that there is only a finite set of possible
gauge groups:

Gdisc = GSM ⇥ ZN , (1)

GB�L = GSM ⇥ U(1)B�L , (2)

GLR = SU(3)C ⇥ SU(2)L ⇥ SU(2)R ⇥ U(1)B�L , (3)

G421 = SU(4)PS ⇥ SU(2)L ⇥ U(1)Y , (4)

Gflip = SU(5)⇥ U(1) . (5)

For the first case, ZN is a discrete subgroup of the
U(1)B�L gauge group, and the right handed neutrino
mass is forbidden for N � 3. For instance, it could
be the Z4 center of SO(10). GB�L is the extension of

2
With the standard model particle content with right-handed Ma-

jorana neutrinos, the only possible low-energy discrete gauge

symmetries are Z2 matter parity we considered and Z3 baryon

number, yet the latter is broken in most higher gauge theories.

Therefore, as long as the Z2 matter parity is a subgroup of higher

gauge symmetries, the most likely consequence is the cosmic

strings based on this Z2, no matter how high the rank of higher

gauge symmetry is

the SM to B � L which forbids the right handed neu-
trino mass as they carry lepton number, and U(1)B�L

plays a similar role in GLR. SU(4)PS unifies SU(3)C and
U(1)B�L in a way that originally appeared in the Pati–
Salam theory, GPS = SU(4)PS ⇥ SU(2)L ⇥ SU(2)R [18],
where now the right handed neutrino mass term would
transform under the SU(4)PS. The last case is often
called flipped SU(5) [19] and here the right handed neu-
trinos are charged under the new U(1). Note that all of
the above can be embedded into a unified SO(10) gauge
group.
On the other hand, one can also ask the question

whether there can be a discrete gauge group below
the mass scale of right-handed neutrinos. By requiring
that the discrete gauge group is non-anomalous under
SU(3)C , SU(2)L, and gravity, one can show that the only
possibility is the matter parity Z2 that flips the signs of
all quarks and leptons but nothing else. Namely, the
symmetry breaking pattern is either G ! H = GSM or
G ! H = GSM⇥Z2. Whether the matter parity remains
unbroken depends on the representation of the Higgs field
that generates the mass of the right-handed neutrinos.3

When G is further embedded into larger groups such
as SO(10), topological defects may be unstable. For in-
stance, when GN is embedded into a connected group
such as SO(10) or GB�L, the domain wall is unstable
against the spontaneous creation of a string loop via
quantum tunneling. There, the string loop grows to de-
stroy the entire wall. Similarly, when GB�L is embed-
ded into a simply-connected group such as SO(10) or
GPS, the string is unstable due to the spontaneous pair-
creation of a monopole and an anti-monopole. This cuts
the string, which shrinks and disappears. We explore
these e↵ects further below.
We now study the stochastic gravitational wave back-

ground predicted by breaking patterns which induce cos-
mic strings. The gravitational wave spectrum has been
studied in [20] as a consequence of GB�L, including hy-
brid inflation based on the same gauge group as well as
supersymmetry, in particular the gravitino problem. As
we noted here, the cosmic string network is far more gen-
eral. On the other hand, the consequences of inflation
and supersymmetry are more model-dependent, and we
focus on the symmetry breaking alone.

GRAVITATIONAL WAVES FROM STRINGS

The stochastic gravitational wave prediction from a
cosmic string network has been highly controversial. A

3
Note that the matter parity can be identified with the Z2 sub-

group of the Z4 center of SO(10). This is reminiscent of the

SO(10) origin of the R-parity in the Minimal Supersymmetric

Standard Model.

4

H = GSM H = GSM ⇥ Z2

G defects Higgs defects Higgs

Gdisc domain wall⇤ B � L = 1 domain wall⇤ B � L = 2

GB�L abelian string⇤ B � L = 1 Z2 string† B � L = 2

GLR texture⇤ (1,1,2, 1
2 ) Z2 string (1,1,3, 1)

G421 none (10,1, 2) Z2 string (15,1, 2)

Gflip none (10, 1) Z2 string (50, 2)

Table I: Extended gauge symmetry and topological defects
for di↵erent symmetry breaking patterns, G ! H. Whether
the matter parity Z2 remains unbroken depends on the choice
of the Higgs representations, and here we show examples for
each case. The defects with asterisks ⇤ are unstable against
tunneling e↵ects if G is embedded into a semi-simple group
such as SO(10) or Pati-Salam GPS . The Z2 string with a
dagger † is an abelian string whose Z2 string is stable even
with the embedding. See the body of the Letter for more
details.

Bang Observer [34], DECi-hertz Interferometer Gravi-
tational wave Observatory [35], Einstein Telescope [36],
Cosmic Explorer [37], and LIGO at its design sensivi-
tiy [29]. Note throughout we present the experimental
noise sensitivity. Searches for a known signal shape (as
is the case for cosmic strings) can discover signals below
the background.

The projections shown here would test all breaking
patterns given in Table I that predict cosmic strings. In
computing the spectrum we employed the approximation
that µ ⇠ v2 however for a particular symmetry breaking
pattern this would change by an O(1) factor and hence
would shift the curves in Fig. 1 by this same O(1) fac-
tor up/down. Nevertheless, since v & 1010 GeV can be
firmly tested by future experiments, such missions can
probe almost the entire range relevant for thermal lepto-
genesis.

In principle, one could learn about the specific dynam-
ics of leptogenesis using the cosmic string network. If
leptogenesis takes place in the weak washout regime, the
right handed neutrinos may dominate the energy density
of the universe inducing an early period of matter dom-
ination which would be imprinted onto the GW spec-

ing to detect a stochastic background at the frequencies relevant

for pulsar timing arrays [31, 32]. However, these have large uncer-

tainties in the merger rate arising from the stellar mass function,

the fraction of galaxy mergers that result in SMBH mergers, and

the last parsec problem. Furthermore, since the shape of the

gravitational wave spectrum of SMBH mergers (⌦GW / f
2/3

) is

distinct from that of cosmic strings one could in principle attempt

to disentangle the two. We assume searches are background-free

in setting our constraints though note that, once gravitational

waves from supermassive black hole mergers are observed, this

could constitute an important background.

trum [27]. Furthermore, they would dump entropy into
the SM, diluting the present energy density of strings
at the time of decay. While intriguing, in order for this
to be observable with currently proposed detectors would
require this period to last until temperatures of order the
electroweak scale, outside of typical parameters required
for leptogenesis and we do not consider it further here.

UNSTABLE DEFECTS

When GB�L is embedded into simply-connected
groups such as SO(10) or GPS, and is broken to GSM

without the matter parity, there cannot be a stable
string. The strings are not stable against pair creation
of a monopole and anti-monopole that can cut a string
into two halves [38]. This is a tunneling process and
is suppressed when the string symmetry breaking scale,
v is parametrically lower than the unification scale, V .
Once the string is cut, the string tension quickly pulls
monopoles at the two ends together forcing them to anni-
hilate. However, this process is exponentially suppressed
and if the string network is su�ciently long-lived we can
expect gravitational waves.
The tunneling rate can be estimated semi-classically

resulting in a rate of breaking per unit length [39],

�

L
=

µ

2⇡

g

4⇡
e�⇡m2/µ , (10)

where m is the mass of the monopole and g denotes the
gauge coupling.Here we attempt only an order of magni-
tude estimate. The mass of a ’t Hooft–Polyakov magnetic
monopole [40, 41] for SO(3)/SO(2) is m = 4⇡V/g in the
BPS limit [42, 43], and larger by an O(1) constant other-
wise. On the other hand, for an abelian string in the BPS
limit, both the gauge boson and Higgs mass are ev and
the string tension is µ = 4

3⇡v
2 (see, e.g., [44]). For re-

alistic groups there are O(1) group theory factors which
we ignore. We also ignore the running of the gauge cou-
pling constant between two scales. The string network
survives down to the Hubble rate

H ⇠
�

L
` ⇠ v2`e�12⇡2V 2/g2v2

. (11)

We make an assumption that a typical length of a string
is of the Hubble size ` ⇠ H�1. This gives,

H ⇠ ve�6⇡2V 2/g2v2

. (12)

In principle, this could provide a lower cuto↵ on frequen-
cies today to the frequency spectrum of GW (see, e.g.,
Fig. 7 of [45]) and provide additional emission from
bursts when the string self destructs [45]. However, we
see that even for a small separation between V and v,
there is a large exponential suppression in the rate and
we can neglect this process. Therefore the string network

⟨φ⟩νRνR⟨φφ⟩νRνR/MPl

0 ! ⇡2(G) ! ⇡2(G/H) ! ⇡1(H) ! ⇡1(G) ! ⇡1(G/H) ! ⇡0(H) ! ⇡0(G) = 0

<latexit sha1_base64="cxNvpjhJzj+r+wMDl9e1hzZgQO0=">AAACeXicdZHLTgIxFIY74w3xhrp0UyWa0QV0AAMuTIguZImJXBIgk04p0NCZTtqOhhBexCfyFXwWN5aLC3T8kyYn3zn923OOH3GmNEKflr2xubW9k9pN7+0fHB5ljk+aSsSS0AYRXMi2jxXlLKQNzTSn7UhSHPictvzx4zzfeqVSMRG+6ElEewEehmzACNYGeZl3BLuSDUcaSyneYDdiXsF5uk4nwHztL3adRJhg4CYboCQDZAzukZfJotxdpViulODfwM2hhbJgpbqX+ej2BYkDGmrCsVIdF0W6N8VSM8LpLN2NFY0wGeMhnS4mN4OXBvXhQEhzQg0XdK0OB0pNAt9UBliP1O/cHCblOrEeVHpTFkaxpiFZPjSIOdQCztcA+0xSovnEBJhIZn4IyQhLTLRZVtq0/tMf/D9oFnJuKXf7XMpWH1ZDSIEzcAEc4IIyqIIaqIMGIBawrqy8hawv+9x27JtlqW2t7pyCNdnFb931urY=</latexit>



covers pretty much the entire range for leptogenesis!
caveat: particle emission from cosmic strings

J. Dror, T. Hiramatsu, K. Kohri, HM, G. White, arXiv:1908.03227



14 14. Neutrino masses, mixing, and oscillations

neutrinos are predicted to be of Majorana nature by the see-saw mechanism of neutrino
mass generation [3]. The observed patterns of neutrino mixing and of neutrino mass
squared differences can be related to Majorana massive neutrinos and the existence of an
approximate flavour symmetry in the lepton sector (see, e.g., Ref. 96). Determining the
nature of massive neutrinos νj is one of the fundamental and most challenging problems
in the future studies of neutrino mixing.
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Figure 14.1: The effective Majorana mass |<m>| (including a 2σ uncertainty),
as a function of min(mj). The figure is obtained using the best fit values and
the 1σ ranges of allowed values of ∆m2

21, sin2 θ12, sin2 θ13 and |∆m2
31(32)| from

Ref. 58 (see Table 14.1), propagated to |<m>| and then taking a 2σ uncertainty.
The phases α21 and (α31 − 2δ) are varied in the interval [0,2π]. The predictions
for the NH, IH and QD spectra as well as the GERDA-II, KamLAND-Zen and the
combined CUORE+CUORICINO limits, Eq. (14.20) and Eq. (14.21), are indicated.
The black lines determine the ranges of values of |<m>| for the different pairs of
CP conserving values of α21 and (α31 − 2δ): (0, 0), (0, π), (π, 0) and (π, π). The red
regions correspond to at least one of the phases α21 and (α31 − 2δ) having a CP
violating value, while the blue and green areas correspond to α21 and (α31 − 2δ)
possessing CP conserving values. (Update by S. Pascoli of a figure from Ref. 112.)

The Majorana nature of massive neutrinos νj manifests itself in the existence of
processes in which the total lepton charge L changes by two units: K+ → π− + µ+ + µ+,
µ− + (A, Z) → µ+ + (A, Z − 2), etc. Extensive studies have shown that the only

June 5, 2018 19:50

PFS 
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Planck 
Σmνi<0.2eV



three possible portals in renormalizable theories

H
0†
H

0
H

†
H
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Neutrinos are fun

Thank you, Serguey!


