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stato nella fase state/operator approssimata operatore con carica
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Transformation properties of the fields

[SU2)] | SUNNg), x  SUNpr x  Ul)y x  U@d)a
ar O 0 ] 1 1
iO’QquE O 1 O -1 +1

[SU@)] | SU@Ny)  x  U(1)a
o) O 0 1

Transformation properties of qr,, ic27T2qf;, and Q under the action of the symmetry groups.
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EOMs for the Witten variables
The equations of motion read
m2
sin ¢ (Nfcos<p — —;X) =0
o
om2 sinojcosp =af, i=1,..,N;

and the energy of the system is

E=-? [4mer — a§2] , normal phase (¢ = 0)
N2 4 4x2 _ 2
E=—v? [Qﬁ - a92:| , superfluid phase (cosap = Bn X)
2 2
Nepe Nep

In the normal phase, the Witten variables are related to 6 by the well-known equation
N¢
2m72T sina; =af = a (0 — Zai>
i
For the general solution we must have for any 6 fixed .

2
To solve for the o; we consider the expansion in the parameter == < 1 .
a

FEDERICO Il
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EOMs for the Witten variables

At the leading order one needs to solve for § = 0 and the angles «; satisfy

o = T—a, i=1,...,n (10)
o, i=n+1,...,N¢

where « is the solution of the following modular equation
n(m —a) + (Ng —n)a = 60 Mod 27 . (11)

The modulo comes from the fact that if a solution {«a;} of eq.(9) is found, then it is possible to
build another solution as follows

a1(0 +27) = a1 () + 27, ai(0+2m) =ai(0), i=2,...,N;. (12)

However, since the physics depends only on e~®, the dynamics is invariant under 6 — 6 4 2.
The solution of eq.(11) can be written as
04+ 2k —n)7
© (N¢—2n)

(13)

Ne—1
k=0,...,Ny—2n—1, n:O,.,.,{ f2 ]

The range for k above emerges because for k > N — 2n we repeat the solution for a given n.
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Solutions of the EOM for Witten variables

One can ask when two different solutions of the equation of motion can have the same energy. This
corresponds to requiring

cos (w) = cos (@) , normal phase (14)
N¢ f
0 + 2wk 0 + 27k
cos? [ 22T g2 (92T , superfluid phase . (15)
Nf Nf
0

Both conditions are satisfied when | k; = —— — ko + N¢ |.
T

ky and ko are integers

It is sufficient to consider the case ki = 0 that for [0, 7] interval corresponds to the ground
state energy, furthermore at § = 7 it forces the second solution to be ko = N¢ — 1
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We have the solution | k; = —ko + 7f — 2 | which can be realized for
s
_ 6 _ 60— —27
o= a=Tr 4T a="2 N’f
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CP breaking

Note that when n # 0, the vacuum spontaneously breaks Sp(2N¢) because of the different
phases for each quark flavour.

CP is preserved when 6 = 0. For equal mass quarks as considered here, this happens when
my =0or 6 =0.

For 6 = = the Lagrangian possess CP symmetry but in the normal phase the latter is
spontaneously broken by the vacuum

[Dashen:1970et, DiVecchia:2013swa,Gaiotto:2017tne, DiVecchia:2017xpu] , leading to a strong 6-dependence
near ¢ = .

CcosE
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CP breaking

Assuming that the ground state does not break Sp(2Ny) spontaneously (i.e. n = 0), the vacua lie
at [7]
j0+2mk

U(ai) =e Nt :I.QNf . (16)

For 0 = 7 one has X = cos (W), which is maximized when k = 0 and k = N¢ — 1, that is

U(ai) = e;\llf 12Nf s U(ai) = e_livlflng . (17)

The two solutions are related by a CP transformation U — Ut and thus CP is spontaneously broken.
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For N¢ > 2 the minima are separated by an energy barrier while for Ny = 2 the leading order
of

quark-mass induced potential vanishes [smilga:1998dn] , apparently leading to a paradoxical situation
according to which one has massless pions and no explicit breaking of chiral symmetry.

I TN an B e
2 J/ TN 2 "
/ \
/ \
-1 // \\
’/ \\ _)(IZ
/
/ \ - -Xi2
] -2 / \
S 3n B / \
z n 2 ” / \
— X / \
s X - / A
/
_,
2 4l
0-dependence of the energy in the
normal phase for Ny = 2.

0-dependence of the energy in the
superfluid phase for Ny = 2.
6-dependence of the

energy for Ny = 2.
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Symmetry breaking pattern & Spectrum

2N7—N¢
SU(?N{) X U(l)A ~ Sp(?Nf) ) ) ) 1
w? =K 42, L1 SNe(Ne +1)
’LL 4~2 H
a, ix 1
m l W§:k2+I:2W, ENf(fol)*l
f
SU(Nf)VXU(l)B Ang2 42
2 (0N + 3m7 X?) H 1
wé:k2+i\]2—2+A, .+ SNe(Ne — 1)
superfluid phase N2 N, s
2 2 (p*Nf + 3m3X?)
Wi =K’ + W — A,
2 2 2
Sp(Nf)V ws = k” + Mg, o 1
where
2
_ m\/(Ngu4 +3maX2)% + ANZ;2mik2X? | (18)
FH

_aptNE + 27 m3 X2 ( min) (19)

M2 = -
uANE

2pAN? — 2m4 X2




Large charge setup

We will consider our system on a manifold M with volume V and curvature R such that the
underlying new scale of the theory is

Aq = (Q/V)'/? (20)

where Q is the fixed baryon charge.
Concretely, we will take our manifold to be

M =R x8i! (21)
such that we can consider an approximate state-operator correspondence that implies
Aq=V'3Eq, Eq=upQ-* (22)

where Aq is the scaling dimension of the lowest-lying operator with baryon charge Q, Eq is the
ground state energy on R x S9-1 at fixed charge, V1/3 is the radius of S4-1.
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Large charge expansion of the #-angle physics

We double-expanded X first in v and then also in 1/Q as follows

X =Xo+X1v+ (v?), Xy = Xy + Q2/3 (Q 4/3) for v < 1
Xy -
X=Xo+Xi(1-7+(1-7?%, Xi = Xuo + Q4/3 Q). forl-n<l.
where

Xoo =N cOS(0+2k7r> 000 =0

00 = N¢ ; ) m2 Xoo sin(%)

001 =

. 9m? sin? (70+I\?:‘"> cos (79"'1\?:‘7’) 01 aN;

o 8 22/374/3 Ci/?, 010 =0

= 2 i [ 2(0+27k) 8192m3c? N3O

X10=0 ) 3mz sin (T) log (T/;f>
X1 =0 011 =

2/3,54/3 2
32 22/374/3a cf o
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EOMs

Evaluating the lagrangian (3) on the vacuum ansatz

+

2 g Af, + —4fog 1 —2fo
Lo,0 [So,00] = —e~ 470 <A4 - > -2 (4foo +e ) _Re

16f2 16£2 12f2

2 2 —f 27y 2 —of 2 —dfog 52
+4myr Xcosp e 7% + 2 Nep“e =70 709" |

.2
sin” ¢ —ave
where

2

Ny Ny
92072041, XEZcosai, A=Ay o

16£2
The respective equations of motion are
Niple 7 cosp — m2Xe 7Y =0
ae” 170 — 2m? sin oy cos e Y = 0, i=1,..,N;
R‘efzfo- s Cte m2 1— 674100
of + dafv’e™ 4 Y? + 4fAge o _ a( i )
—4f*Npe 2 sin”  — 4fm2 1%y X cos pe 7Y =0
4uNpPe 7 sin? o = % .
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Aq

7«1

3,2/

Aq _ 9m? 21—V10g(m) 2<9+27rk>< 1 )2/3
= — COSs

Aa 327w 4Ci/3Nf N¢ 272p

4 . 2 (6+27k om2 \2 2 (427K
~ 5 (9+27rk> 27m. sin (]\7:() 5(%) cos (]\7:() cass
cos _

o 2/3
C2/3Nf N¢ 256 22/37r4/3aci/3N? 6C3/3Nf 2 <27r2Q>
X 9m3 2( ! )4/31 Q 16 2N¢m? L 4/31 Q
— 0gQ — — T cy 3V R
327y 272p & 9 2/3 e 2m2p o8
1-v<1
Aq 9m? 5 [0+ 27k 16 o 5 5 1 \%/3
=1- (1 — P — 2 N 1
(e () B i) (1)

[
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Spectrum

2_
SUN;) x U(1)a -~ % Sp(2Nf) — SUNp)y x U()s ~  Sp(Ni)v (29)
Having in mind the hierarchy of scales m < v/a < pu < 4rv, we focus on the spectrum of

light modes

%Nf(Nf — 1) massless Goldstones: H+o of Sp(Ny)

1 pseudo-Goldstone e of Sp(N¢) with mass < y/a

the spectrum changes when (near)conformal
dynamics is realized through the dilaton dressing

we expand around the vacuum solution as follows

¢ ™ 0 1 0 1 Sl;((l\#f))
_iQ iQ _ 2 N¢ 2 — — a
Y =e""3Ype where = ( 0 —nt ) + BS ( 0 In, ) , B= N T ;:O 7Ty
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Spectrum

S oy am@)

-1 M a
12 sin? g e 200f 5 S)D + ;37r8m (30)

RS

with the inverse propagator D~! defined as

w? —k? iwpfy/2Ng¢ 0
. 22 2fu?m? /N XyZ
D! = —iwpf\/2N¢ m - M2 L1ag 7 Lo = V2fum3 /N Xy
1 (w27k2) 9 mf}(X2 — [L4N?62f60(y_2>
0 515’5 sin? ¢ - MS

(31)

where Z = Z}\il sin a; and the Lagrangian masses for the dilaton-field and the S mode are given

by
22N efﬁfao 2m4x2 2 _9 e6ﬁ70 +2 4V2N262f00(y+1) — AN 2N erJUy
Mg = - — Ve )2 2, “2 v — ) (32)
202 (uANZe2foo(y—2) — miX2)
E a,u4N?leGO(y_1) + 2u2miX2e4ff’0 (33)
5= 20 N2e2fo0y — 2mi X2etfoo :
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Spectrum

conformal in-
variance dictates

the existence of mixing between chanecyonss
a massless mode the singlet mode locity from .
with speed vg — mo with the dilaton ve =1—=ve =7
11
da-1 3 [13]

In the large-charge limit, the above reduces to

1 V3 X2 (9m2 )2 (v)m )
<1l: woe=k + s — +...| +0(k
v 2 |:\/§ (27r2)2/3 c2/3N? 1287w Q ( )
1 25/3C2/31/2m2 9\/§m4X002 (V)4/3
1-9)<1l: wea=k|—=+1 7 4+ ul — +... | +0(K?
1= ? V3 ( 3v/372/3 128V2r%/3¢1 N2 | \Q ()
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Axion

We denote by vpq the scale of U(1)pq spontaneous symmetry breaking and by apq the coefficient
of the U(1)pq anomalous term.

Lo = *Tr{0, 20" S} + 120, NO*NT + 4 *Tr{BS 0,5} + m2 1 Tr{MXS + M'S'}

. ) 2
+ 2p?v? [Tr{EBTXB} + Tr{BB}] — av? (0 — iTr{logE —logxT} — iapQ(logN — log NT)) .

(34)
w?—k? — M2 _ _ aVNiapg
2N?7Nf+1 D,1 _ sin? ¢ S 4\/§VPQ sin? ¢
SU(2N¢) x U(1)a x U(L)pq ~ Sp(2Ny) = | avNapg Wl 2 )
4\/§pr sin2 ¢ 4v? sin? ¢ a
1
R l 1 (35)
SUNp)y xU(1)p where
4 2.4
ap*Ng+ 2p°m7
superfluid phase L M3 —W (36)
4,2
ap*a
M= (37)
Sp(Ng)v 16v5q (u* —m3)

Cc
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