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What are fractons? The defining property

Restricted mobility

fracton (0D) lineon (1D) planon (2D)

What does it mean?

- Dispersion (! = 0) ?

- Propagators ?

- Kinetic constraints ?
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Many Languages

Descriptions :

Lattice theory :

- exactly solvable spin models

- quantum error correcting codes

- “gapped”

- Type I : fractons, lineons and planons

- Type II : fractons only.

Tensor gauge theory (Pretko) :

- Higher moment conservations

- Aij

- “gapless”

- Maxwell-like (H = E
2 + B

2
)

- Gauss! limited mobility .
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The Gauss constraint

Maxwell Theory :

Gauss : @iE
i = ⇢ ) charge conservation

E
i
electric field.

Fractons - scalar charge theory :

Gauss : @i@jE
ij = ⇢ ) dipole (x

i⇢) conservation

E
ij

symmetric tensor “electric field”.

M. Pretko, Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids

M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles
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The dipole conservation

Dipole (x
k⇢) conservation

Z
dV x

k@j@iE
ji = �

Z
dV @jE

kj = 0 =

Z
dV x

k⇢

) single charges ⇢ = fractons

while dipoles are free to move
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The ingredients for the scalar charge theory

Symmetric rank-2 tensor :

Aij = Aji

Symmetry and Gauss constraint :

�fractAij = @i@j⇤ ; @i@jE
ij = ⇢

Hamiltonian : Maxwell-like

H ⇠ E
2 + B

2

“Electric” and “magnetic” fields :

Eij = @i@jA0 � @0Aij ; Bij = ✏ikl@
k
A

l

j

M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles

M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten e↵ect and two-dimensional fracton phases

Erica Bertolini Maxwell theory of fractons



Maxwell

theory of

fractons

Erica Bertolini

Introduction

Maxwell

theory of

fractons

The building blocks

Maxwell theory for

fractons

Conclusions

and future

Weaknesses!Motivations

But (from a QFT point of view) :

ad hoc definitions...

A0?

non-covariant ;

inhomogeneous # of @ ;

bizarre mass dimensions.
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Approach

QFT covariant (symmetry-based) technique

�fractAij = @i@j⇤ ! �fractAµ⌫ = @µ@⌫⇤ ,

Symmetry ! Action ! EoM

�gaugeAµ = @µ⇤(x) !
R

d
4
x F
µ⌫

Fµ⌫ ! @µFµ⌫ = 0

�fractAµ⌫ = @µ@⌫⇤(x) ! ? ! ?

The symmetry is the only ingredient !
(together with covariance, locality and power-counting)
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The covariant symmetry

The most general invariant action (�fractSinv = 0) is

Sinv = g1Sfract + g2SLG ,

where

Sfract =

Z
d

4
x

⇣
@⇢Aµ⌫@

⇢
A
µ⌫ � @⇢Aµ⌫@µA⌫⇢

⌘

SLG =

Z
d

4
x

⇣
@µA@

µ
A � @⇢Aµ⌫@⇢Aµ⌫ � 2@µA@⌫A

µ⌫ + 2@⇢Aµ⌫@
µ
A
⌫⇢
⌘
.

di↵s fract

�Aµ⌫ = @µ⇠⌫ + @⌫⇠µ
⇠µ=

1

2
@µ⇤������! �Aµ⌫ = @µ@⌫⇤

M.Pretko, Phys.Rev.D 96, 024051 (2017) Emergent gravity of fractons: Mach’s principle revisited
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The idea of the building block

New field strength F ⇠ @A

Maxwell Fractons

invariance �gaugeFµ⌫ = 0 �fractFµ⌫⇢ = 0

cyclicity Fµ⌫ + F⌫µ = 0 Fµ⌫⇢ + F⌫⇢µ + F⇢µ⌫ = 0

Bianchi ✏µ⌫⇢�@⌫F⇢� = 0 ✏↵µ⌫⇢@µF�⌫⇢ = 0

where

Fµ⌫⇢ = F⌫µ⇢ = @µA⌫⇢ + @⌫Aµ⇢ � 2@⇢Aµ⌫ .

Now

Sfract ⇠
Z

d
4
x F
µ⌫⇢

Fµ⌫⇢ ⇠
Z

F
2

SLG =

Z
d

4
x

 
1

4
F
µ
µ⌫F

⇢⌫
⇢ �

1

6
F
µ⌫⇢

Fµ⌫⇢

!
.
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Maxwell theory for fractons (g2 = 0)

The action :

Sfract =
g1

6

Z
d

4
x F
µ⌫⇢

Fµ⌫⇢

Equations of Motion (EoM) :

0 =
�Sfract

�A↵�
= @µF

↵�µ .

EoM
00

:

@iF
00i = 2@i

⇣
@0

A
0i � @i

A
00

⌘
= 0

with solution

A
0µ = A

µ0 ⌘ @µA0 .
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Maxwell theory for fractons

“Electric” tensor field (canonical momentum) :

E
ij ⌘ @Lfract

@(@tAij)
= �g1F

ij0 = g1

⇣
2@0

A
ij � @j

A
0i � @i

A
0j
⌘

= 2g1

⇣
@0

A
ij � @i@j

A
0
⌘

“Magnetic” tensor field :

B
j

i
⌘ 1

3
✏0iklF

jkl = ✏0ilk@
l
A

jk .

Claim : fractons are embedded in the covariant theory
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Summary of “Maxwell” equations

EoM + Bianchi + A0 :

Maxwell Fractons

~r · ~E = 0 @jE
ij = 0

⇣
@i@jE

ij = 0 �
⌘

~r · ~B = 0 @a
B

p

a = 0

~r ⇥ ~E � @t
~B = 0 ✏0lmj@

m
E

ij + @0
B

i

l
= 0

~r ⇥ ~B � @t
~E = 0 �@0E

ij + 1

2

⇣
✏0ikl@kB

j

l
+ ✏0jkl@kB

i

l

⌘
= 0 ,

same as the Literature ! [M.Pretko, Phys.Rev.B 96, 035119 (2017)]
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Energy-momentum tensor

T↵� ⌘ �
2p�g

�Sfract

�g↵�

������
g↵�=⌘↵�

=
g1

6
⌘↵�F

2�g1

3

⇣
2F↵⌫⇢F

⌫⇢
� + F

µ⌫
�Fµ⌫↵

⌘
,

whose components are :

Fractons Maxwell

T00 = � 1

4g1

⇣
E

ij
Eij + B

ij
Bij

⌘
) g1 < 0 u = 1

2
(E

i
Ei + B

i
Bi)

T0i =
1

2
✏0ijkE

ja
B

k

a
Si = ✏0ijkE

j
B

k

Tij = ⌘ijT00 � EiaE
a

j
� 1

2

⇣
BiaB

a

j
� BajB

a

i

⌘
�ij = ⌘iju � EiEj � BiBj

Erica Bertolini Maxwell theory of fractons



Maxwell

theory of

fractons

Erica Bertolini

Introduction

Maxwell

theory of

fractons

The building blocks

Maxwell theory for

fractons

Conclusions

and future

Continuity equation

EoM with matter coupling :

@µF
↵�µ = �J

↵� .

Continuity equation

@↵@�J
↵� = 2@0@iJ

0i + @i@jJ
ij = @0⇢ + @i@jJ

ij = 0 ,

with charge ⇢ ⇠ @iJ
0i

and Gauss now is

@i@jE
ij = ⇢ .
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“Lorentz” force not by intuition

From the on-shell “conservation” of T
µ⌫

@⌫T
µ⌫ + f

µ = 0 ,

we identify the 4D “Lorentz” force to be

Fractons: f
0 = EabJ

ab
; f

i = 2Ja0E
ia � 1

2
✏0imn

JamB
a

n

Maxwell: f
0 = ~E · ~J ; ~f = q~E + q~v ⇥ ~B ,

it is the force on a dipole, where charge, dipole and (dipole) current

are identified as

@iJ
0i ⇠ ⇢ ; J

0i ⇠ p
i ⌘ x

i⇢ ; J
ik ⇠ v

i
p

k + v
k
p

i .
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Discussion of results

Covariant (Maxwell) theory for fractons :

Symmetry ! Action ! EoM

�Aµ⌫ = @µ@⌫⇤(x) !
R

d
4
x F
µ⌫⇢

Fµ⌫⇢ ! @µF↵�µ = 0 ;
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Discussion of results

Results of Literature from first principles of QFT :

X electric and magnetic tensor fields ;

X A0 ;

X “Maxwell” equations ;

X energy density ;

X continuity equation ;

X “Lorentz” force on a dipole ;

Energy-momentum tensor ;

Strong relation with LG.
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Future

3D and elasticity (in progress - stay tuned!) ;

Non-abelian (“YM”?) ;

Traceless theory ;

Matter coupling (fracton QED) ;

Fermionic fractons (twist?) ;

LG,...! 1
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Thanks for your attention!
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Remark : looks familiar

Fµ⌫⇢ appears in a Wu and Zee paper of ’88, out of context!

Y.S.Wu and A.Zee, Phys. Lett. B 207 (1988), 39-43

Membranes, higher Hopf maps, and phase interactions
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