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In the first part of the talk we briefly explain our computation of the renormalization-group (RG) 
improved generating functional of twist-2 operators with maximal spin projection on the      
light-cone direction in pure SU(N) Yang-Mills theory [3].

1) Computation of the lowest-order conformal generating functional as the logarithm of a funcional    
determinant [1][3]

2)  Construction of a renormalization scheme where the operators become multiplicatively 
renormalizable [2][3]

3) RG improvement of the Euclidean conformal generating functional [3]

3 Steps:

In the second part we discuss the non-perturbative interpretation of our results in the large-N 
expansion of Yang-Mills theory [4].
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Twist-2 operators transform to the leading order as primary operators with respect to the conformal 
group [5]

[5] N. Beisert, G. Ferretti, R. Heise and K. Zarembo, One-loop QCD spin chain and its spectrum, Nucl. Phys. B 717 (2005) 137–189, [hep-th/0412029].

Yang-Mills theory is conformal to order     (leading order) and also      (next-to-leading) of 
perturbation theory (as the beta function enters the solution of the Callan-Symanzik equation to 
order     ).
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are the ”balanced” operators that appear as leading terms in the OPE of tensor currents in 
Minkowskian space-time near the light-cone.
They are balanced as the number of dotted and undotted indices in the spinor representation 
coincides.
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are the ”unbalanced” operators as they are chiral, i.e. have a different number of dotted and 
undotted indices in the spinor representation

Generalization of the stress-energy tensor
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These operators can be projected onto the + light-cone direction and have nice transformation properties with 
respect to the collinear conformal subgroup.    

In the light-cone gauge they are exactly bilinear and take the form [6][3]

where s is the collinear spin, i.e. the eigenvalue of the spin operator along the light-cone direction and

[6] V. M. Braun, G. P. Korchemsky and D. Mueller, The Uses of conformal symmetry in QCD, Prog. Part. Nucl. Phys. 51 (2003) 311–398, [hep-ph/0306057].

are the Gegenbauer polynomials, which are a special case of the Jacobi polynomials.
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Odd spin 

Even spin
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We have pointed out [3] that the above operators are quadratic to all orders of perturbation theory in the 
light-cone gauge. Hence, we have computed their generating functional as a Gaussian functional integral from 
the definition of the Yang-Mills theory in the light-cone gauge to the lowest order [3]
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For simplicty we only report in the present talk the generating functional of the even-spin balanced
operators [3]. The conformal result is
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(which can be computed at the lowest order of perturbation theory) is not zero.  
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in general, the above operators mix with derivatives of lower spin operators of twist-2. 
As a consequence we get from the Callan-Symanzik equation the corresponding UV asymptotics for        

Defining 

Step 2

The idea in [2] is to find a (formal) holomorphic transformation depending on the coupling that defines a finite change 
of renormalization scheme

<latexit sha1_base64="wO5wP1VIGRpQX08JpeV98/icem4=">AAACEHicbZDLSsNAFIYn9dbWW9Slm6FF2iKURETdCEU37qxoL9CEMplO2qGTCzMTMYQ+ghvxTdy4UMStS3d9GydtF9r6w8DPd85hzvmdkFEhDWOsZZaWV1bXsrn8+sbm1ra+s9sUQcQxaeCABbztIEEY9UlDUslIO+QEeQ4jLWd4mdZb94QLGvh3Mg6J7aG+T12KkVSoq5dyOctDcoARS65HpfJDBZ7D23K/An9hRbt60agaE8FFY85MsVawDp/Htbje1b+tXoAjj/gSMyRExzRCaSeIS4oZGeWtSJAQ4SHqk46yPvKIsJPJQSN4oEgPugFXz5dwQn9PJMgTIvYc1ZluKeZrKfyv1omke2Yn1A8jSXw8/ciNGJQBTNOBPcoJlixWBmFO1a4QDxBHWKoM8yoEc/7kRdM8qpon1eMblcYFmCoL9kEBlIEJTkENXIE6aAAMHsELeAPv2pP2qn1on9PWjDab2QN/pH39AAMBnbI=</latexit>

O
0(x) = S(g)O(x)

In [2] it demonstrated that under the so called “non-resonant” condition           is diagonalizable and it is one loop 
exact to all orders of perturbation theory and its eigenvalues take the form
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Since, for twist-2 operators in SU(N) Yang-Mills theory the non-resonant condition is verified [8][3] then the 
UV asymptotics is greatly simplified
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[8] U. Aglietti, M. Becchetti, M. Bochicchio, M. Papinutto and F. Scardino, Operator mixing, UV asymptotics of nonplanar/planar 2-point correlators, and nonperturbative large-N       
expansion of QCD-like theories, [2105.11262].
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It follows the RG-improved Euclidean generating functional of the even-spin balanced (rescaled so that the 2-point 
correlators are of order 1 for large N) operators in the non-resonant diagonal renormalization scheme [3]
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In the ‘t Hooft large-N expansion, Feynmann diagrams -in the double line representation- are topologically 
equivalent to closed Riemann surfaces (with punctures). 

Then, the perturbative series can be rearranged so that the topologically equivalent contributions are resummed 
together. 

Therefore, our generating functional should be interpreted as a sum of topologically distinct terms
<latexit sha1_base64="df1e1O5q4v9ZIgzpKxWP2GHL6aI="></latexit>

W =
X

n

N2�nWsphere(g, n) +N�nWtorus(g, n) + . . .

where n stands for the number of operator insertions and the ellipses for higher-genus contributions.

Large-N generating functional

Graphically,
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Large-N generating functional
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Yang-Mills theory in the large-N expansion should be interpreted as a theory of an infinite number of weakly 
interacting glueballs, with interaction of order 1/N.
The generating functional reads schematically

where * stands for a presently unkown algebraic structure on the glueball fields. 

Hence, the connected generating functional reads

With                and

Non-perturbative interpretation of the large-N generating functional
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Remarkably, our asymptotic result reproduces the logDet structure of the glueball one-loop generating functional
Yet, surprisingly, the sign is the opposite of what would follow from the spin-statistics theorem
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The aim of this talk is to solve the above sign puzzle. 
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The minus sign in front of the logDet in                 arises from the spin-statistics theorem, since all the 
gauge-invariant glueball interpolating fields have integer spin, and thus the glueballs should be bosons
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One of the hypotheses of the spin-statistics theorem is that there must be a finite number of fields. Indeed, in 
theories where there is an infinite number of fields several counterexamples to the theorem are known.
These counterexamples are based on massive infinite dimensional representations of the Lorentz group. For 
instance, in [9] examples are constructed of theories with an infinite number of integer-spin fields where fermionic 
statistics must be imposed in order to ensure positivity of the energy.

Conversely, there are examples of fields with half-integer spins that require bosonic quantization [9][10][11][12].

A significant issue with this hypothetical way out of the sign puzzle is that the aforementioned infinite-
dimensional representations of the Lorentz group have infinite mass degeneracy. Namely, the fields constructed by 
means of these representations decompose –according to the Wigner theorem- into the sum of irreducible 
representations of the Poincaré group corresponding to an infinite number of particles of any spin, all having the 
same mass.
This would correspond to vertical Regge trajectories that is not acceptable in large-N Yang-Mills theory, as 
evidence from lattice calculations shows [13]             

[9] Harish-Chandra. “Infinite Irreducible Representations of the Lorentz Group.” Proceedings of the 
Royal Society of London. Series A, Mathematical and Physical Sciences 189, no. 1018 (1947)

[11] Streater, R.F. Local fields with the wrong connection between spin and statistics. Commun.Math. 
Phys. 5, 88–96 (1967). 
[12] R. Casalbuoni, Majorana and the Infinite Component Wave Equations, PoS EMC2006 (2006), 
[hep-th/0610252].
[13] M. Bochicchio,  Glueball and Meson Spectrum in Large-N QCD, Few Body Syst. 57 (2016) no.6, 455-459

[10] Feldman, G. and Matthews, P. T., Unitarity, Causality, and Fermi Statistics, Phys. Rev. 151 , 4, (1966)



We have found a different way out of the sign puzzle: The ‘t Hooft topological expansion must be refined

To understand where the extra topologies come from, we need to recall the proof of the ‘t Hooft topological 
expansion.

In SU(N) Yang-Mills theory the color dependence of the propagator has a leading and subleading contribution

In the double line representation [14][15]

<latexit sha1_base64="BqMX1KxQ7kmKBdiDdwOQr1iGVTw=">AAAB8nicbVDJSgNBEO2JW4xb3PDgpTEInsKM4HIMeskxgllgZgg9nZ6kSff00F0jhJB/0IMXD4p49Wu8+Td2loMmPih4vFdFVb0oFdyA6347uaXlldW1/HphY3Nre6e4u9cwKtOU1akSSrciYpjgCasDB8FaqWZERoI1o/7t2G8+MG24Su5hkLJQkm7CY04JWMkPTCbbAXDJTLtYcsvuBHiReDNSqlSPDsnTwWOtXfwKOopmkiVABTHG99wUwiHRwKlgo0KQGZYS2idd5luaELskHE5OHuFTq3RwrLStBPBE/T0xJNKYgYxspyTQM/PeWPzP8zOIr8MhT9IMWEKni+JMYFB4/D/ucM0oiIElhGpub8W0RzShYFMq2BC8+ZcXSeO87F2WL+5sGjdoijw6RifoDHnoClVQFdVQHVGk0DN6RW8OOC/Ou/Mxbc05s5l99AfO5w+1MJPG</latexit>X

⇥

<latexit sha1_base64="4v7TqAmaHN/IVIrVm8aTnCZ+cWg=">AAACAXicbVDLSsNAFJ34tr6qbgRFgkUQlJIIPpaiG5cW7APaUCbTm3boZBJmbtQS6kb8EzcuFHEl+Bfu/AZ/wuljodYDA4dz7uHOPX4suEbH+bTGxicmp6ZnZjNz8wuLS9nllZKOEsWgyCIRqYpPNQguoYgcBVRiBTT0BZT99lnPL1+B0jySl9iJwQtpU/KAM4pGqmfXdmt7NYQbTCVc2xjFJtHkoLv1bM7JO33Yo8QdktzJxlvh637z7aKe/ag1IpaEIJEJqnXVdWL0UqqQMwHdTC3REFPWpk2oGippCNpL+xd07W2jNOwgUuZJtPvqz0RKQ607oW8mQ4ot/dfrif951QSDYy/lMk4QJBssChJhLrV7ddgNroCh6BhCmeLmrzZrUUUZmtIypgT378mjpLSfdw/zBwXTxikZYIasky2yQ1xyRE7IObkgRcLILXkgT+TZurMerRfrdTA6Zg0zq+QXrPdvseCaxw==</latexit>

+new topologies

<latexit sha1_base64="dhOmUMgK5kQSBBrN5RPR9K23lCc=">AAAB83icbVDLSsNAFL2pr1pfVRcibgaL4MaSCGqXRTeupIJ9QBPKZDpph04mYWYilJDfcONCEbf+i7jTjVs/w+ljodUDFw7n3Mu99/gxZ0rb9ruVm5tfWFzKLxdWVtfWN4qbWw0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+oOLkd+8pVKxSNzoYUy9EPcECxjB2kjukRtITFInS6+yTrFkl+0x0F/iTEmpWvl83fn42q11im9uNyJJSIUmHCvVduxYeymWmhFOs4KbKBpjMsA92jZU4JAqLx3fnKEDo3RREElTQqOx+nMixaFSw9A3nSHWfTXrjcT/vHaig4qXMhEnmgoyWRQkHOkIjQJAXSYp0XxoCCaSmVsR6WOTgjYxFUwIzuzLf0njuOyclk+uTRrnMEEe9mAfDsGBM6jCJdSgDgRiuIMHeLQS6956sp4nrTlrOrMNv2C9fANUGpWl</latexit>

� 1

N

<latexit sha1_base64="I44cVbN95pFy9cBlHzHYZve6xVE="></latexit>

hAijAlki /
1

2

✓
�il�jk � 1

N
�ij�lk

◆

<latexit sha1_base64="ziW0DTdZRO8ProxuZ6i5E++Slmk=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVd4pFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvMlOQNA==</latexit>

i
<latexit sha1_base64="4GURdRg4ITNV1kjsjjWyvd7W6po=">AAAB6HicbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJumkZ6G7RwhDjp68eFDEq1+R7/DmN/gTdpaDJj4oeLxXRVU9LxZcadv+spaWV1bX1jMb2c2t7Z3d3N5+VUWJZFhhkYhk3aMKBQ+xorkWWI8l0sATWPP6t2O/9oBS8Si814MY3YB2Qu5zRrWRyr1WLm8X7AnIInFmJF88GpW/H49HpVbus9mOWBJgqJmgSjUcO9ZuSqXmTOAw20wUxpT1aQcbhoY0QOWmk0OH5NQobeJH0lSoyUT9PZHSQKlB4JnOgOqumvfG4n9eI9H+tZvyME40hmy6yE8E0REZf03aXCLTYmAIZZKbWwnrUkmZNtlkTQjO/MuLpHpecC4LF2WTxg1MkYFDOIEzcOAKinAHJagAA4QneIFXq2c9W2/W+7R1yZrNHMAfWB8/wUCQnw==</latexit>

j

<latexit sha1_base64="Wne2Qv51tEXIExEQc54fS/EwHZ4=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVdEpFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvNt+QNw==</latexit>

l
<latexit sha1_base64="dsmJLKtHAo3Ptwpn7EGPOyrtTGM=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVE8LIRi25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9GPduxLdx2rrQ1h8GPv7/HOacEyScKe26X1ZuYXFpeSW/aq+tb2xuFbZ36ipOJcUajXksmwFRyJnAmmaaYzORSKKAYyMYXI3zxh1KxWJxo4cJ+hHpCRYySrSxqoNOoeiW3ImcefB+oHjxbp8nb592pVP4aHdjmkYoNOVEqZbnJtrPiNSMchzZ7VRhQuiA9LBlUJAIlZ9NBh05B8bpOmEszRPambi/OzISKTWMAlMZEd1Xs9nY/C9rpTo88zMmklSjoNOPwpQ7OnbGWztdJpFqPjRAqGRmVof2iSRUm9vY5gje7MrzUD8qeSel46pbLF/CVHnYg304BA9OoQzXUIEaUEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GzVbkDY=</latexit>

k

<latexit sha1_base64="ziW0DTdZRO8ProxuZ6i5E++Slmk=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVd4pFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvMlOQNA==</latexit>

i
<latexit sha1_base64="4GURdRg4ITNV1kjsjjWyvd7W6po=">AAAB6HicbVDJSgNBEK1xjXGLelSkMQiewozgcgx68ZiAWSAZQk+nJumkZ6G7RwhDjp68eFDEq1+R7/DmN/gTdpaDJj4oeLxXRVU9LxZcadv+spaWV1bX1jMb2c2t7Z3d3N5+VUWJZFhhkYhk3aMKBQ+xorkWWI8l0sATWPP6t2O/9oBS8Si814MY3YB2Qu5zRrWRyr1WLm8X7AnIInFmJF88GpW/H49HpVbus9mOWBJgqJmgSjUcO9ZuSqXmTOAw20wUxpT1aQcbhoY0QOWmk0OH5NQobeJH0lSoyUT9PZHSQKlB4JnOgOqumvfG4n9eI9H+tZvyME40hmy6yE8E0REZf03aXCLTYmAIZZKbWwnrUkmZNtlkTQjO/MuLpHpecC4LF2WTxg1MkYFDOIEzcOAKinAHJagAA4QneIFXq2c9W2/W+7R1yZrNHMAfWB8/wUCQnw==</latexit>

j

<latexit sha1_base64="Wne2Qv51tEXIExEQc54fS/EwHZ4=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUiBr14TMAskAyhp1OTtOlZ6O4RwpAn8OJBEa/6MN69iG9jJ/GgiT80fPx/FV1VfiK40o7zZeUWFpeWV/Kr9tr6xuZWYXunruJUMqyxWMSy6VOFgkdY01wLbCYSaegLbPiDq3HeuEOpeBzd6GGCXkh7EQ84o9pYVdEpFJ2SMxGZB/cHihfv9nny9mlXOoWPdjdmaYiRZoIq1XKdRHsZlZozgSO7nSpMKBvQHrYMRjRE5WWTQUfkwDhdEsTSvEiTifu7I6OhUsPQN5Uh1X01m43N/7JWqoMzL+NRkmqM2PSjIBVEx2S8NelyiUyLoQHKJDezEtankjJtbmObI7izK89D/ajknpSOq06xfAlT5WEP9uEQXDiFMlxDBWrAAOEeHuHJurUerGfrZVqas356duGPrNdvNt+QNw==</latexit>

l
<latexit sha1_base64="dsmJLKtHAo3Ptwpn7EGPOyrtTGM=">AAAB6HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVE8LIRi25ctmAv0IYymZ60YyeTMDMRSugTuHGhiFt9GPduxLdx2rrQ1h8GPv7/HOacEyScKe26X1ZuYXFpeSW/aq+tb2xuFbZ36ipOJcUajXksmwFRyJnAmmaaYzORSKKAYyMYXI3zxh1KxWJxo4cJ+hHpCRYySrSxqoNOoeiW3ImcefB+oHjxbp8nb592pVP4aHdjmkYoNOVEqZbnJtrPiNSMchzZ7VRhQuiA9LBlUJAIlZ9NBh05B8bpOmEszRPambi/OzISKTWMAlMZEd1Xs9nY/C9rpTo88zMmklSjoNOPwpQ7OnbGWztdJpFqPjRAqGRmVof2iSRUm9vY5gje7MrzUD8qeSel46pbLF/CVHnYg304BA9OoQzXUIEaUEC4h0d4sm6tB+vZepmW5qyfnl34I+v1GzVbkDY=</latexit>

k

[14] M. Marino, Instantons and Large N: An Introduction to Non-Perturbative Methods in Quantum Field Theory,' Cambridge University Press, 2015.
[15] F. Maltoni, K. Paul, T. Stelzer and S. Willenbrock, Color Flow Decomposition of QCD Amplitudes, Phys. Rev. D 67 (2003), [hep-ph/0209271].

<latexit sha1_base64="6js9mgAbnANJRuH01EdHjz35uN0=">AAAB/XicbVDJSgNBEO2JW4zbuNwUaQyCIIQZweUo6sGjglkgE0JPpxKb9Cx014hxCJ78Dy8eFPGq3+HNb/An7CwHTXxQ8Hiviqp6fiyFRsf5sjITk1PTM9nZ3Nz8wuKSvbxS0lGiOBR5JCNV8ZkGKUIookAJlVgBC3wJZb992vPLN6C0iMIr7MRQC1grFE3BGRqpbq95WgR015NRy0O4xfQMsFu3807B6YOOE3dI8scbH5ffD5sfF3X702tEPAkgRC6Z1lXXibGWMoWCS+jmvERDzHibtaBqaMgC0LW0f32XbhulQZuRMhUi7au/J1IWaN0JfNMZMLzWo15P/M+rJtg8qqUijBOEkA8WNRNJMaK9KGhDKOAoO4YwroS5lfJrphhHE1jOhOCOvjxOSnsF96Cwf2nSOCEDZMk62SI7xCWH5JickwtSJJzckUfyTF6se+vJerXeBq0ZazizSv7Aev8BYziY6A==</latexit>

⇠ + logDet
<latexit sha1_base64="YAKsRGHCuNBQ9CKE/KyMHuaOH2U=">AAACBXicbVC7SgNBFJ31GRMfq5ZaLEbBxrAr+GiEoI1lBPOAZAmzk0kyZHZnmbkbDMs2Nv6KjYUiaS38Azs/RGtnkxSaeODC4Zx7ufceL+RMgW1/GnPzC4tLy5mVbG51bX3D3NyqKBFJQstEcCFrHlaUs4CWgQGntVBS7HucVr3eVepX+1QqJoJbGITU9XEnYG1GMGipae42fAxdgnlcTZpxA+gdxM4RFyJMkoummbcL9gjWLHEmJF/c/xq+93Pfpab50WgJEvk0AMKxUnXHDsGNsQRGOE2yjUjREJMe7tC6pgH2qXLj0ReJdaCVltUWUlcA1kj9PRFjX6mB7+nO9GY17aXif149gva5G7MgjIAGZLyoHXELhJVGYrWYpAT4QBNMJNO3WqSLJSagg8vqEJzpl2dJ5bjgnBZObnQal2iMDNpBe+gQOegMFdE1KqEyIugePaJn9GI8GE/GqzEct84Zk5lt9AfG2w8MoJ1c</latexit>

W1-loop =



The vertices of the Lagrangian are                             and     

They can be drawn as [14]

The subleading part of the propagator does not contribute when attached to the vertices of the Lagrangian. Indeed, 
the subleading part of the propagator corresponds to the subtraction of a U(1) factor, while the vertices are purely 
nonabelian. Graphically

Therefore, the topology of vacuum-vacuum diagrams corresponds to the ‘t Hooft original identification in the double 
line representation [14]. The same holds for all the gluon composite operators (in the adjoint representation) whose 
local vertices are proportional to the product of some        [15]. 

We conclude that in these cases we may drop the subleading contribution to the propagator and the proof of ‘t Hooft 
theorem that holds for U(N) also holds for SU(N) [14][15].
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<latexit sha1_base64="ep14ndVF+gtpm7C4KUBK1DUrKa0=">AAAB73icbVDJSgNBEK2JWxy3qEdFGoPgKcwEXI5BLx4TMAskY+jp9CRNenrG7h4hDDn6A148KOLVP8h3ePMb/Ak7y0ETHxQ83quiqp4fc6a043xZmaXlldW17Lq9sbm1vZPb3aupKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e9fj/36A5WKReJWD2LqhbgrWMAI1kZq2MFdin0ybOfyTsGZAC0Sd0bypcNR5fvxaFRu5z5bnYgkIRWacKxU03Vi7aVYakY4HdqtRNEYkz7u0qahAodUeenk3iE6MUoHBZE0JTSaqL8nUhwqNQh90xli3VPz3lj8z2smOrj0UibiRFNBpouChCMdofHzqMMkJZoPDMFEMnMrIj0sMdEmItuE4M6/vEhqxYJ7XjirmDSuYIosHMAxnIILF1CCGyhDFQhweIIXeLXurWfrzXqftmas2cw+/IH18QOZr5Nn</latexit>
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<latexit sha1_base64="EWrjtJL3s5inoSzzi2urloZPpLw=">AAAB8nicbVDJSgNBEO1xjXGLCl68NAbBU5hRXI4hXjwmYBaYDKGn05M06ZluumuEMOQzvHhQxKv+hV/gzYvfYmc5aOKDgsd7VVTVC5XgBlz3y1laXlldW89t5De3tnd2C3v7DSNTTVmdSiF1KySGCZ6wOnAQrKU0I3EoWDMc3Iz95j3ThsvkDoaKBTHpJTzilICV/EbnHLeVlgpkp1B0S+4EeJF4M1IsH9a++Xvlo9opfLa7kqYxS4AKYozvuQqCjGjgVLBRvp0apggdkB7zLU1IzEyQTU4e4ROrdHEkta0E8ET9PZGR2JhhHNrOmEDfzHtj8T/PTyG6DjKeqBRYQqeLolRgkHj8P+5yzSiIoSWEam5vxbRPNKFgU8rbELz5lxdJ46zkXZYuajaNCpoih47QMTpFHrpCZXSLqqiOKJLoAT2hZwecR+fFeZ22LjmzmQP0B87bD7H4lJc=</latexit>

V3 / <latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=

<latexit sha1_base64="ZSAzst+8pNaupaDv0ada7qzGZW0=">AAAB6HicbVDJTgJBEK3BDXBDPXrpSEy8SGZMXI5ELx4hkSXChPQ0NdDSs6S7x0gmfIEXDxrD1R/wX7z5NdqABwVfUsnLe1WpqufFgitt259WZml5ZXUtm8uvb2xubRd2dusqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7ia+I17lIpH4Y0exugGtBdynzOqjVQ97hSKdsmegiwS54cUy7l4fPv+8FXpFD7a3YglAYaaCapUy7Fj7aZUas4EjvLtRGFM2YD2sGVoSANUbjo9dEQOjdIlfiRNhZpM1d8TKQ2UGgae6Qyo7qt5byL+57US7V+4KQ/jRGPIZov8RBAdkcnXpMslMi2GhlAmubmVsD6VlGmTTd6E4My/vEjqJyXnrHRaNWlcwgxZ2IcDOAIHzqEM11CBGjBAeIRneLHurCfr1RrPWjPWz8we/IH19g2XAJCJ</latexit>� <latexit sha1_base64="vK0P3gezwClMxLcJTCNksMOLjEY=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBC+bYtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy0+kPg4//PIeecMOFMG8/7cnJLyyura/l1d2Nza3unsLtX1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggH15O88UCVZlLcm2FCgxj3BIsYwcZad2WvUyh6JW8q9Bf8ORQv391yMv50q53CR7srSRpTYQjHWrd8LzFBhpVhhNOR2041TTAZ4B5tWRQ4pjrIppOO0JF1uiiSyj5h0NT92ZHhWOthHNrKGJu+Xswm5n9ZKzXRRZAxkaSGCjL7KEo5MhJN1kZdpigxfGgBE8XsrIj0scLE2OO49gj+4sp/oX5S8s9Kp7desXIFM+XhAA7hGHw4hwrcQBVqQCCCR3iGF2fgPDmvztusNOfMe/bhl5zxN12EkEI=</latexit>

= 0



Yet, we point out that the above proof does not apply to the 2-gluon operators -for example, our twist-2 operators in 
the light-cone gauge. Indeed, even in the adjoint representation, their local vertex involves       as opposed to     . 

As a consequence, when the subleading part of the propagator is attached to the local vertex, a nonzero contribution 
is obtained. 

Equivalently, in the SU(N) theory we may keep only the leading part of the propagator -in order to maintain the      
‘t Hooft double line representation- provided that we project the above operators on their traceless part

Hence, the 2-gluon operators can be represented as a 2-point vertex with a subleading contribution

while keeping the propagator in the standard double line representation

<latexit sha1_base64="ogOMSlZp58JwHufwlnjTCQMGKqM=">AAAB8nicbZDLSsNAFIYn9VbjrerSzWARXJVE8LIRi25cVrAXSGOZTCbt0MkkzJwIJfQx3LhQpFvfw70b8W2cXhba+sPAx/+fw5xzglRwDY7zbRWWlldW14rr9sbm1vZOaXevoZNMUVaniUhUKyCaCS5ZHTgI1koVI3EgWDPo34zz5iNTmifyHgYp82PSlTzilICxvHbIBJCHnATDTqnsVJyJ8CK4MyhffdiX6ejLrnVKn+0woVnMJFBBtPZcJwU/Jwo4FWxotzPNUkL7pMs8g5LETPv5ZOQhPjJOiKNEmScBT9zfHTmJtR7EgamMCfT0fDY2/8u8DKILP+cyzYBJOv0oygSGBI/3xyFXjIIYGCBUcTMrpj2iCAVzJdscwZ1feREaJxX3rHJ655Sr12iqIjpAh+gYuegcVdEtqqE6oihBT+gFvVpgPVtv1mhaWrBmPfvoj6z3H+s4lK4=</latexit>
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<latexit sha1_base64="2aC3u5SpFrb421h/NfJeNDCGSO4="></latexit>

Tr(ĀA) ! Tr(ĀA)� 1

N
Tr(Ā)Tr(A)

<latexit sha1_base64="dhOmUMgK5kQSBBrN5RPR9K23lCc=">AAAB83icbVDLSsNAFL2pr1pfVRcibgaL4MaSCGqXRTeupIJ9QBPKZDpph04mYWYilJDfcONCEbf+i7jTjVs/w+ljodUDFw7n3Mu99/gxZ0rb9ruVm5tfWFzKLxdWVtfWN4qbWw0VJZLQOol4JFs+VpQzQeuaaU5bsaQ49Dlt+oOLkd+8pVKxSNzoYUy9EPcECxjB2kjukRtITFInS6+yTrFkl+0x0F/iTEmpWvl83fn42q11im9uNyJJSIUmHCvVduxYeymWmhFOs4KbKBpjMsA92jZU4JAqLx3fnKEDo3RREElTQqOx+nMixaFSw9A3nSHWfTXrjcT/vHaig4qXMhEnmgoyWRQkHOkIjQJAXSYp0XxoCCaSmVsR6WOTgjYxFUwIzuzLf0njuOyclk+uTRrnMEEe9mAfDsGBM6jCJdSgDgRiuIMHeLQS6956sp4nrTlrOrMNv2C9fANUGpWl</latexit>
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<latexit sha1_base64="ep14ndVF+gtpm7C4KUBK1DUrKa0=">AAAB73icbVDJSgNBEK2JWxy3qEdFGoPgKcwEXI5BLx4TMAskY+jp9CRNenrG7h4hDDn6A148KOLVP8h3ePMb/Ak7y0ETHxQ83quiqp4fc6a043xZmaXlldW17Lq9sbm1vZPb3aupKJGEVknEI9nwsaKcCVrVTHPaiCXFoc9p3e9fj/36A5WKReJWD2LqhbgrWMAI1kZq2MFdin0ybOfyTsGZAC0Sd0bypcNR5fvxaFRu5z5bnYgkIRWacKxU03Vi7aVYakY4HdqtRNEYkz7u0qahAodUeenk3iE6MUoHBZE0JTSaqL8nUhwqNQh90xli3VPz3lj8z2smOrj0UibiRFNBpouChCMdofHzqMMkJZoPDMFEMnMrIj0sMdEmItuE4M6/vEhqxYJ7XjirmDSuYIosHMAxnIILF1CCGyhDFQhweIIXeLXurWfrzXqftmas2cw+/IH18QOZr5Nn</latexit>

fabc



This subleading contribution to the operator vertex gives rise to new topologies. To see this we consider the color 
structure of the 2-point correlator of twist-2 operators to the leading perturbative order

Hence, new planar subleading diagrams arise -in addition to first one above- corresponding to possibly color-
disconnected (but space-time connected) punctured disks. Following ‘t Hooft prescription the first one corresponds 
to a punctured sphere

<latexit sha1_base64="MfKztYTuYO+2HPsP828Xnkmzvwc=">AAACGXicbVDLSsNAFJ3UV62vqEs3Q4vQIpRE8LERim7cWcHWQhPKZDpph04mYWYihtC/EDf+ihsXirjUVf/GadOFbT0wcOace7n3Hi9iVCrLGhm5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0fKQJIxy0lBUMdKKBEGBx8i9N7ga+/cPREga8juVRMQNUI9Tn2KktNQxLYch3mMEOgFSfc9Lb4YdWX6szHytiiOyqgvYMUtW1ZoALhJ7Skq1onP0NKol9Y757XRDHAeEK8yQlG3bipSbIqEoZmRYcGJJIoQHqEfamnIUEOmmk8uG8FArXeiHQj+u4ET925GiQMok8HTleGE5743F/7x2rPxzN6U8ihXhOBvkxwyqEI5jgl0qCFYs0QRhQfWuEPeRQFjpMAs6BHv+5EXSPK7ap9WTW53GJciQBwegCMrABmegBq5BHTQABs/gFbyDD+PFeDM+ja+sNGdMe/bBDIyfX4I6ovE=</latexit>

hOs(x)Os(0)i =
<latexit sha1_base64="qqzXDSx/gh9I6Y8bsBiZOHyF5E4=">AAAB83icbVC7SgNBFL0bXzG+ohYiNoNBsDHsBtSUQRsriWAekF3C7GQ2GTI7u8zMCmHJb9hYKGLrv4idNrZ+hpNHoYkHLhzOuZd77/FjzpS27Q8rs7C4tLySXc2trW9sbuW3d+oqSiShNRLxSDZ9rChngtY005w2Y0lx6HPa8PuXI79xR6VikbjVg5h6Ie4KFjCCtZHcEzeQmKSlYXo9bOcLdtEeA80TZ0oKlfLX297n9361nX93OxFJQio04ViplmPH2kux1IxwOsy5iaIxJn3cpS1DBQ6p8tLxzUN0ZJQOCiJpSmg0Vn9PpDhUahD6pjPEuqdmvZH4n9dKdFD2UibiRFNBJouChCMdoVEAqMMkJZoPDMFEMnMrIj1sUtAmppwJwZl9eZ7US0XnrHh6Y9K4gAmycACHcAwOnEMFrqAKNSAQwz08wpOVWA/Ws/Uyac1Y05ld+APr9QdVopWm</latexit>
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N

<latexit sha1_base64="vJMP3le5Ek15HEyDymJqhHR/u8k=">AAAB9XicbVDJSgNBEK1xjXGLehDx0hgEQQgzATXHoBdPEsEskI2eTk/SpKdn6O5RwjD/4cWDIl79FfGmF69+hp3loIkPCh7vVVFVzw05U9q2P6y5+YXFpeXUSnp1bX1jM7O1XVFBJAktk4AHsuZiRTkTtKyZ5rQWSop9l9Oq278Y+tVbKhULxI0ehLTp465gHiNYG6l13PAkJrGTxFetfNLOZO2cPQKaJc6EZIuFr7fdz++9Ujvz3ugEJPKp0IRjpeqOHepmjKVmhNMk3YgUDTHp4y6tGyqwT1UzHl2doEOjdJAXSFNCo5H6eyLGvlID3zWdPtY9Ne0Nxf+8eqS9QjNmIow0FWS8yIs40gEaRoA6TFKi+cAQTCQztyLSwyYHbYJKmxCc6ZdnSSWfc05zJ9cmjXMYIwX7cABH4MAZFOESSlAGAhLu4RGerDvrwXq2Xsatc9ZkZgf+wHr9AX5Zlkc=</latexit>

+
1
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<latexit sha1_base64="MfKztYTuYO+2HPsP828Xnkmzvwc=">AAACGXicbVDLSsNAFJ3UV62vqEs3Q4vQIpRE8LERim7cWcHWQhPKZDpph04mYWYihtC/EDf+ihsXirjUVf/GadOFbT0wcOace7n3Hi9iVCrLGhm5peWV1bX8emFjc2t7x9zda8owFpg0cMhC0fKQJIxy0lBUMdKKBEGBx8i9N7ga+/cPREga8juVRMQNUI9Tn2KktNQxLYch3mMEOgFSfc9Lb4YdWX6szHytiiOyqgvYMUtW1ZoALhJ7Skq1onP0NKol9Y757XRDHAeEK8yQlG3bipSbIqEoZmRYcGJJIoQHqEfamnIUEOmmk8uG8FArXeiHQj+u4ET925GiQMok8HTleGE5743F/7x2rPxzN6U8ihXhOBvkxwyqEI5jgl0qCFYs0QRhQfWuEPeRQFjpMAs6BHv+5EXSPK7ap9WTW53GJciQBwegCMrABmegBq5BHTQABs/gFbyDD+PFeDM+ja+sNGdMe/bBDIyfX4I6ovE=</latexit>

hOs(x)Os(0)i = <latexit sha1_base64="0oFSoG/jtAOl08rprnc0R5yB8Gs=">AAAB6XicbVDJSgNBEK1xTeIW9eilMQheDDMBl2PQi8coZsFkCD2dnqRJT0/T3SOGIX/gxYOiXv0A/8WbX6Od5aCJDwoe71VRVS+QnGnjul/OwuLS8spqJptbW9/Y3Mpv79R0nChCqyTmsWoEWFPOBK0aZjhtSEVxFHBaD/oXI79+R5VmsbgxA0n9CHcFCxnBxkrXR6V2vuAW3THQPPGmpFDOytfbj/vvSjv/2erEJImoMIRjrZueK42fYmUY4XSYayWaSkz6uEublgocUe2n40uH6MAqHRTGypYwaKz+nkhxpPUgCmxnhE1Pz3oj8T+vmZjwzE+ZkImhgkwWhQlHJkajt1GHKUoMH1iCiWL2VkR6WGFibDg5G4I3+/I8qZWK3knx+MqmcQ4TZGAP9uEQPDiFMlxCBapAIIQHeIJnp+88Oi/O26R1wZnO7MIfOO8/B+iQxQ==</latexit>�2
<latexit sha1_base64="7EvMDgzg0ZlOr725cipidS/H3Mg=">AAAB6HicbVDJSgNBEK2JWxK3qEcvjUEQhDAjuByDXjwmYBZMhtDTqUna9Cx094hhyBd48aBIrv6A/+LNr9FO4kETHxQ83quiqp4XC660bX9amaXlldW1bC6/vrG5tV3Y2a2rKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uBq4jfuUSoehTd6GKMb0F7Ifc6oNlL1uFMo2iV7CrJInB9SLOfi8e37w1elU/hodyOWBBhqJqhSLceOtZtSqTkTOMq3E4UxZQPaw5ahIQ1Quen00BE5NEqX+JE0FWoyVX9PpDRQahh4pjOguq/mvYn4n9dKtH/hpjyME40hmy3yE0F0RCZfky6XyLQYGkKZ5OZWwvpUUqZNNnkTgjP/8iKpn5Scs9Jp1aRxCTNkYR8O4AgcOIcyXEMFasAA4RGe4cW6s56sV2s8a81YPzN78AfW2zeT+JCH</latexit>

+

while we have identified the topology of the remaining ones by requiring that their Euler characteristic matches the 
correct 1/N dependence and that they remain planar and possibly color-disconnected.



Hence, our refined topological expansion of the one-loop generating functional of twist-2 operators reads:

<latexit sha1_base64="7EvMDgzg0ZlOr725cipidS/H3Mg=">AAAB6HicbVDJSgNBEK2JWxK3qEcvjUEQhDAjuByDXjwmYBZMhtDTqUna9Cx094hhyBd48aBIrv6A/+LNr9FO4kETHxQ83quiqp4XC660bX9amaXlldW1bC6/vrG5tV3Y2a2rKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uBq4jfuUSoehTd6GKMb0F7Ifc6oNlL1uFMo2iV7CrJInB9SLOfi8e37w1elU/hodyOWBBhqJqhSLceOtZtSqTkTOMq3E4UxZQPaw5ahIQ1Quen00BE5NEqX+JE0FWoyVX9PpDRQahh4pjOguq/mvYn4n9dKtH/hpjyME40hmy3yE0F0RCZfky6XyLQYGkKZ5OZWwvpUUqZNNnkTgjP/8iKpn5Scs9Jp1aRxCTNkYR8O4AgcOIcyXEMFasAA4RGe4cW6s56sV2s8a81YPzN78AfW2zeT+JCH</latexit>

+
<latexit sha1_base64="5iJeSDlavLILPKgjEOSjS4A0chA=">AAAB73icbVDJSgNBEO1xTeIW9eilMQhCIMwILsegF48RzILJEHp6epImPd1jd40YQn7Ci4giXj35L978Gu0sB018UPB4r4qqekEiuAHX/XIWFpeWV1Yz2dza+sbmVn57p2ZUqimrUiWUbgTEMMElqwIHwRqJZiQOBKsHvYuRX79j2nAlr6GfMD8mHckjTglYqVFsiVCBKbbzBbfkjoHniTclhXI2ebr5uP+utPOfrVDRNGYSqCDGND03AX9ANHAq2DDXSg1LCO2RDmtaKknMjD8Y3zvEB1YJcaS0LQl4rP6eGJDYmH4c2M6YQNfMeiPxP6+ZQnTmD7hMUmCSThZFqcCg8Oh5HHLNKIi+JYRqbm/FtEs0oWAjytkQvNmX50ntqOSdlI6vbBrnaIIM2kP76BB56BSV0SWqoCqiSKAH9IxenFvn0Xl13iatC850Zhf9gfP+A66Gk3o=</latexit>

+ . . .+
<latexit sha1_base64="9fLEQU3Y/9nWHrKuKEKPa2p85fo=">AAACFHicbVDLSsNAFJ3UV62v+sKFm0ERBLEkgo+NUHTTZQVrhSaEyXSqQyeZMHMjlpB/sBt/xY0LRdy6cOffOGm70OqBgcM593LnnCAWXINtf1mFicmp6ZnibGlufmFxqby8cqVloihrUCmkug6IZoJHrAEcBLuOFSNhIFgz6J7nfvOOKc1ldAm9mHkhuYl4h1MCRvLLe25I4JYSkTYzP3X2XWD3kAop4yzDp9jVSeinLvCQ6cwvb9sVewD8lzgjsl2tbayT/tpD3S9/um1Jk5BFQAXRuuXYMXgpUcCpYFnJTTSLCe2SG9YyNCLmipcOQmV4xyht3JHKvAjwQP25kZJQ614YmMk8gh73cvE/r5VA58RLeRQnwCI6PNRJBAaJ84ZwmytGQfQMIVRx81dMb4kiFEyPJVOCMx75L7k6qDhHlcML08YZGqKINtEW2kUOOkZVVEN11EAU9dETekGv1qP1bL1Z78PRgjXaWUW/YH18Axb6obk=</latexit>

W1�loop =
X

⇥

Remarkably, the torus diagram is corrected by a sum of new possibly color-disconnected objects (but not in space-
time). 

Interestingly, the torus contribution is suppressed in perturbation theory with respect to the remaining diagrams, 
since the torus inevitably involves the Lagrangian vertices (that carry powers of the coupling), while the remaining 
diagrams have no perturbative corrections because they cannot be attached to the Lagrangian vertices as a 
consequence of the identity 

<latexit sha1_base64="ZSAzst+8pNaupaDv0ada7qzGZW0=">AAAB6HicbVDJTgJBEK3BDXBDPXrpSEy8SGZMXI5ELx4hkSXChPQ0NdDSs6S7x0gmfIEXDxrD1R/wX7z5NdqABwVfUsnLe1WpqufFgitt259WZml5ZXUtm8uvb2xubRd2dusqSiTDGotEJJseVSh4iDXNtcBmLJEGnsCGN7ia+I17lIpH4Y0exugGtBdynzOqjVQ97hSKdsmegiwS54cUy7l4fPv+8FXpFD7a3YglAYaaCapUy7Fj7aZUas4EjvLtRGFM2YD2sGVoSANUbjo9dEQOjdIlfiRNhZpM1d8TKQ2UGgae6Qyo7qt5byL+57US7V+4KQ/jRGPIZov8RBAdkcnXpMslMi2GhlAmubmVsD6VlGmTTd6E4My/vEjqJyXnrHRaNWlcwgxZ2IcDOAIHzqEM11CBGjBAeIRneLHurCfr1RrPWjPWz8we/IH19g2XAJCJ</latexit>� <latexit sha1_base64="vK0P3gezwClMxLcJTCNksMOLjEY=">AAAB6XicbZDLSgMxFIbP1Fsdb1WXboJFcFVmBC+bYtGNyyr2Au1QMmmmDc0kQ5IRytA3cONCEbd9GPduxLcxvSy0+kPg4//PIeecMOFMG8/7cnJLyyura/l1d2Nza3unsLtX1zJVhNaI5FI1Q6wpZ4LWDDOcNhNFcRxy2ggH15O88UCVZlLcm2FCgxj3BIsYwcZad2WvUyh6JW8q9Bf8ORQv391yMv50q53CR7srSRpTYQjHWrd8LzFBhpVhhNOR2041TTAZ4B5tWRQ4pjrIppOO0JF1uiiSyj5h0NT92ZHhWOthHNrKGJu+Xswm5n9ZKzXRRZAxkaSGCjL7KEo5MhJN1kZdpigxfGgBE8XsrIj0scLE2OO49gj+4sp/oX5S8s9Kp7desXIFM+XhAA7hGHw4hwrcQBVqQCCCR3iGF2fgPDmvztusNOfMe/bhl5zxN12EkEI=</latexit>

= 0



We now provide a nonperturbative interpretation of our refined topological expansion in terms of the effective 
theory of glueballs. It has been known for more than 40 years that punctured spheres correspond to glueball tree 
diagrams [16][17]

<latexit sha1_base64="G3GB/RcM6LzgPVEKuvKZiArCBrg=">AAAB6HicbZDJSgNBEIZr4hbHLerRS2MQPIUZweUSDHrxmIBZIBlCT6cmadOz0N0jhJAn8OJBEa/6MN69iG9jZzlo4g8NH/9fRVeVnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/epzX71EqHke3epCgF9JuxAPOqDZWpdjO5Z2CMxFZBHcG+csPu5i8f9nldu6z1YlZGmKkmaBKNV0n0d6QSs2ZwJHdShUmlPVpF5sGIxqi8oaTQUfkyDgdEsTSvEiTifu7Y0hDpQahbypDqntqPhub/2XNVAcX3pBHSaoxYtOPglQQHZPx1qTDJTItBgYok9zMSliPSsq0uY1tjuDOr7wItZOCe1Y4rTj50hVMlYUDOIRjcOEcSnADZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/75SQCA==</latexit>=
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The sphere with two punctures corresponds to an 
infinite sum of glueball propagators [16]. 

[17] E. Witten Baryons in the 1/N expansion, Nucl. Phys. B160 (1979) 57-115.

The sphere with three punctures corresponds to 
vertices that may carry sums of 3 or 2 poles [17].

We observe that the 2-pole diagram may be interpreted 
as the 3-pole one with the insertion of a contact term, 
due to composite operators, in place of a propagator [4]. 
As a consequence, the second diagram contributes zero to 
the S matrix [4].[16] A. Migdal, Multicolor QCD as Dual Resonance Theory, Annals Phys. 109 (1977) 365.



Glueball loops in the effective theory are represented by higher-genus surfaces. Specifically, 2-point glueball one-
loop diagrams correspond to the punctured torus:
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Interestingly, we observe [4] that in the effective theory on the right-hand side of the above picture also diagrams 
without external glueball legs occur. Moreover, for our new topologies we obtain the following interpretation
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The maximally color-disconnected diagrams are the only ones that have a 
1-to-1 correspondence with the effective theory, since they do not carry any 
external leg.

The punctures on the boundary of the cylinder 
are identified in spacetime and cannot represent 
an external glueball leg. Consequently, both 
diagrams contribute zero to the S matrix as well. 



From the point of view of the effective theory, its not obvious how to sum on the number of insertions of external tree 
diagrams on the glueball loop, over which we have no explicit control -for example,             -

but for the maximally color-disconnected diagrams, which only carry the insertion of contact terms in the effective 
theory.

Indeed, the only contribution that it is easy to resum is the maximally color-disconnected one, which is one loop in 
space-time
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⇥

Remarkably, by direct evaluation we find that it has the opposite sign with respect to the total result. 

Indeed, for example      (notice the opposite sign in the last term)                                                 

Therefore, perturbatively
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Hence,

that, though asymptotically conformal, in the SU(N) theory must depend nonperturbatively on the RG—invariant 
scale. After the RG-improvement it reads

that now includes certain contributions from the torus without external legs in the effective theory.

Therefore, the introduction of the extra topologies solves the sign puzzle, in the sense that the only object that we 
really know how to resum nonperturbatively carries a sign consistent with the spin-statistics theorem.
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In the SU(N) YM theory it is necessary to introduce a new topological sector for twist-2 operators that refines the 
‘t Hooft topological expansion, both perturbatively and nonperturbatively.

Instead, in the U(N) YM theory the new sector is absent perturbatively.

Yet, this would not solve the aforementioned sign problem nonperturbatively, since in the U(N) theory the 
asymptotics of the generating functional is the sum of the RG-improved SU(N) result and the free U(1) part

with the U(1) contribution in the second line being actually exactly conformal and not only asymptotic, since the 
U(1) theory is free. 
Hence, nonperturbatively -even in the U(N) theory- the solution of the sign puzzle is the one outlined above in 
the SU(N) theory.

Conclusions
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The new topological sector dominates the UV of the correlators of twist-2 operators in the SU(N) theory, and its 
maximally color-disconnected diagrams can be re-summed asymptotically in the UV into a functional determinant 
with the sign agreeing with the spin-statistics theorem. 

However, nonperturbatively the entire new sector does not contribute to the S matrix, since in the effective theory it 
consists of diagrams with at least one external glueball leg missing. 

Hence, by limiting ourselves to the nonperturbative S matrix only, the original ‘t Hooft topological expansion is 
complete even for the twist-2 operators.

A crucial consequence is that a canonical string solution matching the topology of closed punctured Riemann surfaces 
cannot exist for the Yang-Mills correlators, but it may exist for the S matrix.

Yet, a noncanonical string solution may exist also for the correlators provided that it contains extra couplings to 
D-branes [8] ([M.B.] to appear).

Indeed, the existence of the new topological sector that contributes zero to the S matrix, but nontrivially to the 
correlators, opens the way to an exact solution limited to the new sector ([M.B.] to appear), since the new sector may 
be completely integrable [8] thanks to the vanishing of the S matrix.

[8] M. Bochicchio, An asymptotic solution of large-N QCD, for the glueball and meson spectrum and the collinear S-matrix, HADRON 2015, AIP Conf. Proc. (2016).



, which can be computed at the lowest order of perturbation theory, is not zero.  
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The corresponding UV asymptotics for          is 
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is the renormalized mixing matrix that involves the computation of a 
path-ordered exponential.

in general, the above operators mix with derivatives of lower spin operators of twist-2. 
As a consequence we get from the Callan-Symanzik equation as         

Defining 

where 

BACKUP



The idea in [2] is to find a (formal) holomorphic gauge transformation depending on the coupling that defines a 
finite change of renormalization scheme

Under the above gauge transformation                                   transforms as a gauge connection with a pole at 
g=0 [2].

Besides, if      is diagonalizable,          is diagonalizable as well with eigenvalues 
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In [2] it demonstrated, by means of the Poincaré-Dulac theorem, that under the “non-resonant” condition

with i>j, k a positive integer and       the eigenvalues of       in non-increasing order, an S(g) exists such that

to all orders of perturbation theory                           is one-loop exact, so that only the pole part survives.
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The corresponding glueball one-loop effective action,                                                , reads [8] 

From the perspective of the ‘t Hooft expansion, the one-loop part of the glueball effective action can be thought of 
as being the nonperturbative resummation -involving         that all the glueball masses must be proportional to-
of the sum of the amputated punctured toruses.
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The minus sign in front of the logDet in                 arises from the spin-statistics theorem, since all the 
gauge-invariant glueball interpolating fields have integer spin, and thus the glueballs should be bosons. 
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[8] M. Bochicchio, An asymptotic solution of large-N QCD, for the glueball and meson spectrum and the collinear S-matrix, HADRON 2015, AIP Conf. Proc. (2016).
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This subleading contribution to the operator vertex gives rise to new topologies. To see this we consider the color 
structure of the 2-point correlator of twist-2 operators to the leading perturbative order

Hence, new planar subleading diagrams arise -in addition to first one above- corresponding to possibly color-
disconnected (but space-time connected) punctured disks. Following ‘t Hooft prescription the first one corresponds 
to a punctured sphere
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while we have identified the topology of the remaining ones by requiring that their Euler characteristic matches the 
correct 1/N dependence and that they remain planar and possibly color-disconnected.
Indeed, we have identified the doubly punctured disk with an infinite strip. Then, we have glued the two sides of the 
infinite strip, but in the neighborhood of infinity, to get a cylinder with punctures on the boundaries. 

Had we glued the sides also in the neighborhood of infinity, we would have gotten a 2-punctured sphere whose Euler 
characteristic does not match the correct 1/N counting. Besides, the propagator associated to the sphere, instead of the 
punctured cylinder above, would not reproduce the correct UV asymptotics.



Nonperturbatively, we may take into account the occurrence of contact terms in the external legs by introducting in 
the generating functional a new source    coupled to the equations of motion

where now                                                                                       

Diagrammatically,  

and
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Color structure of the propagator in double line representation

Where

The generating functional of twist-2 operators in SU(N) Yang-Mills can be written as the generating functional of 
the constrained U(N) theory

We project the operators onto the contraint with the following transformation

We write the projected conformal generating functional for even-spin balanced operators

where we have dropped the subleading term P in the propagator, since once we have the operators projected on the 
constraint we can use the fact that .
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The connected generating functional of the rescaled operators reads

which can be written as the sum of a planar term and the sum of the possibly disconnected new topologies

By dropping the inverse term, the maxiammly disconnected piece reads

We can recover the explicit color dependence by using the properties of P and of the identity, namely
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