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Parametrization of the interaction of a Muon with an external magnetic field 

Pointlike particles:                  Dirac equation 1928

: relation to the particle spin SGiromagnetic factor
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Loop correction to Loop correction to gg=2=2

… and possibly, any sort of unknown particle

X
B

Vacuum polarization renormalizes g

Anomalous magnetic moment

Measure precisely             probe completeness of the Standard Model
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The anomalous magnetic moment of leptonsThe anomalous magnetic moment of leptons

Electron is stable: 1000 times more precise than muon

It also need small-size apparatus for measurement

Why not studying the electron?

Simple dimensional analysis:

Muon wins over electrons by a factor 

Tau would be even better, but decays too fast to measure (but there are ideas)
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  gμ-2 experiment @ Fermilab

The anomalous magnetic moment of muonThe anomalous magnetic moment of muon

BNL E821 exp. up to 2006

anomaly 

Transfer of the ring to Fermilab
2023: measurement confirmed

What about the theory?!?



  

Muon g-2 Theory Initiative – from 2017Muon g-2 Theory Initiative – from 2017

Target: match the theory precision & accuracy with the upcoming g-2 experiment

White paper: Physics Reports 887 (2020) 1-166 [arXiv:2006.04822]

Regular meetings: latest in Bern, 4-8 September 2023

https://muon-gm2-theory.illinois.edu/

https://muon-gm2-theory.illinois.edu/
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T. Aoyama, M. Hayakawa,
T. Kinoshita, M. Nio 

[PRLs, 2012]



  

Electroweak contributionsElectroweak contributions

T. Aoyama, M. Hayakawa,
T. Kinoshita, M. Nio 

[PRLs, 2012]

~10000 diagrams

Computed up to 5th order!!!
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Light-by-light contributionLight-by-light contribution
● Related to two-photons scattering
● Nasty hadronic contribution
● Long distance effects hard to compute
● Nonperturbative contribution

Dispersive approach Lattice calculations

● Tiny, but model-dependent
?  Size comparable to the full HVP error...

● First principle calculation 

[several contributions put together]  [RBC/UKQCD coll, PRL 124, 2020]

Larger error, but validates model
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Hadronic vacuum polarizationHadronic vacuum polarization

hadrons

● Long distance contributions

● Nonperturbative QCD effects

● How to evaluate?!!?
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How to evaluate the HVP?How to evaluate the HVP?
...replace it with another, unrelated experimental measurement!

Elastic scattering amplitude                    =                          Total e+ e- cross section

hadrons

Optical theorem

hadrons

=

=

Can we call this “theoretical prediction”…? NO! We are plugging a 
substantial experimental input
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Electron-positron cross section Electron-positron cross section σσ

CMD3 @ VEPP-2000 
NOVOSIBIRSK

KLOE @ DAΦNE 
FRASCATI

BABAR @ SLAC 
STANFORD

A number of worldwide experiments since the early ‘60

Probability of electron-positrons to annihilate into hadrons

normalizing each energy E with the annihilation into muons
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HVP from phenomenological R-ratioHVP from phenomenological R-ratio



  
M. Davier, A. Hoecker, B. Malaescu, Z. Zhang,

[Eur. Phys. J. C 80 (2020) 241]

HVP from phenomenological R-ratioHVP from phenomenological R-ratio



  

The renowned g-2 puzzleThe renowned g-2 puzzle
August 2023: release of Run III 
results by Fermilab g-2 experiment
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Hold on, fifth force!Hold on, fifth force!
Do we really control the theory uncertainties?

After all, we are replacing HVP with a combination of other experiments

Hints of tension in the two-pions final state

Let us look back at the R-ratio...

Disagreement of 2023 CMD3 measurement
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Let’s put the questions back on trackLet’s put the questions back on track

● “Computing” HVP via dispersive method is 
the weakest part of the story

● Can we compute for real HVP 
from the first principle of the theory?

→ Lattice QCD comes to the rescue!
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Computing HVP from the first principlesComputing HVP from the first principles
Original proposal

“Lattice Calculation of the Lowest-Order Hadronic Contribution to the 
Muon Anomalous Magnetic Moment”

[T. Blum, PRL 91 (2003)]

Fourier transform of lattice-computed correlation function

“simple” two points correlation function

Issue: Convolution kernel enhances 

● Momenta on the lattice are quantized
● Lowest momenta are very noisy
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First principle simulation of strong interactions

Quantum Chromodynamics on a Lattice

Euclidean spacetime with O(1010) degrees of freedom

Hybrid Monte Carlo + Molecular Dynamics simulations

Numerical solution of the discrete Dirac Equation
(partial derivative equation → large sparse matrix)

A long list of scientific achievements: 
● ‰ reconstruction of the hadron spectrum,
● thermodynamics of strong interactions,
● ...

Lattice QCD simulationLattice QCD simulation
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● 100s MCoreHours in national, European & worldwide supercomputers
● Similar in spirit to storing collision events at particle accelerators 
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HVP from real spaceHVP from real space
By simply taking Laplace transform:

Integration kernel enhances long euclidean times:

Integral converges 

because C(t) falls 
exponentially in time

Issue
Exponentially large 
noise at large time

[G.Parisi, 1984]
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Difficult task: hard work, special toolsDifficult task: hard work, special tools

MODERN 
ALGORITHMS 

& 
NEW METHODS

EigendeflationAdaptative solvers

POWERFUL
SUPERCOMPUTERS 

& 
GOOD USAGE

“La potenza è nulla senza il controllo”

Multigrid

… and a lot of attention from the community/CPU hours funding
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Lattice results vs. dispersive resultsLattice results vs. dispersive results
Dispersive results 

incompatible 
with the 

experiments
 

From 2020:
Lattice results 
are compatible 

with the 
experiments!!!
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The new g-2 puzzleThe new g-2 puzzle (L.Darmé, G.G di Cortona, E.Nardi, 2022)  (L.Darmé, G.G di Cortona, E.Nardi, 2022) 

g-2 EXPERIMENT

DISPERSIVE PREDICTION

5.1σ DISAGREEMENT 1.7σ
 “A

GREEMENT”

PROBLEMS IN R-RATIO?

● NEW PHYSICS?

● EXPERIMENTAL ISSUES?

 PROBLEMS IN LATTICE?

● BMW IS ALONE

● OTHERS ARE ARRIVING

LATTICE PREDICTION

DIRECT COMPARISON?
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Theoretical understanding of Theoretical understanding of R(E)R(E)

A number of important features are qualitatively understood

R(E) Semi-quantitatively described only by models/effective theories

R(E)~3 at large Energies: color gauge theory

J/Ψ narrow peak: charm quark (GIM)

A structure surprisingly reach of details

Hadrons are confined states of quarks interacting nonperturbatively
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Direct determination of Direct determination of R(E)R(E) from  from V(t)V(t)

R(E) is the inverse Laplace transform of V(t)
● To be computed in presence of noise & finite sampling
● Notoriously, an ill-posed problem (needs regularization)

...and we are working hard on this!!!

see A.De Santis firetalk, today @10:45 am
“Probing the Energy-Smeared R-Ratio Using Lattice QCD” [PRL 130 (2023)]



  

Complementary observables: Complementary observables: windowswindows



  

Complementary observables: Complementary observables: windowswindows

Modified version of HVP, more localized in energy 
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Short & Intermediate Short & Intermediate windowswindows

67.5 68 68.5 69 69.5 70 70.5

aSDµ × 1010

ETMC-22

e+e− (Colangelo et al.-22)

1.4σ

230 235 240 245

4.5σ

aWµ × 1010

ETMC-22

BMWc-20

CLS/MAINZ-22

RBC/UKQCD-23

Informal average

e+e− (Colangelo et al.-22)

Short Distance = Large Energies
(mostly perturbative)

Lattice compatible with Dispersive

Intermediate Distances ~ 1-2 GeV
(two pions final state)

Lattice incompatible with Dispersive!

Intermediate window accounts for most of the difference in HVP
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Bottom lineBottom line
Experimental status

● Muon anomalous magnetic is measured since 40 years 
● Striking agreement within recent measurements
● Precision will improve in 2024 (Run IV at Fermilab g-2)

Theoretical status
● All contributions but HVP are well understood
● Old g-2 puzzle: disagreement with experiments using R-ratio to “compute” HVP
● New g-2 puzzle: ~agreement when using HVP from recent lattice calculation
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Possible solutions to the puzzlesPossible solutions to the puzzles

Who is wrong? Solves Puzzle 1? Solves Puzzle 2?

Mistake in lattice 
prediction of HVP NO YES

Mistake in g-2 
experiments YES NO

Mistake in inclusive 
e+e- cross section YES YES

Assuming NO NEW PHYSICS

(the so called “everybody go home” scenario)
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Possible solutions to the puzzlesPossible solutions to the puzzles
Allowing for NEW PHYSICS and no

experimental/lattice mistake

→ Difficult to explain at the same time both puzzles

...but more complicated scenarios are not ruled out
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In the futureIn the future
Experimental side
● More precise data from g-2 experiment
● Reanalysis of old e+e- experiment KLEO in progress
● Additional measurements from ongoing e+e- experiments
● New experiments MuOnE in the near future

Theoretical side
● More lattice collaborations will compute g-2
● Greater accuracy (better infinite volume & continuum limits)
● Increased precision 
● Direct comparison of more localized portions of R-ratio

STAY TUNED!
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