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A	long	journey:	from	raw	data	to	models	

Planck Collaboration: The Planck mission

Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
statistical properties as the rest of the sky.

Fig. 10. Maximum posterior amplitude Stokes Q (left) and U (right) maps derived from Planck observations between 30 and
353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
Planck Collaboration X (2015).

8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-
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SDSS	survey	 Planck	CMB	map	



The	(almost)	``smooth’’	isotropic	universe		

Full-sky	map	of	CMB	temperature	anisotropies	from	Planck	satellite	(2018)	

Angular	resoluQon	~	5	arcminutes	

Planck Collaboration: The cosmological legacy of Planck

-160 160 µK0.41 µK

Fig. 6. Planck CMB sky. The top panel shows the 2018 SMICA temperature map. The middle panel shows the polarization field
as rods of varying length superimposed on the temperature map, with both smoothed to 5�. This smoothing is done for visibility
purposes; the enlarged region presented in Fig. 7 shows that the Planck polarization map is still dominated by signal at much smaller
scales. Both CMB maps have been masked and inpainted in regions where residuals from foreground emission are expected to be
substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution temperature map. The
bottom panel shows the Planck lensing map (derived from r�, that is, the E mode of the lensing deflection angle), specifically a
minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the unmasked area covers
80.7 % of the sky, which is larger than that used for cosmology.
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A	long	journey:	from	raw	data	to	models	

Figure 2.5: Summary of the long journey from raw data to parameter and model
constraints using two-point functions and a Gaussian likelihood, adapted from [21],
Chapter 14. Orange boxes represent cosmological signal, the blue box the instru-
mental input and the green box, on which we will focus for the rest of the manuscript,
the theoretical data. The right hand side in turquoise rely on the conjunction of
observations, instrumental and theoretical constraints.

through tensions between datasets of di↵erent nature, such as the notoriously known
H0 tension [32] or the S8 tension [33]. These tensions arise when we measure the
cosmological parameters of a model using observations of di↵erent natures made at
di↵erent scales. It motivates us to further develop systematic approaches to model
the incidence of new physics in a known regime in order to gain theoretical control
over these occurrences. This will be the object of Sec. 2.3 in the context of primordial
cosmology, but first, we need to provide a description of the known regime.

2.1.2 The ⇤-CDM model

We now turn our attention to the description of what is known as the concordance
model, that is the physical model gathering the most confidence within the Bayesian
inference framework analysis over the widest range of data accessible. We will refer
to this model as the standard model of cosmology2 or the ⇤-CDM model.

First pillar: This standard model provides a description of the cosmic history
and universe content based on a few pillars, the first of which is General Relativity.
In order to make the manuscript self-contained, let us briefly recap the basics of
the theory which makes the space-time a dynamical object. The metric is a rank-2
tensor defining the spacetime interval between two infinitesimally separated space-
time events in an arbitrary coordinate system

ds2 = gµ⌫dxµdx⌫ . (2.12)

ds2 is called the line element and gµ⌫ provides a description of the underlying geom-
etry described by a manifold. From the metric, one can construct objects aiming at
describing space-time in a coordinate independent manner. The Christo↵el symbols
are defined as

�µ
↵� ⌘ gµ⌫

2
[@�g↵⌫ + @↵g�⌫ � @⌫g↵�] (2.13)

2Note that contrarily to the standard model of particle physics which is a description at the
level of the most “fundamental” objects today observed that are quantum fields, the standard
model of cosmology is from the start an e↵ective/fluid-like description.
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A	long	journey:	from	raw	data	to	models	

Figure 2.1: a) Thermal dust signal; b) Carbon monoxyde signal; c) Integrated
Sachs-Wolfe (ISW) signal with a mask on the galactic plane (grey band); d) Cosmic
Microwave Background (CMB) signal from Planck Legacy Archive. In order to ob-
tain the CMB signal in d), one must first operate component separation, foreground
removal and mask application. A pedagogical introduction to the CMB signal ex-
traction can be found [25].

Figure 2.2: Left: From one of the more than four million spectra collected by
the SDSS [26] to Right: the SDSS map of the local universe [27] where each dot
is a galaxy. The construction of reliable catalogues is of prime importance for
cosmologists. It relies on a long journey from raw data to cosmological observations
and constitutes the starting point of statistical data analysis.
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Data	must	be	processed	
(Foregrounds	subtracQon,	masks	etc.)		

Cosmological	signal		

See	talks	by	C.	Baccigalupi	&	M.	Liguori	on	CMB	data	analysis;		E.	Sarpa	&	M.	Raveri	about	

LSS	data	analysis.		



Theory	meets	cosmological	observables:	

basic	sta?s?cal	tools	

	

	



Power	spectrum	of	cosmological	perturba+ons	

Consider	a	random	field	f(t,x):		

f(t,x)		can	be	the	fracQonal	energy	density	perturbaQon	δρ/ρ,	or	the	(quantum)	scalar	field	fluctuaQons	(if	
quantum	the	brackets	denote	the	expectaQon	value	on	the	vacuum	state	and	it	can	be	computed	using	
creaQon	and	annihiliaton	operators)	

N.B.:	f*k2	=	f-k2	if	f	is	real	

Dirac	Delta	because	of	homogenity	

f(x)	

x	

depends	only	on	the	modulus	of	because	of	isotropy	
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Power	spectrum	of	cosmological	perturba+ons	

You	can	show	that	the	power-spectrum	is	the	Fourier	trasnform	of	the	spaQal		
two	point-correlaQon	funcQon		
	
N.B.:	of	course	to	staQsQcally	characterize	the	level	of	perturbaQons	one	cannot	take	
simply																given	that		
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Power	spectrum	of	cosmological	perturba+ons	

EssenQally		
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Planck Collaboration: The cosmological legacy of Planck

Fig. 19. Linear-theory matter power spectrum (at z = 0) inferred from di↵erent cosmological probes (the dotted line shows the
impact of non-linear clustering at z = 0). The broad agreement of the model (black line) with such a disparate compilation of
data, spanning 14 Gyr in time and three decades in scale, is an impressive testament to the explanatory power of ⇤CDM. Earlier
versions of similar plots can be found in, for example, White et al. (1994), Scott et al. (1995), Tegmark & Zaldarriaga (2002), and
Tegmark et al. (2004). A comparison with those papers shows that the evolution of the field in the last two decades has been
dramatic, with ⇤CDM continuing to provide a good fit on these scales.

ering three orders of magnitude in scale and much of cosmic
history. The level of agreement, assuming the ⇤CDM model,
is quite remarkable. That structure grows through gravitational
instability in a dark-matter-dominated Universe seems well es-
tablished, and the power of the model to explain a wide range
of di↵erent phenomena is impressive. However, the tremendous
statistical power of the Planck data, and modern probes of large-
scale structure, is such that we can perform much more detailed
comparisons than this.

One consistency check, which we can make internal to the
Planck data set, is to check whether the large-scale structure that
lenses the CMB anisotropies at z ' 0.5–10 has the right ampli-
tude given the size of the anisotropies and the constituents in-
ferred from the acoustic oscillations. Between the epoch of last
scattering at z ' 1100 and and the epoch corresponding to the
peak of the lensing kernel (z ' 2–3), the fluctuations in the mat-
ter density are predicted to grow in amplitude by nearly three
orders of magnitude. Since for much of this time the Universe is
matter dominated and the fluctuations are in the linear regime,
GR predicts the amount of growth at the percent level, allowing

a precision test of the theory. In fact, the comparison can be done
to such high accuracy that it is best phrased as a scaling, A��L , of
the theoretical prediction – taking into account the distributed ef-
fects of lensing, etc. We find A��L = 0.997±0.031, which provides
a stunning confirmation of the gravitational instability paradigm,
and also allows us to constrain constituents of the Universe that
do not cluster on small scales (such as massive neutrinos; see
Sect. 5.3) and so reduce the small-scale power spectrum. Future,
more precise, measurements of CMB lensing will provide strong
constraints on neutrino masses, extra relativistic degrees of free-
dom, and early dark energy.

Also shown in Fig. 19 are measurements of the matter power
spectrum inferred from galaxy clustering and the Ly↵ forest.
The former represents a measurement at z ' 0, although it has
an uncertain amplitude because of galaxy bias. In plotting the
SDSS galaxy clustering points, we have accounted for galaxy
bias assuming the phenomenological bias model of Reid et al.
(2010). Specifically, we have fit this model to the Planck best-
fit cosmology, yielding {b0, a1, a2} = {1.23, 0.56,�0.35} at a

28

	
Ø  	You	can	also	easily	show	that	the	variance	of	the	fluctuaQon	is	given	by				
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Such	a	sta?s?cs	can	be		“declined”	in	different	ways	

in	cosmology,	according	to	the	kind	of	data		

(e.g.,	CMB,	large-scale	galaxy	surveys,	etc.	)		

Figure 2.9: Illustration of how the correlations originating from the primordial power
spectrum gets transferred to the temperature anisotropies of the CMB and the
galaxy clustering data of the LSS. From the bottom to the top: primordial fluctu-
ations of quantum mechanical origin generates a nearly scale invariant power spec-
trum (reconstructed from CMB observation in [25]). After inflation, the evolution
of the cosmological inhomogeneities during the radiation and matter dominated era
forms the temperature anisotropies of the CMB introduced in Fig. 2.3. Billion of
years later, galaxies, clusters, voids and filaments of the LSS formed on the seeds of
these primordial fluctuations.
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A	long	journey:	from	raw	data	to	models	

Figure 2.1: a) Thermal dust signal; b) Carbon monoxyde signal; c) Integrated
Sachs-Wolfe (ISW) signal with a mask on the galactic plane (grey band); d) Cosmic
Microwave Background (CMB) signal from Planck Legacy Archive. In order to ob-
tain the CMB signal in d), one must first operate component separation, foreground
removal and mask application. A pedagogical introduction to the CMB signal ex-
traction can be found [25].

Figure 2.2: Left: From one of the more than four million spectra collected by
the SDSS [26] to Right: the SDSS map of the local universe [27] where each dot
is a galaxy. The construction of reliable catalogues is of prime importance for
cosmologists. It relies on a long journey from raw data to cosmological observations
and constitutes the starting point of statistical data analysis.
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Data	must	be	processed	
(Foregrounds	subtracQon,	masks	etc.)		

Cosmological	signal		

Planck Collaboration: The cosmological legacy of Planck
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Fig. 9. Planck CMB power spectra. These are foreground-subtracted, frequency-averaged, cross-half-mission angular power spectra
for temperature (top), the temperature-polarization cross-spectrum (middle), the E mode of polarization (bottom left), and the
lensing potential (bottom right). Within ⇤CDM these spectra contain the majority of the cosmological information available from
Planck, and the blue lines show the best-fitting model. The uncertainties of the TT spectrum are dominated by sampling variance,
rather than by noise or foreground residuals, at all scales below about ` = 1800 – a scale at which the CMB information is essentially
exhausted within the framework of the ⇤CDM model. The T E spectrum is about as constraining as the TT one, while the EE
spectrum still has a sizeable contribution from noise. The lensing spectrum represents the highest signal-to-noise ratio detection
of CMB lensing to date, exceeding 40�. The anisotropy power spectra use a standard binning scheme (which changes abruptly at
` = 30), but are plotted here with a multipole axis that goes smoothly from logarithmic at low ` to linear at high `. In all panels, the
blue line is the best-fit Planck 2018 model, based on the combination of TT , T E, and EE.
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StaQsQcs	of	objects	
(here	angular	power-spectrum	
of	CMB	temperature	anisotropies)		

See	talks	by	C.	Baccigalupi	&	M.	Liguori	on	CMB	data	analysis;		E.	Sarpa	&	M.	Raveri	about	

LSS	data	analysis.		

Planck Collaboration: The cosmological legacy of Planck

90� 1� 0.2� 0.1�

Angular scale

Fig. 18. Compilation of recent CMB angular power spectrum measurements from which most cosmological inferences are drawn.
The upper panel shows the power spectra of the temperature and E-mode and B-mode polarization signals, the next panel the
cross-correlation spectrum between T and E, while the lower panel shows the lensing deflection power spectrum. Di↵erent colours
correspond to di↵erent experiments, each retaining its original binning. For Planck, ACTPol, and SPTpol, the EE points with large
error bars are not plotted (to avoid clutter). The dashed line shows the best-fit ⇤CDM model to the Planck temperature, polarization,
and lensing data. See text for details and references.
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A	long	journey:	from	raw	data	to	models	

The	last	step:	confronta+on	with	theory,	sta+s+cal	inference	of	

model	parameters			

E.g.:	in	a	Baeysian	framework		

Figure 2.3: Left: The matter density power spectrum and Right: The temperature
anisotropies power spectrum from Planck Image Gallery. The spectra clearly exhibit
features which call for the existence of underlying physical processes explaining their
occurrence. The black and red plain lines are the theoretical predictions from the
⇤-CDM best fit parameters. It highlights the validity of the concordance model over
a large range of scales and datasets.

of a theory or to compare the goodness of fit from one theory to the other. Let
us briefly highlight the procedure, following the discussion of [28]. A quantity of
central interest is the likelihood L(D|Mi, ✓ij) which is the probability of getting the
data D, given a model Mi and a set of parameter ✓ij. In the specific example of the
galaxy-clustering two-point functions, assuming a Gaussian likelihood,

ln L(D|Mi, ✓ij) = �1

2

X

↵�

h

bPg(k↵) � bPth.(k↵|Mi, ✓ij)
i

Cov�1
↵�

h

bPg(k�) � bPth.(k�|Mi, ✓ij)
i

(2.8)

where bPg(k↵) is the statistical estimator from the data constructed above and
bPth.(k�|Mi, ✓ij) is the theoretical power spectrum computed at scale k↵ within the
model Mi for the set of parameters ✓ij. Once the likelihood is known, Bayes the-
orem tells us that the posterior probability p(✓ij|D, Mi) of a set of parameters ✓ij
for each model Mi is expressed as

p(✓ij|D, Mi) =
L(D|Mi, ✓ij)⇡(✓ij|Mi)

E(D|Mi)
(2.9)

where ⇡(✓ij|Mi) is the prior distribution, accounting for preestablished knowledge
of the parameter space of the model Mi and E(D|Mi) is the Bayesian evidence, a
normalization constant defined as

E(D|Mi) =

Z

d✓ijL(D|Mi, ✓ij)⇡(✓ij|Mi). (2.10)

By sampling the parameter space through the mean of e.g. a Monte-Carlo Markov
Chain (MCMC), we compute the value of the posterior for each ✓ij using Eq. (2.9)
and infer the parameters of a given model Mi, as in Fig. 2.4. This procedure
illustrates the way cosmological parameters are inferred from the data in modern
cosmology.
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Likelihood:	probability	of	geing	the	data		
given	a	model	M		and	a	set	of	parameters	θij	

StaQsQcal	esQmator	from	the	data		

TheoreQcal	power	spectrum	(at	scale	kα)		
within	model	M	for	the	set	of	parameters	θij	
	

Ø 	Bayes	theorem	
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A	long	journey:	from	raw	data	to	models	

Cosmological	parameters	



The	standard	cosmological	model	
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Fig 1 —Possible thermal history of the Universe. The figure shows the previous thermal history of the 
Universe assuming a homogeneous isotropic general-relativity cosmological model (no scalar field) with 
present matter density 2 X 10-29 gm/cm3 and present thermal radiation temperature 3.5° K The bottom 
horizontal scale may be considered simply the proper distance between two chosen fiducial co-moving 
galaxies (points) The top horizontal scale is the proper world time. The line marked “temperature” 
refers to the temperature of the thermal radiation Matter remains in thermal equilibrium with the radia- 
tion until the plasma recombines, at the time indicated Thereafter further expansion cools matter not 
gravitationally bound faster than the radiation. The mass density in radiation is pr. At present pr is 
substantially below the mass density in matter, pm, but, in the early Universe pr exceeded pm We have 
indicated the time when the Universe exhibited a transition from the characteristics of a radiation-filled 
model to those of a matter-filled model. 

Looking back in time, as the temperature approaches 1010 ° K the electrons become relativistic, and 
thermal electron-pair creation sharply increases the matter density At temperatures somewhat greater 
than 1010 ° K these electrons should be so abundant as to assure a thermal neutrino abundance and a 
thermal neutron-proton abundance ratio. A temperature of this order would be required also to decom- 
pose the nuclei from the previous cycle in an oscillating Universe. Notice that the nucleons are non- 
relativistic here. 

The thermal neutrons decay at the right-hand limit of the indicated region of helium formation. 
There is a left-hand limit on this region because at higher temperatures photodissociation removes the 
deuterium necessary to form helium The difficulty with this model is that most of the matter would end 
up in helium. 
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The	big	picture:	precision	(accuracy??)	cosmology			

ΛCDM:	The	standard	cosmological	model		

	

																						just	6	numbers…....	
describe	the	Universe	composiQon	and	evoluQon	

Homogeneous	background	 PerturbaQons	

Ωb,	Ωc,	ΩΛ,H0,	τ	
•  	atoms	4%	
•  	cold	dark	maver	23%	
•  	dark	energy	73%	

As,	ns,	r	
•  	nearly		scale-invariant	
•  	adiabaQc	
•  	(almost)	Gaussian	

Λ??	CDM??	 ORIGIN???à	InflaQon(?)	

Credit:	L.	V
erde	



Infla+on		&		
primordial	gravita+onal	waves			
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Recombina+on	epoch:	CMB	decouples	at	T~0.2	eV	
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Figure 2: Time evolution of the comoving Hubble horizon during inflation and the following epoch,
compared to the evolution of a comoving scale λ [53]. During the accelerated expansion the comoving
Hubble horizon decreases in time, while it grows during the radiation and matter dominated epochs.
At a certain time during inflation, the comoving scale λ exits the comoving Hubble horizon and then
re-enters after inflation is over. The behavior of the comoving Hubble horizon shown in this figure,
provides a solution to the horizon problem.

this process is substantially completed is called reheat temperature. Many models have been proposed
to describe this transition, some of which include the perturbative decay of the inflaton field while
others involve non-perturbative mechanisms, such as parametric resonance decay. If the fluctuations
are sufficiently small, inflaton quanta could decay into relativistic products. This happens as soon
as the inflaton decay rate Γ becomes comparable to the Hubble constant. If the decay is slow, only
fermionic decays are available. Usually each decay product is supposed to thermalize quickly so that
their energy distribution can be described by a black-body function and the reheating temperature
for a sudden process is Treh ∼

√
MplΓ. Then a mechanism is supposed to take place that leads to

energy transfer of the decay products into radiation. Otherwise, if the scalar field decays into bosonic
particles, we can have a rapid decay through a parametric resonance mechanism. The process may
be so fast that it ends after a few oscillations of the inflaton field. This phase is called preheating
phase [55].

2.2 Quantum fluctuations: origin of cosmological perturbations

We can now move to consider quantum aspects of the inflationary paradigm. The current under-
standing of structure formation and generation of CMB anisotropies requires the existence of small
fluctuations that entered the horizon during the radiation and matter era. Employing only the stan-
dard cosmology we cannot explain the presence of perturbations. On the other hand, the quantum
aspects of the inflationary mechanism constitute a natural way to explain the presence of such small
seeds.
According to quantum field theory, each physical field involved in a theory is characterized by quan-
tum fluctuations: they oscillate with all possible wavelengths maintaining zero average on a sufficient
macroscopic time. The inflationary accelerated expansion can stretch the wavelength of these fluctu-
ations to scales greater than the Hubble horizon k ≫ aH , where k is the comoving wave number of a
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Standard	Radia+on	à	maaer	eraàΛ	era	

The	rise	and	fall	...	of	the	comoving	Hubble	horizon	

pre-inflaQonary		
epoch	(if	any)	

Accelerated		

expansion	

Infla?on	



	
4	FACTS	INFLATION	CAN	EXPLAIN	

•  The	Universe	is	old	
•  	The	Universe	is	homogeneous	and	isotropic	
(for	a	comoving	observers	on	large	scales)	

•  	The	Universe	today	is	very	close	to	be	
spaQally	flat		

•  	Most	importantly:	Structures	grew	out	of	
Qny,	nearly	scale	invariant	(almost	Gaussian)	
perturbaQons	



	SOME	BASICS	1	

A	homogeneous	and	isotropic	universe:															
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From	Einstein+conQnuity	equaQons	
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ä

a
= �4⇤G

3
(⌅ + 3p)

(32) ⇥ ⇤ a(t)

BRIEF ARTICLE 3

(28) r ⇥ 16�

(29) H2 =
�

ȧ
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	SOME	BASICS	1	

Einstein	equaQons	
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§  On	large	(super-horizon	scales)	each	region	in	the	universe	goes	through	the	
same	expansion	history	but	at	slightly		different	Qmes:		
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C. Matter plus radiation

In a multi-fluid system we can define uniform-density
hypersurfaces for each fluid and a corresponding curva-
ture perturbation on these hypersurfaces, ζ(i) ≡ −ψ −
δρ(i)/ρ̇(i). Equation (18) then shows that ζ(i) remains
constant for adiabatic perturbations in any fluid whose
energy–momentum is locally conserved: nνT µ

(i) ν;µ =
0. Thus, for example, in a universe containing non-
interacting cold dark matter plus radiation, which both
have well-defined equations of state (pm = 0 and pγ =
ργ/3), the curvatures of uniform-matter-density hyper-
surfaces, ζm, and of uniform-radiation-density hypersur-
faces, ζγ , remain constant on super-horizon scales. The
curvature perturbation on the uniform-total-density hy-
persurfaces is given by

ζ =
(4/3)ργζγ + ρmζm

(4/3)ργ + ρm
. (20)

At early times in the radiation dominated era (ργ ≫ ρm)
we have ζinit ≃ ζγ , while at late times (ρm ≫ ργ) we
have ζfin ≃ ζm. ζ remains constant throughout only
for adiabatic perturbations where the uniform-matter-
density and uniform-radiation-density hypersurfaces co-
incide, ensuring ζγ = ζm. The isocurvature (or entropy)
perturbation is conventionally denoted by the perturba-
tion in the ratio of the photon and matter number den-
sities

S =
δnγ
nγ

−
δnm

nm
= 3 (ζγ − ζm) . (21)

Hence the entropy perturbation for any two non-
interacting fluids always remains constant on large scales
independent of the gravitational field equations. Hence
we recover the standard result for the final curvature per-
turbation in terms of the initial curvature and entropy
perturbation∗∗

ζfin = ζini −
1

3
S . (22)

IV. THE SEPARATE UNIVERSE APPROACH

One can proceed to use the perturbed field equations,
to follow the evolution of linear perturbations in the
metric and matter fields in whatever gauge one chooses.

∗∗This result was derived first by solving a differential equa-
tion [9], and then [8] by integrating Eq. (19) using Eq. (20).
We have here demonstrated that even the integration is
unnecessary.

ba

t1

t2

0λ

-1cH

λ

sλ

FIG. 1. A schematic illustration of the separate universes
picture, with the symbols as identified in the text.

This allows one to calculate the corresponding perturba-
tions in the density and pressure and the non-adiabatic
pressure perturbation if there is one, and see whether it
causes a significant change in ζ.

However, there is a particularly simple alternative ap-
proach to studying the evolution of perturbations on
large scales, which has been employed in some multi-
component inflation models [24,25,14,26,15,8]. This con-
siders each super-horizon sized region of the Universe to
be evolving like a separate Robertson–Walker universe
where density and pressure may take different values,
but are locally homogeneous. After patching together
the different regions, this can be used to follow the evo-
lution of the curvature perturbation with time. Figure 1
shows the general idea of the separate universe picture,
though really every point is viewed as having its own
Robertson–Walker region surrounding it.

Consider two such locally homogeneous regions (a)
and (b) at fixed spatial coordinates, separated by a co-
ordinate distance λ, on an initial hypersurface (e.g.,
uniform-density hypersurface) specified by a fixed coordi-
nate time, t = t1, in the appropriate gauge (e.g., uniform-
density gauge). The initial large-scale curvature pertur-
bation on the scale λ can then be defined (independently
of the background) as

δψ1 ≡ ψa1 − ψb1 . (23)

On a subsequent hypersurface defined by t = t2 the cur-
vature perturbation at (a) or (b) can be evaluated using
Eq. (16) [but neglecting ∇2σ] to give [14]

ψa2 = ψa1 − δNa , (24)

4

§  FluctuaQons	in	the	inflaton	produce	fluctuaQons	in	the	universe	expansion	from	
place	to	place		
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Primordial	seeds	for	stuctures	in	the	Universe	

Planck Collaboration: The cosmological legacy of Planck

-160

160 µK

0.41 µK

Fig. 6. The Planck CMB sky. The top panel shows the 2018, SMICA temperature map. The middle panel shows the polarization field
as rods of varying length, superimposed on the temperature map, when both are smoothed at the 5� scale. This smoothing is done
for visibility purposes, but the enlarged region presented in Fig. 7 shows that the Planck polarization map is dominated by signal at
much smaller scales. Both these CMB maps have been masked and inpainted in regions where residuals from foreground emission
are expected to be substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution
temperature map. The bottom panel shows the Planck lensing map (derived from r�, i.e., the E mode of the lensing deflection
angle), specifically a minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the
unmasked area covers 80.7 % of the sky, which is larger than that used for cosmology.
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Primordial	gravita+onal	waves	

GWs	are	tensor	perturbaQons	of	the	metric.	RestricQng	ourselves	to	a		
flat	FRW	background	(and	disregarding	scalar	and	vector	modes)	
	
																																ds2=a2(τ)[-	dτ2	+	(δij	+	hij(x,τ)) dxi	dxj]
	
where	hij		are	tensor	modes	which	have	the	following	properQes	
hij		=	hji																																				(symmetric)	
hii		=	0																										(traceless)	
hij|i=	0																									(transverse,	i.e.	divergence	free)			
and	saQsfy	the	equaQon	of	moQon	
	

‘	=	d/dτ		

€ 

h"ij +2
a'
a
h'ij −∇

2hij = 0

33	

i,j=1,2,3	



Primordial	gravitaQonal	waves	
GWs	have	only	(9à6-1-3=)	2	independent	degrees	of	freedom,		
corresponding	to	the	2	polarizaQon	states	of	the	graviton	
	
	
	
	
	
	
	
	
	
behaviour:	
k	«	aH		(outside	the	horizon)		h	≈	const	+	decaying	mode	

k	»	aH		(inside	the	horizon)					h	≈	e±ikτ/a							gravitaQonal	wave;	it	freely		
																																																																															streams,	experiencing	redshiÉ											
																																																																															and	diluQon,	like	a	free	photon)	
	

polarizaQon		
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λGW λGW

Fig. 1. We show how point particles along a ring move as a result of the interaction with a GW
propagating in the direction perpendicular to the plane of the ring. The left panel refers to a wave
with + polarization, the right panel with × polarization.

change of coordinates, so we can compute it in the TT gauge. Using Eq. (2.20),
we obtain

RTT
j0k0 = − 1

2c2
ḧTT

jk . (3.13)

Thus,
d2ξj

dt2
=

1

2
ḧTT

jk ξk . (3.14)

In conclusion, in the FF frame the effect of a GW on a point particle of mass m
can be described in terms of a Newtonian force Fi = (m/2) ḧTT

ij ξj . Note that in
the FF frame, coordinate distances and proper distances coincide, and we recover
immediately Eq. (3.8).
The description in the FF frame is useful and simple as long as we can write

the metric as gµν = ηµν + O(x2/R2), i.e. as long as we can disregard the
corrections x2/R2. Since R−2 = |Ri0j0| ∼ ḧ ∼ h/λ2

GW, we have x2/R2 ≃
L2 h/λ2

GW, and comparing it with δL/L ∼ h, we find L2/λ2
GW ≪ 1. This

condition is satisfied by ground-based detectors because L ∼ 4 km and λGW ∼
3000 km, but not by space-based detectors which have L ∼ 5 × 106 km and will
observe GWs with wavelength shorter than L. [For a recent thorough analysis
and a proof of the equivalence between the TT and FF description, see, e.g.,
Ref. [45].]

3.4. Key ideas underlying gravitational-wave detectors

To illustrate the effect of GWs on FF particles, we consider a ring of point parti-
cles initially at rest with respect to a FF frame attached to the center of the ring,
as shown in Fig. 1. We determine the motion of the particles considering the +
and × polarizations separately. If only the + polarization is present, we have

hTT
ij = h+

(
1 0
0 −1

)
sinωt , ξi = [x0 + δx(t), y0 + δy(t)] , (3.15)



	Looking	for	gravita+onal	waves	via	CMB	polariza+on	

Quadrupole�
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e–

Linear �
Polarization

ε'

ε'

ε

Fig. 1.— Thomson scattering of radiation with a quad-
rupole anisotropy generates linear polarization. Blue
colors (thick lines) represent hot and red colors (thin
lines) cold radiation.

dent radiation field possesses a quadrupolar variation in
intensity or temperature (which possess intensity peaks
at 90◦ = π/2 separations), the result is a linear polar-
ization of the scattered radiation (see Fig. 1). A reversal
in sign of the temperature fluctuation corresponds to a
90◦ rotation of the polarization, which reflects the spin-
2 nature of polarization.

In terms of a multipole decomposition of the ra-
diation field into spherical harmonics, Y m

ℓ (θ, φ), the
five quadrupole moments are represented by ℓ = 2,
m = 0,±1,±2. The orthogonality of the spherical har-
monics guarantees that no other moment can generate
polarization from Thomson scattering. In these spheri-
cal coordinates, with the north pole at θ = 0, we call a
N-S (E-W) polarization component Q > 0 (Q < 0) and
a NE-SW (NW-SE) component U > 0 (U < 0). The
polarization amplitude and angle clockwise from north
are

P =
√

Q2 + U2, α =
1

2
tan−1(U/Q) . (2)

Alternatively, the Stokes parameters Q and U repre-
sent the diagonal and off diagonal components of the
symmetric, traceless, 2 × 2 intensity matrix in the po-

larization plane spanned by (êθ, êφ),

E∗
i Ej −

1

2
δijE

2 ∝ Qσ3 + Uσ1 , (3)

where σi are the Pauli matrices and circular polarization
is assumed absent.

If Thomson scattering is rapid, then the randomiza-
tion of photon directions that results destroys any quad-
rupole anisotropy and polarization. The problem of un-
derstanding the polarization pattern of the CMB thus
reduces to understanding the quadrupolar temperature
fluctuations at last scattering.

Temperature perturbations have 3 geometrically dis-
tinct sources: the scalar (compressional), vector (vorti-
cal) and tensor (gravitational wave) perturbations. For-
mally, they form the irreducible basis of the symmetric
metric tensor. We shall consider each of these below
and show that the scalar, vector, and tensor quadru-
pole anisotropy correspond to m = 0,±1,±2 respec-
tively. This leads to different patterns of polarization
for the three sources as we shall discuss in §3.

m=0

v

Scalars�
(Compression)

hot

hot

cold

Fig. 2.— The scalar quadrupole moment (ℓ = 2, m =
0). Flows from hot (blue) regions into cold (red), v ∥ k,
produce the azimuthally symmetric pattern Y 0

2 depicted
here.

2.2. Scalar Perturbations

The most commonly considered and familiar types of
perturbations are scalar modes. These modes represent

3
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Figure 4: Examples of E-mode and B-mode patterns of polarization. Note that if reflected across
a line going through the center the E-patterns are unchanged, while the positive and
negative B-patterns get interchanged.

patterns. Although E and B are both invariant under rotations, they behave di↵erently under parity
transformations. Note that when reflected about a line going through the center, the E-patterns
remain unchanged, while the B-patterns change sign.

TE correlation and superhorizon fluctuations
The symmetries of temperature and polarization (E- and B-mode) anisotropies allow four types

of correlations: the autocorrelations of temperature fluctuations and of E- and B-modes denoted
by TT , EE, and BB, respectively, as well as the cross-correlation between temperature fluctuations
and E-modes: TE. All other correlations (TB and EB) vanish for symmetry reasons.18

The angular power spectra are defined as rotationally invariant quantities

CXY
` ⌘ 1

2` + 1

X

m

haX
`maY

`mi , X, Y = T,E,B . (40)

In Fig. 5 we show the latest measurement of the TE cross-correlation [14]. The EE spectrum has
now begun to be measured, but the errors are still large. So far there are only upper limits on the
BB spectrum, but no detection.

The dependence on cosmological parameters of each of these spectra di↵ers, and hence a com-
bined measurement of all of them greatly improves the constraints on cosmological parameters by
giving increased statistical power, removing degeneracies between fitted parameters, and aiding in
discriminating between cosmological models.

18This assumes no parity-violating processes in the early universe. Conversely, non-zero TB and EB

correlations would be a distinctive signature of such physics.
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negative B-patterns get interchanged.

patterns. Although E and B are both invariant under rotations, they behave di↵erently under parity
transformations. Note that when reflected about a line going through the center, the E-patterns
remain unchanged, while the B-patterns change sign.

TE correlation and superhorizon fluctuations
The symmetries of temperature and polarization (E- and B-mode) anisotropies allow four types

of correlations: the autocorrelations of temperature fluctuations and of E- and B-modes denoted
by TT , EE, and BB, respectively, as well as the cross-correlation between temperature fluctuations
and E-modes: TE. All other correlations (TB and EB) vanish for symmetry reasons.18

The angular power spectra are defined as rotationally invariant quantities

CXY
` ⌘ 1

2` + 1

X

m

haX
`maY

`mi , X, Y = T,E,B . (40)

In Fig. 5 we show the latest measurement of the TE cross-correlation [14]. The EE spectrum has
now begun to be measured, but the errors are still large. So far there are only upper limits on the
BB spectrum, but no detection.

The dependence on cosmological parameters of each of these spectra di↵ers, and hence a com-
bined measurement of all of them greatly improves the constraints on cosmological parameters by
giving increased statistical power, removing degeneracies between fitted parameters, and aiding in
discriminating between cosmological models.

18This assumes no parity-violating processes in the early universe. Conversely, non-zero TB and EB

correlations would be a distinctive signature of such physics.
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	Looking	for	gravita+onal	waves	via	CMB	polariza+on	

Sourced	by	tensor	(and	vector)		
perturbaQons	

Sourced	by	scalar	and	tensor		
(and	vector)	perturbaQons	
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�2Primary	goal	for	future	CMB	experiments	

Planck Collaboration: The cosmological legacy of Planck

-160

160 µK

0.41 µK

Fig. 6. The Planck CMB sky. The top panel shows the 2018, SMICA temperature map. The middle panel shows the polarization field
as rods of varying length, superimposed on the temperature map, when both are smoothed at the 5� scale. This smoothing is done
for visibility purposes, but the enlarged region presented in Fig. 7 shows that the Planck polarization map is dominated by signal at
much smaller scales. Both these CMB maps have been masked and inpainted in regions where residuals from foreground emission
are expected to be substantial. This mask, mostly around the Galactic plane, is delineated by a grey line in the full resolution
temperature map. The bottom panel shows the Planck lensing map (derived from r�, i.e., the E mode of the lensing deflection
angle), specifically a minimum variance, Wiener filtered, map obtained from both temperature and polarization information; the
unmasked area covers 80.7 % of the sky, which is larger than that used for cosmology.
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Current	observa?onal	status		



Constraints	from	CMB:	Planck	

ns=1 (Harrison Zeld’ ovich spectrum) excluded at 8.4 sigmas!!  

Ø  Primordial density perturbations: 
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Energy	scale	of	inflaQon	

																																						A	new	era	(the	CMB	B-mode	era)	has	started!	
																																						Target	of	future	CMB	experiments:	r	<10-3		

Ø  Primordial gravitational waves: 

Planck Collaboration: Constraints on Inflation

Fig. 3. Comparison of the marginalized probability density of the primary parameters and (�8 ,H0) for the baseline cosmologi-
cal model from Planck TT+lowE+lensing (black curves), TT,TE,EE+lowE+lensing (red curves), and the alternative likelihood
Camspec. For comparison we also display the Planck 2018 TT+lowP+lensing (blue curves) and the corresponding Planck 2015
TT+lowP+lensing (green curves) results.

Cosmological model Parameter Planck TT,TE,EE Planck TT,TE,EE Planck TT,TE,EE
⇤CDM+r +lowEB+lensing +lowE+lensing+BK15 +lowE+lensing+BK15+BAO

r < 0.11 < 0.061 < 0.063
r0.002 < 0.10 < 0.056 < 0.058

ns 0.9659 ± 0.0041 0.9651 ± 0.0041 0.9668 ± 0.0037
r < 0.16 < 0.067 < 0.068

r0.002 < 0.16 < 0.065 < 0.066
+dns/d ln k ns 0.9647 ± 0.0044 0.9639 ± 0.0044 0.9658 ± 0.0040

dns/d ln k �0.0085 ± 0.0073 �0.0069 ± 0.0069 �0.0066 ± 0.0070
r < 0.092 < 0.061 < 0.064

r0.002 < 0.085 < 0.055 < 0.059
+Ne↵ ns 0.9607+0.0086

�0.0084 0.9604 ± 0.0085 0.9660 ± 0.0070
Ne↵ 2.92 ± 0.19 2.93 ± 0.19 3.02 ± 0.17

r < 0.097 < 0.061 < 0.061
r0.002 < 0.091 < 0.056 < 0.056

+m⌫ ns 0.9654 ± 0.0044 0.9649 ± 0.0044 0.9668 ± 0.0036
P

m⌫ [eV] < 0.24 < 0.23 < 0.11
r < 0.12 < 0.066 < 0.062

r0.002 < 0.12 < 0.062 < 0.057
+⌦K ns 0.9703+0.0045

�0.0046 0.9697 ± 0.0046 0.9663 ± 0.0044
⌦K �0.012+0.007

�0.006 �0.012+0.006
�0.007 0.0006 ± 0.0019

r < 0.11 < 0.064 < 0.062
r0.002 < 0.10 < 0.059 < 0.057

+w0 ns 0.9675 ± 0.0042 0.9669 ± 0.0042 0.9659 ± 0.0040
w0 �1.58+0.14

�0.34 �1.58+0.14
�0.34 �1.04 ± 0.05

Table 3. Constraints on the tensor-to-scalar ratio r and scalar tilt ns for the ⇤CDM+r model and some important extensions and
di↵erent data sets. For each model we quote 68 % confidence limits on measured parameters and 95 % upper bounds on other
parameters.

in units such that c = 1. For the case of Planck
TT,TE,EE+lowE+lensing+BAO we find

RK > 67 Gpc (open), (23)
RK > 81 Gpc (closed), (24)

both at 95 % confidence. These lengths are considerably greater
than our current (post-inflation) particle horizon, at 13.9 Gpc.

Our tightest constraint, Eq. (21), tells us that our observa-
tions are consistent with spatial flatness, with a precision of

12

Two	fundamental	observa?onal	constants	of	cosmology	in	addi?on	to	three	very	well	known	(Ωb	,Ωcdm,ΩΛ)	

Latest	constraints	
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Nanograv	15	year	data		
4 The NANOGrav Collaboration
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log10 AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,
respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the Hellings–Downs curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.

Pulsar	+ming	array	(PTA)	collabora+ons,	NANOGrav,	EPTA,	PPTA,	

and	CPTA,	have	presented	evidence	for	an	isotropic	stochas+c	

gravita+onal	wave	background	(GWB).		

A	Cosmological	orign	is	a	possibility	(if	from	inflaQon	for	sure	models	
beyond	the	standard	ones).		
	



What	are	the	implica?ons	for	

infla?onary	models	?**	

**	I	am	talking	here	about	single-field	slow	roll	models	of	inflaQon	



Small field models
V (φ)∝1− (φ p /µ p ), p ≥ 3

r ~ 0 1− n = 2
N
(p−1)
(p− 2)

		

€ 

Large fieldmodels V (φ)∝φα

r =
4α
N

1− n =
α + 2
2N

€ 

Exponential models

V (φ)∝exp[− 2 / p φ /MPl ]→ a(t)∝ t p

r =
16
p

1− n =
2
p

Starobinsky model R+ (R2 / 6M 2 )

→V (φ)∝ (1− e−2 2/3φ /MPl )2
Hybrid inflation (dynamical SUSY breaking)
V (φ)∝1+α log(φ /MPL )

Natural inflation V (φ)∝1+ cos(φ / f )



So	far	so	good…..but.....	

what	is	the	precise	mechanism		behind	infla?on?		

Standard	single-field	slow-roll	
simple	power-law	spectra	

????	
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MulQple-fields	

Higher-order	derivaQve	interacQons	or		
non-canonical	kineQc	term	
																	

Features	in	the	potenQal		 Modified	gravitaQonal	sector	
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At	least	two	(main)	avenues:		

	

-	gravita?onal	waves	

-	primordial	non-Gaussianity	



We	have	seen	that	

in	cosmology	(spa?al)	correlators	are		

among	the	most	important	sta?s?cal	

es?mators				



So	what	about	higher-order	

correlators?		

(Primordial)	non-Gaussianity		
(aka: going beyond the (r-ns) plane) 
	



Primordial	NG	
ζ(x):	primordial	perturbaQons	
	
If	the	fluctuaQons	are	Gaussian	distributed	then	their	staQsQcal	properQes	are	
completely	characterized	by	the	two-point	correlaQon	funcQon,	<ζ(x1)ζ(x2)>			
or	its	Fourier	transform,	the	power-spectrum.				

Thus	a	non-vanishing	three	point	func?on,	or	its	Fourier	transform,	the	bispectrum		

is	an	indicator	of	non-Gaussianity	

€ 

ΔT
T
(n1)

ΔT
T
(n2)

ΔT
T
(n3)

ζ (
!
k1)ζ (

!
k2 )ζ (

!
k3) = (2π )

3δ (3)(
!
k1 +
!
k2 +
!
k3) fNLF(k1,k2,k3)

					Amplitude	 			Shape	

!
k1

!
k2

!
k3



Primordial	NG	

Physical	origin	of	primordial	NG:		
self-interacQons	of	the	inflaton	field,	e.g.	λ	ϕ3, 
interacQons	between	different	fields,			
non-linear	evoluQon	of	the	fields	during	inflaQon,		
gravity	itself	is	non	linear…..					

Gaussian free (i.e. non-interacting) 
field, linear theory  

CollecQon	of	independent	harmonic	oscillators	
(no	mode-mode	coupling)	



Why	primordial	NG	is	important?		



Bispectrum	vs	power	spectrum	informaQon	

5×106	pixels	compressed	

into	~2500	numbers:	

O.K.	only	if	gaussian	

	

	

	

If	not	we	could	miss	

precious	informa?on	

Measure	3	point-func?on	

and	higher-order	

Planck	2015	Results.	I.	Overview	of	products	and	scienQfic	results		

180°	 18°	 1°	 0.2°	 0.1°	 0.07°	

MulQpole	moment,	



One	(among	many)	good	reason:		

fNL	and	shape	are	model	dependent:		

e.g.:	standard	single-field	models	of	slow-roll	inflaQon		
predict	
					
																														fNL~O(ε,η)	<<1		
																																																																																							(Acquaviva,	Bartolo,	Matarrese,	Riovo	2002;	
																																																																																								Maldacena	2002)	

		
	
A	detecQon	of	a	primordial	|fNL|~1	would	rule	out		
all	standard	single-field	models	of	slow-roll	inflaQon	



fNL	and	shape	are	model	dependent:		

e.g.:	floor	set	by	standard	single-field	models	of		
									slow-roll	inflaQon	is		
					
																														fNL~O(ε,η)	<<1		
																																																																		(Acquaviva,	Bartolo,	Riovo,	Matarrese	Nucl.	Phys.	B	2003;	
																																																																			Maldacena	JHEP	2003)	

		
	
A	detecQon	of	a	primordial	|fNL|~1	would	rule	out		
all	standard	single-field	models	of	slow-roll	inflaQon	

One	(among	many)	very	good	reason:		



Shapes	of	NG:	local	NG	
Bispectrum peaks for squeezed triangles k3<<k1~k2   
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Non-lineariQes	develop	outside	the	horizon	during	or	immediately	aÉer	inflaQon	
(e.g.	mul?field	models	of	infla?on)	
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Single	field	models	of	infla?on	with	non-canonical	kine?c	term	L=P(ϕ,	X)	where		X=(∂	ϕ)2	(DBI	
or	K-inflaQon)	where	NG	comes	from	higher	derivaQve	interacQons		of	the	inflaton	field		
	
Example:		
					

Bispectrum	peaks	for		equilateral	triangles:	k1=k2=k3	

Equilateral	NG	

Fergusson and Shellard 09 

Babich et al.  04   
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The	CMB	bispectrum	as	seen	by	Planck		
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Constraints	on	fNL	translates	into	constraints	of	the	coefficients	of	the		
interacQons	of	the	inflaton	Lagrangian	

LESSON:	NG...IT’S	NOT	JUST	A	NUMBER	
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� tf

ti
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(105)

(106)
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� e60 � 1026

(107) gij = �ij + hij , hi
i = ⇧ihij = 0

(108) L[⌅] = L2 + L3 + ...

quadraQc	Lagrangian=	
linear	evoluQon	

Cubic	Lagrangian=interacQons	->	non-gaussianity		

Not	only	an	amplitude	but	also	shape	of		
non-GaussianiQes,	with	a	huge	amount	of		
informaQon	associated	to	triangular		
configuraQons		



Limits	set	by	Planck	

See	Planck	2018	results.	IX.	Constraints	on	primordial	non-Gaussianity	
								



e.g.	mulQ-field	models	of	inflaQon	

e.g.	models	with	non-standard	kineQc	terms		

Observa?onal	limits	set	by	Planck		

Planck	2018	results.	IX.	Constraints	on	primordial	non-Gaussianity.		

Planck Collaboration: Constraints on primordial non-Gaussianity

Fig. 1. Weights of each polarization configuration going into the total value of fNL for, from left to right, local, equilateral, and
orthogonal shapes. Note that since we impose `1  `2  `3, there is a di↵erence between, e.g., TEE (smallest ` is temperature) and
EET (largest ` is temperature).

Table 6. Results for the fNL parameters of the primordial local,
equilateral, and orthogonal shapes, determined by the KSW es-
timator from the SMICA foreground-cleaned map. Both indepen-
dent single-shape results and results with the lensing bias sub-
tracted are reported; uncertainties are 68 % CL. The di↵erence
between this table and the corresponding values in the previous
table is that here the equilateral and orthogonal shapes have been
analysed jointly.

Shape Independent Lensing subtracted

SMICA T
Local . . . . . . . . . 6.7 ± 5.6 �0.5 ± 5.6
Equilateral . . . . . . 4 ± 67 5 ± 67
Orthogonal . . . . . �38 ± 37 �15 ± 37

SMICA T+E
Local . . . . . . . . . 4.1 ± 5.1 �0.9 ± 5.1
Equilateral . . . . . . �25 ± 47 �26 ± 47
Orthogonal . . . . . �47 ± 24 �38 ± 24

theoretical interpretation of the result. Moreover, this fluctuation
completely goes away when accounting for polarization data, the
reliability of which has become significantly higher with respect
to our previous analysis (see Sect. 6 for details). Finally, the dis-
crepancy is for a very specific shape and it is entirely driven by
the already-noted fluctuation in the Commander orthogonal re-
sult with respect to 2013 and 2015. The other methods remain
stable, in particular SMICA, which we take as the map of choice
for our final results. The observed fluctuation in orthogonal fNL
from Commander can likely be explained by the unavailability
of “detset” (i.e., detector-subset) maps for this release, which
constituted in the past a useful input for improving the accuracy
of the Commander map. It is, however, important to stress that
Commander itself shows excellent agreement with other meth-
ods, when measuring fNL for all other shapes and also when cor-
relating the bispectrum modes and bins in a model-independent
fashion, both in temperature and polarization (again see Sect. 6
for a complete discussion of these tests).

Comparing the uncertainties in Table 5 to those in the cor-
responding table in the 2015 analysis paper (PCNG15), and fo-
cussing on the ones for the local shape, since those are most
sensitive to low-` modes, we see the following: for T-only data

the errors are approximately equal on average, slightly better for
KSW, and slightly worse for the other three estimators. A pos-
sible explanation for the slightly larger errors could be the fact
that the realism of the simulations has improved from FFP8 used
in 2015 to FFP10 used here. So the errors in 2015 might actu-
ally have been slightly underestimated. However, the di↵erences
are small enough that they could just be random fluctuations, es-
pecially given that not all estimators show the same e↵ect. For
E-only data we see a clear improvement of the errors for all es-
timators. That is as expected, since we are now including all the
additional polarization modes with 4  ` < 40 in the analy-
sis, and the local shape is quite sensitive to these low-` modes.
Finally, for the full T+E analysis, we see that all errors have
remained the same, to within fluctuations of around a few per-
cent, at most. So one might wonder why the improvement in
the E-only analysis has not translated into a corresponding im-
provement in the T+E analysis. The answer is relatively simple:
the EEE-bispectra only have a very small contribution to the fi-
nal T+E analysis, as shown in Fig. 1. This figure also explains
why the errors for the equilateral and orthogonal shapes improve
more when going from T-only to the full T+E analysis than the
errors for the local shape.

In conclusion, our current results show no evidence for non-
Gaussianity of the local, equilateral, or orthogonal type and are
in very good agreement with the previous 2013 and 2015 anal-
yses. We also show in Sect. 6 that the overall robustness and
internal consistency of the polarization data set has significantly
improved, as far as primordial non-Gaussian measurements are
concerned.

5.2. Further bispectrum shapes

5.2.1. Isocurvature non-Gaussianity

In this section we present a study of the isocurvature NG in the
Planck 2018 SMICAmap using the Binned bispectrum estimator.
This analysis is complementary to the one based on the power
spectrum presented in Planck Collaboration X (2018). The un-
derlying modelling approach was discussed in Sect. 2.3, and as
explained there, we only investigate isocurvature NG of the lo-
cal type, and in addition always consider the adiabatic mode
together with only one isocurvature mode, i.e., we consider
separately CDM-density, neutrino-density, and neutrino-velocity

16



Implica?ons	for	infla?on	models	

Ø 	The	standard	models	of	single-field	slow-roll	inflaQon	has	survived		
					the	most	stringent	tests	of	Gaussianity	to-date:	
					devia?ons	from	primordial	Gaussianity	are	less	than	0.01%	level.	

					This	is	a	fantas?c	achievement,	one	of	the	most	precise		

					measurements	in	cosmology!	

	

	

		

	
	
Ø 	The	NG	constraints	on	different	primordial	bispectrum	shapes	severly		
					limit/rule	out	specific	key	(infla?onary)	mechanisms	alterna?ve	to	the		

					standard	models	of	infla?on						
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Looking	at	the	infla+onary	trispectra	

e.g.	k_2	->		0	
corresponds	to	g_NL:		
a	modulaQon	of	the		
bispectrum		

e.g.	k_14	->		0	
corresponds	to	τ_NL:		
a	modulaQon	of	the	two	power	spectra		



Contact	interac+on:	e.g.	λ	(δφ)4	(intrinsic		
contribuQons	from	the	4-th	order	acQon)			

Scalar	exchange:		

comes	from	terms	in	the	3-oder	acQon,	
e.g.		(δφ)3			

gNL	τNL							

Planck	limits	on	trispectra	
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1. Starting from the data d, we compute (with uniform
pixel weighting) a best-fit monopole and dipole outside
the Galactic mask. We use the temperature “common
mask”, the union of the confidence masks for the SMICA,
SEVEM, NILC, and Commander component separation meth-
ods (Planck Collaboration IX 2016).

2. The mask defines a few “islands”, i.e., isolated groups of
pixels that are unmasked, but contained in a larger masked
region. We slightly enlarge the mask so that it removes the
islands.

3. We classify the components of the masked part of the sky
into “small” masked regions with  1000 pixels (at HEALPix
resolution Nside = 2048), and “large” regions with > 1000
pixels. Small regions usually correspond to point sources,
and large regions typically correspond to areas of di↵use
galactic emission. In small regions, we inpaint the CMB by
assigning the unique map that agrees with the data on bound-
ary pixels, and whose value in each interior pixel is the aver-
age of the neighboring pixels.

4. In large regions, we do not inpaint the CMB, but rather
apodize the boundary of the large region using cosine
apodization with 12’ radius.

5. We apply a spherical harmonic transform to the inpainted,
apodized CMB map to obtain a harmonic-space map a`m
with `max = 1600. We then take the final filtered map ã`m
to be

ã`m =
a`m

b`C` + b�1
` N`

(69)

where b` is the beam, C` is the fiducial CMB power spec-
trum, and N` is the sky-averaged noise power spectrum
(without beam deconvolution). To motivate this choice of `-
weighting, we note that for an ideal all-sky experiment with
isotropic noise, we have a`m = b`s`m+n`m where s`m, n`m are
signal and noise realizations. In this case, Eq. (69) weights
the signal as s`m/(C` + b�2

` N`), which is optimal.

In our pipeline, we apply this filter to the component-
separated SMICA maps (Planck Collaboration IX 2016), obtain-
ing a harmonic-space map ã`m. We apply the same filter to 1000
Monte Carlo simulations to obtain an ensemble of harmonic-
space maps. Our pipeline has the property that it always esti-
mates the trispectrum of the data in excess of the trispectrum
in the simulations. Since the simulations include lensing, this
means that lensing bias will automatically be subtracted from
our gNL estimates.

Now that the filter, data realization, and Monte Carlo simula-
tions have been fully specified, the details of the pipeline are de-
scribed in section IX.B of Smith et al. (2015). For each trispec-
trum, the pipeline outputs an estimate of gNL and an estimate of
the statistical error. Our basic results are:

glocal
NL = (�9.0 ± 7.7) ⇥ 104;

g�̇
4

NL = (�0.2 ± 1.7) ⇥ 106; (70)

g(@�)4

NL = (�0.1 ± 3.8) ⇥ 105.

No deviation from Gaussian statistics is seen. These results
significantly improve the previous best constraints on the
trispectrum from WMAP (Vielva & Sanz 2010; Smidt et al.
2010; Fergusson et al. 2010b; Hikage & Matsubara 2012;
Sekiguchi & Sugiyama 2013; Regan et al. 2013; Smith et al.
2015) and large-scale structure (Desjacques & Seljak 2010;
Giannantonio et al. 2014; Leistedt et al. 2014).

A constraint on glocal
NL from Planck 2013 data was recently

reported by Feng et al. (2015), who find glocal
NL = (�13±18)⇥104.

Our central value in Eq. (70) agrees well with this result, but the
statistical error is smaller by a factor of 2.3. This improvement
is partly due to the lower noise levels in Planck 2015 data, and
partly due to the use of a better estimator.

Each line in Eq. (70) is a “single-gNL” constraint; i.e., the
constraint on one gNL parameter with the other gNL-parameters
held fixed. For joint constraints, one needs to know the full co-
variance matrix. The correlation between glocal

NL and the other two
parameters is negligble, and the g�̇4

NL-g(@�)4

NL correlation is:

Corr(g�̇
4

NL, g
(@�)4

NL ) = 0.61. (71)

multi-field models of inflation will generally give a linear com-
bination of �̇4, �̇2(@i�)2, and (@i�)2(@ j�)2 trispectra. In this case
we proceed as follows. First, if the �̇2(@i�)2 coe�cient is non-
zero, we can use the near-degeneracy with a linear combination
of the other two operators to absorb it into the e↵ective values
of g�̇4

NL and g(@�)4

NL . A Fisher matrix analysis shows that the coe�-
cients of this linear combination are

(g�̇
4

NL)e↵ = 0.59 g�̇
2(@�)2

NL

(g(@�)4

NL )e↵ = 0.091 g�̇
2(@�)2

NL (72)

It is convenient to define the two-component parameter vector:

gi =

0

B

B

B

B

@

g�̇
4

NL
g(@�)4

NL

1

C

C

C

C

A

. (73)

We also compute a two-by-two Fisher matrix Fi j, whose diago-
nal is given by Fii = 1/�2

i , where �i is the single-gNL statistical
error in Eq. (70), and whose o↵-diagonal is F12 = rF1/2

11 F1/2
22 ,

where r is the correlation in Eq. (71). This procedure gives:

Fi j =

 

3.3 9.2
9.2 68.7

!

⇥ 10�13. (74)

For a given parameter vector gi, we can define a trispectrum-�2

by
�2(g) = [Fiiĝi � (Fg)i] F�1

i j [F j jĝ j � (Fg) j] (75)

where ĝi = (�0.21 ⇥ 106,�0.10 ⇥ 105) is the vector of best-fit
single-gNL values from Eq. (70). This definition of �2 follows
from the observation that (Fiiĝi) is an estimator with expectation
value (Fg)i and covariance matrix Cov(Fiiĝi, F j jĝ j) = Fi j.

The inflationary implications of these trispectrum constraints
are discussed in Sect. 11.5 below.

10. Minkowski functionals results

In this section, we present constraints on local NG at
first and second order ( f local

NL and glocal
NL ) obtained with

Minkowski functionals (MFs) on temperature and polarization
E maps. MFs (Mecke et al. 1994; Schmalzing & Buchert 1997;
Schmalzing & Gorski 1998; Winitzki & Kosowsky 1998) are a
measure of fields’ local morphology used to constrain their
stationarity, isotropy and Gaussianity. Mostly probing general
NG in a frequentist fashion in two-dimensions on CMB maps
(Eriksen et al. 2004; Komatsu et al. 2005; Modest et al. 2013;
Natoli et al. 2010; Curto et al. 2008) or three-dimensions on
LSS data (Park et al. 2005; Wiegand et al. 2014), they have
also been used to measure specific NG targets with Bayesian
methods, such as f local

NL (Hikage et al. 2006, 2008; Ducout et al.
2013; Planck Collaboration XXIV 2014), other bispectrum and
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(124) S4 ⌅M4
4 �̇4

(124) , c2 = �16fL=2
NL

(124) r ⇤ 0.15 95% CL

(124) �(x) = �(x)L + f loc
NL�2

L(x) + gloc
NL�3

L(x)

(124) ⇥NL ⇤ (6f loc
NL/5)2

(124) ⇥NL < 2800 95%CL

(124) k14/k1

(124) gNL = (1.6± 7.0)⇥ 105 68%CL

(124) �5.6⇥ 105 < gNL < 6.4⇥ 105 95%CL

(124) �4.5⇥ 105 < gNL < 1.6⇥ 105 95%CL 	(Giannantonio	et	al.	2013)	
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Table 24. Planck 2018 constraints on the trispectrum parameters glocal
NL , g�̇4

NL, and g(@�)4

NL from di↵erent component-separated maps.

glocal
NL g�̇

4

NL g(@�)4

NL

SMICA . . . . . . . . . . . . . (�5.8 ± 6.5) ⇥ 104 (�0.8 ± 1.9) ⇥ 106 (�3.9 ± 3.9) ⇥ 105

SMICA no-SZ . . . . . . . . (�12.3 ± 6.6) ⇥ 104 (�0.6 ± 1.9) ⇥ 106 (�3.5 ± 3.9) ⇥ 105

SEVEM . . . . . . . . . . . . . (�5.5 ± 6.5) ⇥ 104 (�0.8 ± 1.9) ⇥ 106 (�3.2 ± 3.9) ⇥ 105

NILC . . . . . . . . . . . . . . (�3.6 ± 6.3) ⇥ 104 (�0.8 ± 1.9) ⇥ 106 (�4.0 ± 3.9) ⇥ 105

Commander . . . . . . . . . (�8.1 ± 6.5) ⇥ 104 (�0.8 ± 1.9) ⇥ 106 (�3.5 ± 3.9) ⇥ 105

given by

h⇣
k1⇣k2⇣k3⇣k4i0 = �

13824
325

g�̇
2(@�)2

NL A3
⇣

Z 0

�1
d⌧E ⌧

2
E

⇥

(1 � k3⌧E)(1 � k4⌧E)

k1k2k3
3k3

4
(k3 · k4) e

P
ki⌧E + 5 perms.

�

= �27648
325

g�̇
2(@�)2

NL A3
⇣

⇥

K2 + 3(k3 + k4)K + 12k3k4

k1k2k3
3k3

4K5 (k3 · k4)+5 perms.
�
.

(49)

However, a Fisher matrix analysis shows that this trispectrum is
nearly 100 % correlated with the �̇4 and (@i�)2(@ j�)2 trispectra.
If the parameter g�̇

2(@�)2

NL is non-zero, then we can absorb it into
the “e↵ective” values of the parameters g�̇4

NL and g(@�)4

NL as

(g�̇
4

NL)e↵ = 0.59 g�̇
2(@�)2

NL ,

(g(@�)4

NL )e↵ = 0.091 g�̇
2(@�)2

NL . (50)

Therefore, to study joint constraints involving multiple gNL pa-
rameters, it su�ces to consider the two parameters, g�̇4

NL and
g(@�)4

NL , with correlation coe�cient given in Eq. (48).
We define the two-component parameter vector

gi =

0
BBBB@
g�̇

4

NL
g(@�)4

NL

1
CCCCA . (51)

and let ĝi denote the two-component vector of single-gNL esti-
mates from the SMICA maps (Table 24):

ĝi =

 
�8.0
�3.9

!
⇥ 10�5. (52)

We also define a two-by-two Fisher matrix Fi j, whose diagonal
is given by Fii = 1/�2

i , where�i is the single-gNL statistical error
in Table 24, and whose o↵-diagonal is F12 = rF1/2

11 F1/2
22 , where r

is the correlation in Eq. (48). This gives:

Fi j =

 
2.8 8.3
8.3 66.5

!
⇥ 10�13. (53)

Now, given a set of “theory” gNL values, represented by a two-
vector gi, we compare to the Planck data by computing the fol-
lowing quantity for the trispectrum:

�2(gi) =
⇥
Fiiĝi � (Fg)i

⇤
F�1

i j
⇥
F j jĝ j � (Fg) j

⇤
. (54)

In a model-building context where the gNL quantities gi de-
pend on model parameters, confidence regions on model param-
eters can be obtained by appropriately thresholding �2. We give
some examples in Sect. 8.

8. Implications for early-Universe physics

We now want to convert constraints on primordial NG into con-
straints on parameters of various models of inflation. This allows
us to highlight the constraining power of NG measurements,
as an additional complementary observable beyond the CMB
power spectra. In particular NG constraints can severely limit
the parameter space of models that are alternatives to the stan-
dard single-field models of slow-roll inflation, since they typi-
cally feature a higher level of NG.

Unless stated otherwise, we follow the same procedures
adopted in PCNG13 and PCNG15. A posterior of the model pa-
rameters is built based on the following steps: we start from the
assumption that the sampling distribution is Gaussian (which is
supported by Gaussian simulations); the likelihood is approxi-
mated by the sampling distribution, but centred on the NG esti-
mate (see Elsner & Wandelt 2009); we use uniform or Je↵reys’
priors, over intervals of the model parameter space that are phys-
ically meaningful (or as otherwise stated); and in some cases
where two or more parameters are involved, we marginalize the
posterior to provide one-dimensional limits on the parameter un-
der consideration.

8.1. General single-field models of inflation

DBI models Dirac-Born-Infeld (DBI) models of inflation
(Silverstein & Tong 2004; Alishahiha et al. 2004) arise from
high-energy string-theory constructions and generate a nonlin-
earity parameter f DBI

NL = �(35/108)(c�2
s � 1), where cs is the

sound speed of the inflaton perturbations (Silverstein & Tong
2004; Alishahiha et al. 2004; Chen et al. 2007b). The enhance-
ment of the NG amplitude due to a possible sound speed cs < 1
arises from a non-standard kinetic term of the inflaton field.
Notice that we have constrained the exact theoretical (non-
separable) shape (see equation 7 of PCNG13), even though it is
very similar to the equilateral type. Our constraint f DBI

NL = 46±58
from temperature data ( f DBI

NL = 14 ± 38 from temperature and
polarization) at 68 % CL (with lensing and point sources sub-
tracted, see Table 11) implies

cDBI
s � 0.079 (95 %, T only) , (55)

and
cDBI

s � 0.086 (95 %, T+E) . (56)

Implications for the effective field theory of inflation Now we
can update CMB limits on the speed of sound cs at which inflaton
fluctuations propagated in the very early Universe. A very gen-
eral constraint on this inflationary parameter can be obtained by
employing the EFT approach to inflation (Cheung et al. 2008;
Weinberg 2008, and see Sect. 7). This approach allows us to
obtain predictions for the parameter space of primordial NG
through a general characterization of the inflaton field inter-
actions. The Lagrangian of the system is expanded into the
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and let ĝi denote the two-component vector of single-gNL esti-
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We also define a two-by-two Fisher matrix Fi j, whose diagonal
is given by Fii = 1/�2
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We now want to convert constraints on primordial NG into con-
straints on parameters of various models of inflation. This allows
us to highlight the constraining power of NG measurements,
as an additional complementary observable beyond the CMB
power spectra. In particular NG constraints can severely limit
the parameter space of models that are alternatives to the stan-
dard single-field models of slow-roll inflation, since they typi-
cally feature a higher level of NG.

Unless stated otherwise, we follow the same procedures
adopted in PCNG13 and PCNG15. A posterior of the model pa-
rameters is built based on the following steps: we start from the
assumption that the sampling distribution is Gaussian (which is
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mated by the sampling distribution, but centred on the NG esti-
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priors, over intervals of the model parameter space that are phys-
ically meaningful (or as otherwise stated); and in some cases
where two or more parameters are involved, we marginalize the
posterior to provide one-dimensional limits on the parameter un-
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8.1. General single-field models of inflation

DBI models Dirac-Born-Infeld (DBI) models of inflation
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high-energy string-theory constructions and generate a nonlin-
earity parameter f DBI
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s � 1), where cs is the

sound speed of the inflaton perturbations (Silverstein & Tong
2004; Alishahiha et al. 2004; Chen et al. 2007b). The enhance-
ment of the NG amplitude due to a possible sound speed cs < 1
arises from a non-standard kinetic term of the inflaton field.
Notice that we have constrained the exact theoretical (non-
separable) shape (see equation 7 of PCNG13), even though it is
very similar to the equilateral type. Our constraint f DBI

NL = 46±58
from temperature data ( f DBI

NL = 14 ± 38 from temperature and
polarization) at 68 % CL (with lensing and point sources sub-
tracted, see Table 11) implies
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s � 0.079 (95 %, T only) , (55)

and
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Implications for the effective field theory of inflation Now we
can update CMB limits on the speed of sound cs at which inflaton
fluctuations propagated in the very early Universe. A very gen-
eral constraint on this inflationary parameter can be obtained by
employing the EFT approach to inflation (Cheung et al. 2008;
Weinberg 2008, and see Sect. 7). This approach allows us to
obtain predictions for the parameter space of primordial NG
through a general characterization of the inflaton field inter-
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�
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(49)

However, a Fisher matrix analysis shows that this trispectrum is
nearly 100 % correlated with the �̇4 and (@i�)2(@ j�)2 trispectra.
If the parameter g�̇

2(@�)2

NL is non-zero, then we can absorb it into
the “e↵ective” values of the parameters g�̇4

NL and g(@�)4

NL as

(g�̇
4

NL)e↵ = 0.59 g�̇
2(@�)2

NL ,

(g(@�)4

NL )e↵ = 0.091 g�̇
2(@�)2

NL . (50)

Therefore, to study joint constraints involving multiple gNL pa-
rameters, it su�ces to consider the two parameters, g�̇4

NL and
g(@�)4

NL , with correlation coe�cient given in Eq. (48).
We define the two-component parameter vector

gi =

0
BBBB@
g�̇

4

NL
g(@�)4

NL

1
CCCCA . (51)

and let ĝi denote the two-component vector of single-gNL esti-
mates from the SMICA maps (Table 24):

ĝi =

 
�8.0
�3.9

!
⇥ 10�5. (52)

We also define a two-by-two Fisher matrix Fi j, whose diagonal
is given by Fii = 1/�2

i , where�i is the single-gNL statistical error
in Table 24, and whose o↵-diagonal is F12 = rF1/2

11 F1/2
22 , where r

is the correlation in Eq. (48). This gives:

Fi j =

 
2.8 8.3
8.3 66.5

!
⇥ 10�13. (53)

Now, given a set of “theory” gNL values, represented by a two-
vector gi, we compare to the Planck data by computing the fol-
lowing quantity for the trispectrum:

�2(gi) =
⇥
Fiiĝi � (Fg)i

⇤
F�1

i j
⇥
F j jĝ j � (Fg) j

⇤
. (54)

In a model-building context where the gNL quantities gi de-
pend on model parameters, confidence regions on model param-
eters can be obtained by appropriately thresholding �2. We give
some examples in Sect. 8.

8. Implications for early-Universe physics

We now want to convert constraints on primordial NG into con-
straints on parameters of various models of inflation. This allows
us to highlight the constraining power of NG measurements,
as an additional complementary observable beyond the CMB
power spectra. In particular NG constraints can severely limit
the parameter space of models that are alternatives to the stan-
dard single-field models of slow-roll inflation, since they typi-
cally feature a higher level of NG.

Unless stated otherwise, we follow the same procedures
adopted in PCNG13 and PCNG15. A posterior of the model pa-
rameters is built based on the following steps: we start from the
assumption that the sampling distribution is Gaussian (which is
supported by Gaussian simulations); the likelihood is approxi-
mated by the sampling distribution, but centred on the NG esti-
mate (see Elsner & Wandelt 2009); we use uniform or Je↵reys’
priors, over intervals of the model parameter space that are phys-
ically meaningful (or as otherwise stated); and in some cases
where two or more parameters are involved, we marginalize the
posterior to provide one-dimensional limits on the parameter un-
der consideration.

8.1. General single-field models of inflation

DBI models Dirac-Born-Infeld (DBI) models of inflation
(Silverstein & Tong 2004; Alishahiha et al. 2004) arise from
high-energy string-theory constructions and generate a nonlin-
earity parameter f DBI

NL = �(35/108)(c�2
s � 1), where cs is the

sound speed of the inflaton perturbations (Silverstein & Tong
2004; Alishahiha et al. 2004; Chen et al. 2007b). The enhance-
ment of the NG amplitude due to a possible sound speed cs < 1
arises from a non-standard kinetic term of the inflaton field.
Notice that we have constrained the exact theoretical (non-
separable) shape (see equation 7 of PCNG13), even though it is
very similar to the equilateral type. Our constraint f DBI

NL = 46±58
from temperature data ( f DBI

NL = 14 ± 38 from temperature and
polarization) at 68 % CL (with lensing and point sources sub-
tracted, see Table 11) implies

cDBI
s � 0.079 (95 %, T only) , (55)

and
cDBI

s � 0.086 (95 %, T+E) . (56)

Implications for the effective field theory of inflation Now we
can update CMB limits on the speed of sound cs at which inflaton
fluctuations propagated in the very early Universe. A very gen-
eral constraint on this inflationary parameter can be obtained by
employing the EFT approach to inflation (Cheung et al. 2008;
Weinberg 2008, and see Sect. 7). This approach allows us to
obtain predictions for the parameter space of primordial NG
through a general characterization of the inflaton field inter-
actions. The Lagrangian of the system is expanded into the

40



Primordial	non-Gaussianity	allows	to	answer	to	some	very	simple,	

but	fundamental	ques?ons	you	might	have	about	infla?on:			

	

Ø  	What	is	the	sound	speed	the	inflaton	fluctua?ons	propagate	with?	

Ø  	Are	there	other	par?cles	other	than	the	inflaton?		

Ø  	What	are	their	masses	and	spins?		



Measuring	the	of	sound	speed	of	the	infla?on	

Constraints	obtained	from		
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Ø  General	single-field	models	of	inflaQon:	ImplicaQons	for	EffecQve	Field	Theory	of	InflaQon	
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dominant operators that respect some underlying symmetries.
The procedure thus determines a unifying scheme for classes
of models featuring deviations from single-field slow-roll infla-
tion. Typically the equilateral and orthogonal templates repre-
sent an accurate basis to describe the full parameter space of
EFT single-field models of inflation, and therefore we will use
the constraints on f equil

NL and f ortho
NL .

As a concrete example, let us consider the Lagrangian of
general single-field models of inflation (of the form P(X,') mod-
els, where X = gµ⌫@µ� @⌫�) written with the EFT approach:

S =
Z

d4x
p�g

2
66664�

M2
PlḢ

c2
s

 
⇡̇2 � c2

s
(@i⇡)2

a2

!

�M2
PlḢ(1 � c�2

s )⇡̇
(@i⇡)2

a2 +

 
M2

PlḢ(1 � c�2
s ) � 4

3
M4

3

!
⇡̇3

#
.

(57)

The scalar perturbation ⇡ generates the curvature perturbation
⇣ = �H⇡. In this case there are two relevant inflaton interactions,
⇡̇(@i⇡)2 and (⇡̇)3, producing two specific bispectra with ampli-
tudes f EFT1

NL = �(85/324)(c�2
s � 1) and f EFT2

NL = �(10/243)(c�2
s �

1)
h
c̃3 + (3/2)c2

s

i
, respectively. Here M3 is the amplitude of

the operator ⇡̇3 (see Senatore et al. 2010; Chen et al. 2007b;
Chen 2010b), with the dimensionless parameter c̃3(c�2

s � 1) =
2M4

3c2
s/(ḢM2

Pl) (Senatore et al. 2010). The two EFT shapes can
be projected onto the equilateral and orthogonal shapes, with the
mean values of the estimators for f equil

NL and f ortho
NL expressed in

terms of cs and c̃3 as

f equil
NL =

1 � c2
s

c2
s

h
�0.275 � 0.0780c2

s � (2/3) ⇥ 0.780c̃3
i
,

f ortho
NL =

1 � c2
s

c2
s

h
0.0159 � 0.0167c2

s � (2/3) ⇥ 0.0167c̃3
i
, (58)

where the coe�cients come from the Fisher matrix between the
theoretical bispectra predicted by the two operators ⇡̇(r⇡)2 and
⇡̇3 and the equilateral and orthogonal templates. Notice that DBI
models reduce to the condition c̃3 = 3(1 � c2

s )/2, while the non-
interacting (vanishing NG) case corresponds to cs = 1 and M3 =
0 (or c̃3(c�2

s � 1) = 0).
We then proceed as in the two previous analyses

(PCNG13; PCNG15). We employ a �2 statistic computed as
�2(c̃3, cs) = uT(c̃3, cs)C�1u(c̃3, cs), with vi(c̃3, cs) = f i(c̃3, cs) � f i

P
(i={equilateral, orthogonal}), where f i

P are the joint estimates
of equilateral and orthogonal fNL values (see Table 6), while
f i(c̃3, cs) are provided by Eq. (58) and C is the covariance ma-
trix of the joint estimators. Figure 19 shows the 68 %, 95 %, and
99.7 % confidence regions for f equil

NL and f ortho
NL , as derived from

from the T +E constraints, with the requirement �2  2.28, 5.99,
and 11.62, respectively (corresponding to a �2 variable with two
degrees of freedom). In Fig. 20 we show the corresponding con-
fidence regions in the (c̃3, cs) parameter space. Marginalizing
over c̃3 we find

cs � 0.021 (95 %, T only) , (59)
and

cs � 0.021 (95 %, T+E) . (60)

There is a slight improvement in comparison with the constraints
obtained in PCNG15 coming from the T + E data.
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Fig. 19. 68 %, 95 %, and 99.7 % confidence regions in the param-
eter space ( f equil

NL , f ortho
NL ), defined by thresholding �2, as described

in the text.

0.01 0.02 0.05 0.1 0.2 0.5 1

-
15
00
0-
10
00
0
-
50
00

0
50
00

cs

cé 3
Ic s-2
-
1M

Fig. 20. 68 %, 95 %, and 99.7 % confidence regions in the single-
field inflation parameter space (cs, c̃3), obtained from Fig. 19 via
the change of variables in Eq. (58).

8.2. Multi-field models

Constraints on primordial NG of the local type lead to strong
implications for models of inflation where scalar fields (di↵erent
from the inflaton) are dynamically important for the generation
of the primordial curvature perturbation. In the following we test
two scenarios for curvaton models.

Basic curvaton models The simplest adiabatic curvaton mod-
els predict primordial NG of the local shape with a nonlinearity

41
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The	nature	of	infla?on:	new	avenues	

	

2.	Tensor	non-Gaussiani?es	

	

B-mode	non-Gaussianity	can	open	up	an	
unexplored	window	into	the	early	Universe	



Mo?va?ons:	the	nature	of	gravita?onal	waves	(I)	

ü  	A	detecQon	of	GW	would	not	by	itself	determine	the	precise	mechanism	generaQng	the		
						the	tensor	modes:	alterna?ve	and	new		observa?onal	probes	
	
ü  Go	beyond	the	power	spectrum	and	look	for	the	sta?s?cal	proper?es	of	GW:	
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Full-sky
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n `n = even
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n `n = odd
Flat-sky left-handed = right-handed left-handed = (�) right-handed

Non-vanishing hTTT i, hTEEi, hTTEi, hBTT i, hBEEi,
in parity-conserving universe hEEEi, hBBEi, hBBT i hBET i, hBBBi

TABLE I: Properties of full-sky and flat-sky three-point functions in a parity-conserving universe. The first column contains
three-point functions studied in the standard analysis. The second column (and in particular hBTT i) is the focus of this
work. There are additional non-vanishing three-point functions when parity conservation is violated which are studied e.g. in
Refs. [14, 15].

tically improve the constraints on primordial tensor fluc-
tuations by searching for B-mode polarization on large
angular scales. Several such experiments are currently
underway, with the most recent constraints coming from
the BICEP/Keck experiment [37]. The biggest astro-
physical obstacles in constraining the primordial signal
are the contributions from dust [38, 39] and lensing of E-
modes to B-modes [40]. For the former, we will have to
rely on multi-frequency information to separate the dust
component from the primordial signal. For the latter,
delensing will become crucial for removing lens-induced
fluctuations and requires a high-fidelity lensing map [41].

While the usual searches for non-Gaussianity focus on
the N -point statistics of scalar fluctuations, in this pa-
per we will discuss the relatively unexplored observa-
tional signatures of non-Gaussian correlations involving
tensor fluctuations. Since tensor fluctuations source T ,
E, and B fluctuations, observational searches for bispec-
tra constructed from T and E fluctuations naturally place
constraints on both scalar and tensor non-Gaussianity.
Just as in the case of the power spectrum, the contri-
butions to T and E fluctuations from scalars are much
larger than those of tensors, and so constraints on tensor
non-Gaussianity with these bispectra are relatively weak.
On the other hand, bispectra involving primordial B-
mode fluctuations are sourced by tensor non-Gaussianity
but not by scalar non-Gaussianity, and are therefore ca-
pable of providing a much tighter constraint on tensor
non-Gaussianity. Since observations of B-modes are not
presently cosmic variance-limited, there is a great deal of
room for improvement with future observations of the
CMB polarization. This reasoning strongly motivates
searching for bispectra involving primordial B-modes as
a probe of primordial non-Gaussianity. In this paper, we
explore in detail how the hBTT i bispectrum can be used
to constrain tensor non-Gaussianity and thereby give us
insight into the physics of the early universe.

The primordial tensor-scalar-scalar bispectrum is nat-
urally non-vanishing, and in fact is of the same order
in slow-roll parameters as the primordial scalar-scalar-
scalar bispectrum in the simplest models of single-field
slow-roll inflation [42]. In more general models, the shape
and amplitude of the tensor-scalar-scalar bispectrum can
di↵er quite significantly from those predicted in the sim-
plest models, so observational constraints on this quan-
tity give non-trivial insight into the physics of the early
Universe [43]. The primordial tensor-tensor-scalar and

tensor-tensor-tensor bispectra are also non-vanishing in
single-field slow-roll inflation, as well as in more gen-
eral models [42–44]. Primordial non-Gaussianity involv-
ing tensors provides a set of observables which are dis-
tinct from and complementary to scalar non-Gaussianity.
Also, just as in the case of scalars [16], there is in prin-
ciple much more information in tensor non-Gaussianity
than in the tensor power spectrum alone.

Despite the di↵ering intrinsic parity of temperature
fluctuations and B-modes, the hBTT i bispectrum is non-
vanishing for particular combinations of multipoles. To
be more specific, under spatial inversion the multipole
coe�cients for T , E, and B transform as [45]
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The above remarks straightforwardly generalize to all
forms of non-Gaussianity. In a parity-conserving and sta-
tistically isotropic universe, any connected N -point func-
tion constructed from T , E, and B fluctuations contain-
ing an odd number of B-mode fluctuations vanishes forP
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Let us briefly summarize our motivations. Non-

Gaussian CMB statistics involving B-mode fluctuations
are non-vanishing under standard assumptions about the
properties of our Universe. Existing data can be used to
place new constraints on these quantities. Present mea-
surements of B-modes are not cosmic-variance limited, so
upcoming lower-noise CMB polarization data will drasti-
cally improve upon our current capabilities in this regard.
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tuations by searching for B-mode polarization on large
angular scales. Several such experiments are currently
underway, with the most recent constraints coming from
the BICEP/Keck experiment [37]. The biggest astro-
physical obstacles in constraining the primordial signal
are the contributions from dust [38, 39] and lensing of E-
modes to B-modes [40]. For the former, we will have to
rely on multi-frequency information to separate the dust
component from the primordial signal. For the latter,
delensing will become crucial for removing lens-induced
fluctuations and requires a high-fidelity lensing map [41].

While the usual searches for non-Gaussianity focus on
the N -point statistics of scalar fluctuations, in this pa-
per we will discuss the relatively unexplored observa-
tional signatures of non-Gaussian correlations involving
tensor fluctuations. Since tensor fluctuations source T ,
E, and B fluctuations, observational searches for bispec-
tra constructed from T and E fluctuations naturally place
constraints on both scalar and tensor non-Gaussianity.
Just as in the case of the power spectrum, the contri-
butions to T and E fluctuations from scalars are much
larger than those of tensors, and so constraints on tensor
non-Gaussianity with these bispectra are relatively weak.
On the other hand, bispectra involving primordial B-
mode fluctuations are sourced by tensor non-Gaussianity
but not by scalar non-Gaussianity, and are therefore ca-
pable of providing a much tighter constraint on tensor
non-Gaussianity. Since observations of B-modes are not
presently cosmic variance-limited, there is a great deal of
room for improvement with future observations of the
CMB polarization. This reasoning strongly motivates
searching for bispectra involving primordial B-modes as
a probe of primordial non-Gaussianity. In this paper, we
explore in detail how the hBTT i bispectrum can be used
to constrain tensor non-Gaussianity and thereby give us
insight into the physics of the early universe.

The primordial tensor-scalar-scalar bispectrum is nat-
urally non-vanishing, and in fact is of the same order
in slow-roll parameters as the primordial scalar-scalar-
scalar bispectrum in the simplest models of single-field
slow-roll inflation [42]. In more general models, the shape
and amplitude of the tensor-scalar-scalar bispectrum can
di↵er quite significantly from those predicted in the sim-
plest models, so observational constraints on this quan-
tity give non-trivial insight into the physics of the early
Universe [43]. The primordial tensor-tensor-scalar and
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single-field slow-roll inflation, as well as in more gen-
eral models [42–44]. Primordial non-Gaussianity involv-
ing tensors provides a set of observables which are dis-
tinct from and complementary to scalar non-Gaussianity.
Also, just as in the case of scalars [16], there is in prin-
ciple much more information in tensor non-Gaussianity
than in the tensor power spectrum alone.

Despite the di↵ering intrinsic parity of temperature
fluctuations and B-modes, the hBTT i bispectrum is non-
vanishing for particular combinations of multipoles. To
be more specific, under spatial inversion the multipole
coe�cients for T , E, and B transform as [45]
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Let us briefly summarize our motivations. Non-

Gaussian CMB statistics involving B-mode fluctuations
are non-vanishing under standard assumptions about the
properties of our Universe. Existing data can be used to
place new constraints on these quantities. Present mea-
surements of B-modes are not cosmic-variance limited, so
upcoming lower-noise CMB polarization data will drasti-
cally improve upon our current capabilities in this regard.

M.	Shiraishi,	D.	NiHa,	and	S.	Yokoyama,	`11;	J.Maldacena,	G.	Pimenthel	`11;	X.	Gao,	T.	Kobayashi,		
M.	Shiraishi,	M.	Yamaguchi,	J.	Yokoyama,	and	S.	Yokoyama,	’13;	M.	Shiraishi,	M.Liguori,	J.	Fergusson	`15;	
Meerburg	et	al.	`16;	L.	Dai,	D.	Jeong,	M.	Kamionkowski	`13	and	many	more	Refs.		
				
	

N.B.:	single-field	models	do	predcit	these	signals	



The	nature	of	gravita?onal	waves	(I)		

ü  	These	observables	can	be	signatures	of	new	physics.				
													
							*	anisotropic	evolu?on	during	infla?on			
										(e.g.,	N.B.,	Matarrese,	Peloso,	Ricciardone,	’13;		Akhshik,	Emami,Firouzjahi,		Wang	‘14;		
											Endlich,	Horn,	Nicolis,	Wang,	‘14;	Bordin,	Creminelli	et	al.	’16)	
											
							*	extra	light	spin-2	or	higher	spin	par?cles	(Harkani-Hamed,	Maldacena	’16)	
									
							*	symmetry	breaking	pamerns	different	w.r.t		single-field	models	(“solid-like”			

										models	of	infla?on)	(Endlich,	Nicolis,Wang’13;	N.B,	Cannone,	Ricciardone,	Tasinato	’16)	
	

							*	parity	breaking	signatures	in	the	gravity	sector		
										(e.g.,	Madacena	&	Pimentel	‘11;	Soda,	Kodama,	Nozawa	’11;	Shiraishi,	Niva,	Yokoyama		
											’11;	N.B.,	Orlando	Shiraishi,	‘17	&	’19)					
	
ü  Analyses	already	carried	out	within	Planck:	different	groups	are	developing	the	tools		

to	build	a	full	pipeline	to	fully	characterize	tensor	non-Gaussiani\es.			

												
								



Some examples



Present	constraints	on	tensor	NG	
Planck	

•  Go	beyond	power	spectrum:	look	for	sta?s?cal	proper?es	of	GWs	ßà	graviton	

interac?ons		

		

•  	These	correlators	(and	mixed	ones															&													)	signal	new	physics		(e.g.	anisotropic	
inflaQon,	higher	spin	parQcles,	parity	breaking	effects,	solid-like	models	of	inflaQon)	

									
•  e.g.:	parity	axion	models	of	inflaQon	with	U(1)-gauge	field	producQon		
							

Planck Collaboration: Constraints on primordial non-Gaussianity

Table 14. Results for the tensor nonlinearity parameter f tens
NL /102

obtained from the SMICA, SEVEM, NILC, and Commander tem-
perature and polarization maps. The central values and the er-
rors (68 % CL) extracted from `1 + `2 + `3 = even (“Even”),
`1 + `2 + `3 = odd (“Odd”), and their whole domain (“All”) are
separately described. One can see that all T-only results are in
good agreement with both the Planck 2015 ones (PCNG15) and
WMAP ones (Shiraishi et al. 2015).

Even Odd All

SMICA
T . . . . . . . . . . . . 4 ± 17 100 ± 100 6 ± 16
E . . . . . . . . . . . . 33 ± 67 �570 ± 720 29 ± 67
T+E . . . . . . . . . . 11 ± 14 1 ± 18 8 ± 11

SEVEM
T . . . . . . . . . . . . 4 ± 17 90 ± 100 6 ± 16
E . . . . . . . . . . . . 75 ± 75 �790 ± 830 70 ± 75
T+E . . . . . . . . . . 16 ± 14 2 ± 20 13 ± 12

NILC
T . . . . . . . . . . . . 4 ± 17 90 ± 100 6 ± 16
E . . . . . . . . . . . . �16 ± 81 �540 ± 820 �19 ± 80
T+E . . . . . . . . . . 6 ± 14 3 ± 21 5 ± 11

Commander
T . . . . . . . . . . . . 5 ± 17 90 ± 100 6 ± 16
E . . . . . . . . . . . . 21 ± 69 �1200 ± 700 13 ± 69
T+E . . . . . . . . . . 10 ± 14 �2 ± 19 7 ± 11

want to detect specific bin-triplets standing out from the noise,
we work with the linear-term-corrected signal-to-noise-ratio bis-
pectrum. Except for the high-` bins, where a point-source signal
is present, the bin-triplets are noise dominated. Instead of rebin-
ning, we can use a Gaussian kernel to smooth the bispectrum,
so that structure localized in harmonic space stands out from the
noise. In this process, we mask out a few bin-triplets that have
non-Gaussian noise (due to the fact that they contain very few
valid `-triplets). We also have to take into account edge e↵ects
from the non-trivial domain of definition of the bispectrum. The
method has been described in PCNG15 and more extensively in
Bucher et al. (2016).

Slices of the smoothed binned signal-to-noise bispectrum
Bi1i2i3 , with a Gaussian smoothing of �bin = 2, are shown in
Figs. 11 and 12. These are slices for the 20th and 40th `3-
bin as a function of `1 and `2. For the cross-bispectra mixing
T and E modes, we defined BT2E

i1i2i3
⌘ BTT E

i1i2i3
+ BT ET

i1i2i3
+ BETT

i1i2i3
;

and BT E2
i1i2i3

⌘ BT EE
i1i2i3
+ BET E

i1i2i3
+ BEET

i1i2i3
, with corresponding vari-

ances Var(BT2E) = Var(TT E) + Var(T ET ) + Var(ETT ) + 2
Cov(TT E,T ET ) + 2 Cov(TT E, ETT ) + 2 Cov(T ET, ETT ),
and similarly for Var(BT E2), where we have omitted the bin in-
dices for clarity. The red and blue regions correspond to a sig-
nificant NG, whereas grey areas in Figs. 11 and 12 show regions
where the bispectrum is not defined. Results are shown for the
four component-separation methods SMICA, SEVEM, NILC, and
Commander, and for TTT, T2E, TE2, and EEE. We also show
the TTT bispectra after we remove the best joint-fit unclustered
and clustered point-source contribution (see Table 4). In the top
row of Fig. 12, we can clearly see this significant point-source
signal at high `. The T2E and TE2 bispectra do not have any ob-
vious signals standing out, but we see some stronger NG in the
EEE combination. Removing the best joint-fit contribution from
all shapes (Tables 4 and 5) does not reduce this region (a case
we do not show). The main di↵erence with the previous release

is the better qualitative agreement between the four component-
separation methods in polarization, as was already the case for
temperature. Commander and SEVEM now show similar struc-
tures as the NILC and SMICA bispectra, which have remained
quite stable.

In order to quantify the possible residual non-Gaussianity in
these smoothed bispectra, we focus on the minimum and maxi-
mum of our bin-triplets. In the case of statistically independent
Gaussian numbers, we can calculate the probability distribution
of the extreme value statistics. However, once we introduce cor-
relations due to the smoothing with non-trivial boundary con-
ditions, we do not have an analytical formula. We can instead
generate Monte Carlo simulations of Gaussian random numbers
with the same boundary conditions, apply the smoothing as for
the data signal-to-noise bispectrum, and compute the p-values
of the observed extremum statistics as the fraction of simula-
tions having a more extreme extremum than our data. This re-
quires many simulations to study the very unlikely events. In the
current analysis, 106 Monte Carlo simulations turn out to be suf-
ficient and so we do not need to use the semi-analytical Ansatz
introduced in Bucher et al. (2016).

In Table 15, we report for the smoothing lengths �bin = 1, 2,
and 3, the two-tailed p-value10 of the maximum and of the min-
imum, defined as p = 2 min

⇥
Prob(XMC  Xdata),Prob(XMC �

Xdata)
⇤
, where X is either the minimum or the maximum of the

distribution. As expected, we detect a highly significant depar-
ture from Gaussian statistics in the maxima for TTT when we do
not correct for the contribution from point sources, and the sig-
nal stands out more when increasing the smoothing kernel size.
When looking at the SEVEM data for �bin = 2 and 3, we find no
simulation with a higher maximum, but for all the other cases
our analysis should be robust. Most bispectra seem to be com-
patible with a simple Gaussian distribution, except for the EEE
bispectrum in the region shown in Fig. 12, for multipole triplets
around [900, 1300, 1800]. We also see some significantly high
maxima for the TTT bispectrum of SEVEM and Commander (even
after correcting for point sources), located around [800, 1100,
2000] (shown in Fig. 13). The origin of these signals clustered
in multipole space is not understood.

6. Validation of Planck results

Two important potential sources of systematic e↵ects in fNL es-
timation are foreground residuals (which can also be related to
the choice of mask) and an imperfect modelling of instrumen-
tal noise, either of which can lead to miscalibration of the linear
correction term in the estimator. In this section, we perform a
battery of tests aimed at testing the impact of these systematics.
We will typically choose only one of the the KSW, Binned, or
Modal pipelines for each of the tests described below. This is
possible because of their excellent and well-verified agreement
on both data and simulations.

10 While a one-tailed p-value quantifies how likely it is for the max-
ima (a similar description holds for the minima) of the Monte Carlo
simulations to be higher than the maximum of the data, the two-tailed
p-value also considers how likely it is for it to be lower than that of
the data. This means that a maximum that is too low will yield a low
p-value too.
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parameter (Bartolo et al. 2004d,c)

f local
NL =

5
4rD
� 5rD

6
� 5

3
, (61)

in the case where the curvaton field has a quadratic poten-
tial (Lyth & Wands 2002; Lyth et al. 2003; Lyth & Rodriguez
2005; Malik & Lyth 2006; Sasaki et al. 2006). Here the param-
eter rD = [3⇢curvaton/(3⇢curvaton + 4⇢radiation)]D is the “curvaton
decay fraction” at the time of the curvaton decay in the sudden
decay approximation. We assume a uniform prior, 0 < rD < 1.
It is worth recalling that these models predict a lower bound for
the level of NG, of the order of unity (corresponding precisely
to f local

NL = �5/4), which is considered as a typical threshold to
distinguish between standard single-field and multi-field scenar-
ios. Our constraint f local

NL = �0.5 ± 5.6 at 68 % CL (see Table 6)
implies

rD � 0.19 (95 %, T only) . (62)

The constraint f local
NL = �0.9 ± 5.1 at 68 % CL obtained from

temperature and polarization data yields the constraint

rD � 0.21 (95 %, T +E) . (63)

These limits indicate that in such scenarios the curvaton field
has a non-negligible energy density when it decays. Meaningful
improvements are achieved with respect to previous bounds in
PCNG15, namely an almost 20 % improvement from T -only
data and a 10 % improvement when including E-mode polariza-
tion.

Decay into curvaton particles We reach similar improvements
on the parameters of the second scenario of the curvaton mod-
els we consider. In this case one accounts for the possibil-
ity that the inflaton field can decay into curvaton particles
(Linde & Mukhanov 2006), a possibility that is neglected in the
above expression (Eq. 61) for f local

NL . It might be the case that the
classical curvaton field survives and begins to dominate. In this
case also the curvaton particles produced during reheating are
expected to survive and dominate over other species at the epoch
of their decay (since thay have the same equation of state as
the classical curvaton field). Primordial adiabatic perturbations
are generated given that the classical curvaton field and the cur-
vaton particles decay at the same time (see Linde & Mukhanov
2006 for a detailed discussion). To interpret fNL in this scenario
we employ the general formula for f local

NL derived in Sasaki et al.
(2006), which takes into account the possibility that the inflaton
field decays into curvaton particles:

f local
NL = (1 + �2

s )
5

4rD
� 5rD

6
� 5

3
. (64)

Here the parameter �2
s is the ratio of the energy density of curva-

ton particles to the energy density of the classical curvaton field
(Linde & Mukhanov 2006; Sasaki et al. 2006), while now ⇢curv
in the expression for rD must be replaced by the sum of the den-
sities of the curvaton particles and curvaton field. As in PCNG15
we use uniform priors 0 < rD < 1 and 0 < �2

s < 102. Our limits
on f local

NL constrain

�2
s  6.9 (95 %, T only) , (65)

and
�2

s  6.2 (95 %, T +E) , (66)

which does not exclude a contribution of curvaton particles com-
parable to the one from the classical curvaton field.

8.3. Non-standard inflation models

Directional-dependent NG Table 13 shows the constraints on
directionally-dependent bispectra (Eq. 20). This kind of NG is
predicted by several di↵erent inflationary models. For example,
it is a robust and (almost unavoidable) outcome of models of
inflation where scale-invariant gauge fields are present during
inflation. As summarized in Sect. 2 they are also produced from
partially massless higher-spin particles (Franciolini et al. 2018)
or from models of solid inflation (Endlich et al. 2013, 2014;
Shiraishi et al. 2013a), as well as in models of inflation that
break both rotational and parity invariance (Bartolo et al. 2015).
To compare with the constraints obtained in the analysis of the
2015 Planck data (PCNG15), we reconsider the specific model
where the inflaton is coupled to the kinetic term F2 of a gauge
field via a term L= � I2(�)F2/4, where I(�) is a function that
depends on the inflaton field, having an appropriate time evolu-
tion during inflation (see, e.g., Ratra 1992). Specifically in these
models the production of super-horizon vector field perturba-
tions switches on the L = 0 and L = 2 modes in the bispectrum,
with nonlinearity parameters f L

NL = XL(|g⇤|/0.1) (Nk3/60), with
XL=0 = (80/3) and XL=2 = �(10/6), respectively (Barnaby et al.
2012; Bartolo et al. 2013a; Shiraishi et al. 2013a). In these ex-
pressions g⇤ is a parameter that measures the amplitude of
a quadrupolar anisotropy in the power spectrum (see, e.g.,
Ackerman et al. 2007), while N is the number of e-folds (from
the the end of inflation) at which the relevant scales cross outside
the Hubble scale. It is therefore interesting to set some limits on
the parameter g⇤ exploiting the constraints from primordial NG
of this type. Using the SMICA constraints from T (or T+E) in
Table 13, marginalizing over a uniform prior 50  N  70,
and assuming uniform priors on �1  g⇤  1, we obtain the
95 % bounds �0.041 < g⇤ < 0.041 (�0.036 < g⇤ < 0.036), and
�0.35 < g⇤ < 0.35 (�0.30 < g⇤ < 0.30), from the L = 0 and
L = 2 modes, respectively (considering g⇤ to be scale indepen-
dent).

Tensor NG and pseudoscalars Using the SMICA T+E result
f tens
NL = (8 ± 11) ⇥ 102 (68 % CL), we here place constraints

on two specific inflation models, including either a U(1)-axion
coupling or an SU(2)-axion one. The former U(1) model results
in f tens

NL ⇡ 6.4 ⇥ 1011P3✏3e6⇡⇠/⇠9, where P is the vacuum-mode
curvature power spectrum, ✏ is a slow-roll parameter of the in-
flaton field, and ⇠ expresses the strength of the U(1)-axion cou-
pling (Cook & Sorbo 2013; Shiraishi et al. 2013b). We then fix
✏ to be 0.01 and marginalize P with the prior, 1.5 ⇥ 10�9 < P <
3.0⇥10�9; assuming a prior, 0.1 < ⇠ < 7.0, the upper bound on ⇠
is derived as ⇠ < 3.3 (95 % CL). In the latter SU(2) model, under
one specific condition, the tensor nonlinear parameter is related
to the tensor-to-scalar ratio r and the energy density fraction of
the gauge field ⌦A as f tens

NL ⇡ 2.5r2/⌦A (Agrawal et al. 2018).
The lower bound on ⌦A is estimated under a prior, 0 < ⌦A < 1.
We find ⌦A > 2.3 ⇥ 10�7 and 2.7 ⇥ 10�9 (95 % CL) for r = 10�2

and 10�3, respectively.

Warm inflation As in previous analyses (PCNG13; PCNG15),
we adopt the expression f warm

NL = �15 ln (1 + rd/14) � 5/2
(Moss & Xiong 2007). This is valid when dissipative e↵ects are
strong, i.e., for values rd & 2.5 of the dissipation parameter
rd = �/(3H) (measuring the e↵ectiveness of the energy trans-
fer from the inflaton field to radiation).13 Assuming a constant

13 The intermediate and weak dissipative regimes (rd  1) predict an
NG amplitude with a strong dependence on the microscopic parameters
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Figure 5. Central values and 2� errors on g

tss

obtained from the WMAP data as a function of `
max

.

500. As a further validation test, we also used the same pipeline to measure the standard f

local

NL

parameter, obtaining fully consistent results with those shown in the literature [8, 36, 41, 42].
Figure 5 shows the limits on gtss as a function of `

max

, indicating no evidence of gtss for
`

max

 500, at any scale, at 95%CL. We take the result at `

max

= 500 as our final bound:
gtss = �48± 28 (68%CL).

One may worry here about the contamination due to secondary sources of temperature
NG, which we have not considered so far. In particular, it is widely known that the lensed
bispectrum can become an important source of bias in the squeezed limit. However, such
lensed signal becomes large when higher multipoles are considered, and almost uncorrelated
to the primordial one for `

max

 500 [22]. Therefore, ISW-lensing debiasing is not necessary
in our analysis.

4 Conclusions

In this paper, we have studied the inflationary tensor-scalar-scalar three point function, for
models characterized by nonzero graviton mass. A nonvanishing CMB temperature bispec-
trum is one of the predictions of such models, so we have actually tested it, using WMAP
9-year temperature data. The primordial and the induced CMB bispectrum, b(tss)`1`2`3

, peak in
the squeezed limit, in this scenario, and specific Fisher matrix forecasts show that interesting
bounds can already be obtained at WMAP angular resolution, which motivated our analysis.
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Present	constraints	on	tensor	NG	and	forecasts	

error bars on fNL amplitudes 2-3 orders 
of magnitude better than present limits;

Scale-invariant bispectra Bumped axion-U(1) models 
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In allowed parameter 
space visible BBB is 
realized 

Tensor non-Gaussianities in paper I  
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Determining	the	nature	of	Gravita?onal	Waves	(II)		
	
ü  	Also,	very	interes?ngly,	we	could	be	missing	some	specific	signatures	from	the	primordial	

GW	sector	that	might	already	be	in	the	data!!	
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CMB	(or	LSS)	trispectrum	similar	to		τNL-	trispectrum	but	with		

a	different	shape	(Bordin	et	al	arXiv:1605.08424;		
Bellomo,	N.B.,	Jimenez,	Matarrese,	Verde	‘18).	
	

Tensor	fossils:	quadrupole	distor+on	of	the	curvature	

																											(maaer)	power	spectrum	induced	by	a		

																											long-wavelength	tensor	mode				

																											(e.g.,	Dai,	Jeong	and	Kamionkowski	‘12,’13;		
																												Dimastrogiovanni,Fasiello,Kamionkowski	‘14,’15)	

fp is a “shape” function which is connected with the scalar-scalar-new field bispectrum as

Bp(k1, k2, K) = Pp(K)fp(k1, k2)‘p
ijki

1kj
2. (3.65)

The subscript of the fossil field p indicates the nature of the field, while ‘p
ij(K) it polariza-

tion tensor, a symmetric 3×3 tensor. Due to its symmetry, ‘ij has six degrees of freedom,
hence it can be decomposed into six orthogonal polarization states, which we can labeled
with p = {+,×, 0, z, x, y}, which satisfy the orthonormality condition ‘p

ij‘p′,ij = 2”pp′ . Each
orthogonal state describes a di�erent polarization for the perturbation which causes the
departures from statistic homogeneity and isotropy [68]: they can be taken to be two scalar
modes ‘0

ij ∝ ”ij and ‘z
ij ∝ KiKj − (K2�3)”ij , two transverse-vector modes ‘x,y

ij ∝ K(iwj),
with Kiwi = 0, and two transverse traceless modes, the tensor modes, ‘+ and ‘×.
To understand the meaning of these polarizations we can consider the case in which the
mode K is taken to be in the ẑ direction. In this case the two tensor polarization are found
to be ‘+xx = −‘+yy = 1 and ‘×xy = ‘×yx = 1, with all other components are zero in both cases. In
Fig. 3.1 it is clear that a distortion due to ‘× or ‘+ generate a quadrupole displacement
in the two point correlation function of the field we are interested in.
For the scalar mode we have ‘0

ij =
�

2�3”ij , whose normalization is given by the or-
thonormality condition. This perturbation represents just an isotropic modulation of
the correlator function, as can be seen in FIg. 3.1. The other scalar takes the form
‘z
ij = diag(−1,−1, 2)�

√
3, that represents a stretching and compression along the ẑ direc-

tion. Both the scalar describe a distortion which is invariant under rotations around the
ẑ-axis, i.e. around the direction of K.
For the vector modes we have ‘x

xz = ‘x
zx = 1 and ‘y

yz = ‘y
zy = 1, with all other components

equal to zero. These vector modes represent, respectively, stretching and compression
along the ±xz and ±yz directions. For the final chapter of this work we are interested in
the possibile detection of a tensor fossil, hence we will concentrate only on tensor fields.

Figure 3.1: Distortion induced to an isotropic 2-point correlation function by correlation of the
density (or any other scalar field) with a fossil field with di�erent polarization, pointing in the
ẑ. The distortions to the sphere show the distortions of the two-point correlation function as
one moves along the direction ẑ of the Fourier mode. Left: two scalar modes (0, z), two vector
modes (x, y) and the two tensor modes (+,×). In particular note the quadrupole distortion due
to the tensor modes. Right: the circular polarizations of the tensor mode (h+t) and vector mode
(h+v).[68].

Using the consistency relation in Eq. (3.59) and the new parametrization for the

73



Present	constraints	on	tensor	NG	and	forecasts	

BRIEF ARTICLE 11

(15) 1Mpc

(15) ✓⇤ =
rs
DA

(15) h�⇣⇣i

(15) hBTT i

(15) ⇣

(15) �

(15) h⇣⇣i

(15) h�
k1⇣k2⇣k3i

(15) k1 ⌧ k2 ⇠ k3

(15) h�
k1�k2�k3i

-200

-150

-100

-50

 0

 50

 100

 150

 200

 250

 100  200  300  400  500

g t
ss

lmax

Central values + 2σ errors

Figure 5. Central values and 2� errors on g

tss

obtained from the WMAP data as a function of `
max

.

500. As a further validation test, we also used the same pipeline to measure the standard f

local

NL

parameter, obtaining fully consistent results with those shown in the literature [8, 36, 41, 42].
Figure 5 shows the limits on gtss as a function of `

max

, indicating no evidence of gtss for
`

max

 500, at any scale, at 95%CL. We take the result at `

max

= 500 as our final bound:
gtss = �48± 28 (68%CL).

One may worry here about the contamination due to secondary sources of temperature
NG, which we have not considered so far. In particular, it is widely known that the lensed
bispectrum can become an important source of bias in the squeezed limit. However, such
lensed signal becomes large when higher multipoles are considered, and almost uncorrelated
to the primordial one for `

max

 500 [22]. Therefore, ISW-lensing debiasing is not necessary
in our analysis.

4 Conclusions

In this paper, we have studied the inflationary tensor-scalar-scalar three point function, for
models characterized by nonzero graviton mass. A nonvanishing CMB temperature bispec-
trum is one of the predictions of such models, so we have actually tested it, using WMAP
9-year temperature data. The primordial and the induced CMB bispectrum, b(tss)`1`2`3

, peak in
the squeezed limit, in this scenario, and specific Fisher matrix forecasts show that interesting
bounds can already be obtained at WMAP angular resolution, which motivated our analysis.
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Figure 5. Central values and 2� errors on g

tss

obtained from the WMAP data as a function of `
max

.

500. As a further validation test, we also used the same pipeline to measure the standard f

local

NL

parameter, obtaining fully consistent results with those shown in the literature [8, 36, 41, 42].
Figure 5 shows the limits on gtss as a function of `

max

, indicating no evidence of gtss for
`

max

 500, at any scale, at 95%CL. We take the result at `

max

= 500 as our final bound:
gtss = �48± 28 (68%CL).

One may worry here about the contamination due to secondary sources of temperature
NG, which we have not considered so far. In particular, it is widely known that the lensed
bispectrum can become an important source of bias in the squeezed limit. However, such
lensed signal becomes large when higher multipoles are considered, and almost uncorrelated
to the primordial one for `

max

 500 [22]. Therefore, ISW-lensing debiasing is not necessary
in our analysis.

4 Conclusions

In this paper, we have studied the inflationary tensor-scalar-scalar three point function, for
models characterized by nonzero graviton mass. A nonvanishing CMB temperature bispec-
trum is one of the predictions of such models, so we have actually tested it, using WMAP
9-year temperature data. The primordial and the induced CMB bispectrum, b(tss)`1`2`3

, peak in
the squeezed limit, in this scenario, and specific Fisher matrix forecasts show that interesting
bounds can already be obtained at WMAP angular resolution, which motivated our analysis.
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Forecasts	for	LiteBIRD-like	
M. Shiraishi Tensor Non-Gaussianity Search

Figure 2. Expected 1� errors: �f

ttt,eq

NL

(red lines) and �f

ttt,sq

NL

(blue lines) from BBB, and �f

tss,sq

NL

(green lines) from BTT , as a function of the maximum multipole number `
max

(left panel) and the tensor-
to-scalar ratio r (right panel). The left panel is depicted adopting r = 10

�3, and �f

tss,sq

NL

in the right panel
is computed with `

max

= 2000. The linestyle discriminates the cleanliness level of the B-mode data: a
perfectly-delensed and noiseless full-sky case (dot-dashed lines in left panel), a non-delensed and noiseless
full-sky one (solid lines in both panels), and a LiteBIRD-like realistic one (dashed lines in right panel).

Comparing this with Eq. (7) or Eq. (19), one can see that the error on a model parameter of the axion
model, ⌦�1

A

, or that of the massive gravity model, �
sst

, is proportional to r

�1/2.

The left panel of Fig. 2 describes the `

max

dependence of �f

NL

in the perfectly-delensed and non-
delensed cases with r = 10

�3 and N

`

= 0. From the former results (corresponding to the dot-dashed
lines), the sensitivity improvement by increasing `

max

is confirmed. From the latter results (corresponding
to the solid lines), it is visually apparent that �f

ttt,eq

NL

and �f

ttt,sq

NL

immediately saturate because C

lens

`

dominates over C

BB

`

for ` > O(10). In contrast, �f

ttt,sq

NL

is free from such a degradation since the
dominant signal in the Fisher matrix comes from large-scale B modes, more precisely, long-wavelength B

and short-wavelength T squeezed configurations (`B
1

⌧ `

T

2

⇠ `

T

3

) [16, 31]. However, of course, �f

ttt,sq

NL

would also saturate at very small scales, i.e., `T & 3000, where the scalar-mode lensing contamination
dominates CTT

`

. Higher-order lensing contributions introduce non-vanishing off-diagonal components in
the covariance matrix; thus, the above simple Fisher matrix computation would no longer be credible. In
the left panel of Fig. 2, the results of the LiteBIRD-like experiment are not shown, however, they have
similar `

max

scalings and the slightly larger overall sizes in comparison with the no-delensed and noiseless
full-sky results.

In the right panel of Fig. 2, the r dependence of �f

NL

for the no-delensed and noiseless case
(corresponding to the solid lines) and a LiteBIRD-like experiment (corresponding to the dashed lines) is
presented. For large r, Cprim

`

dominates over CBB

`

within a wide range of ` and hence the r dependence
reaches the ideal case (59). On the other hand, for decreasing r, C lens

`

or N
`

starts to dominate and errors
converge. We find that LiteBIRD could measure an O(1) signal of f ttt,eq

NL

, f ttt,sq
NL

, or f tss,sq
NL

.5 If detected, as
discussed in Sec. 2, we will have compelling evidence for a deviation from Einstein gravity or the existence
of extra source fields, which will help establish an improved picture of the early Universe.

5 Comparable detectability is expected in the other next-generation CMB experiments such as CMB-S4 [62] and CORE [63].
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Looking	ahead:		

What	can	we	expect	in	the	future?	

	



CMB	B-modes	a	smoking	gun	of	infla+on	

(see	Baccigalupi’s	talk)	

Primordial 
Inflation 
Explorer 
(PIXIE) 

Al Kogut 
Goddard Space 
Flight Center 



Ø For	future	space	CMB	missions	(LiteBIRD	satellie)	 	 		

Forecasts	for	tensor-to-scalar	ra?o	r	

Main	well-moQvated	theoreQcal	thershold	to	reach:	r~4	×10-3	,		
corresponding	to	Starobinsky	model	of	inflaQon	(at	present	the		
model	that	is	most	compaQble	with	data).					

From	“Probing	Cosmic		Infla+on	with	the	LiteBIRD	CMB	polariza+on	survey”	The	LiteBIRD	coll.		PTEP	4,	2023	



Future	observa?onal	probes		

for	non-Gaussianity			

(see	Michele	Liguori’s	talk)	

Here	the	threshold	to	reach	is	fNL~1	

	



LiteCORE LiteCORE CORE COrE+ Planck LiteBIRD ideal
80 120 M5 2015 3000

T local 4.5 3.7 3.6 3.4 (5.7) 9.4 2.7
T equilat 65 59 58 56 (70) 92 46
T orthog 31 27 26 25 (33) 58 20
T lens-isw 0.15 0.11 0.10 0.09 (0.28) 0.44 0.07
E local 5.4 4.5 4.2 3.9 (32) 11 2.4
E equilat 51 46 45 43 (141) 76 31
E orthog 24 21 20 19 (72) 42 13
E lens-isw 0.37 0.29 0.27 0.24 1.1 0.14
T+E local 2.7 2.2 2.1 1.9 (5.0) 5.6 1.4
T+E equilat 25 22 21 20 (43) 40 15
T+E orthog 12 10.0 9.6 9.1 (21) 23 6.7
T+E lens-isw 0.062 0.048 0.045 0.041 0.18 0.027

Table 17: Forecasts for the 1� f
NL

error bars for the standard primordial shapes as well as for the lensing-
ISW shape for the indicated configurations. Results are given for T -only, E-only and full T + E. The
results for Planck have been put between parentheses because they are not forecasts but real measured
error bars. See the main text for further details.

CORE shrinks the volume of the allowed fNL parameter region by a factor ⇡ 20, using T +E, with
little difference between the LiteCORE and COrE+ configurations. The improvement reaches a
level of ⇡ 200 if we consider polarization data only. Besides the improvements in error bars,
we stress that having EEE measurements at the same level of sensitivity as TTT is important
because it allows a much tighter control of systematics and foreground contamination, via internal
cross-validation of T -only and E-only results.

Even in the absence of a detection, tight bounds on fNL parameters are of course very important
to constrain parameters in different inflationary scenarios. As an example of this, in Fig. 33 we
forecast constraints on the inflaton speed of sound in the effective field theory of single-field
inflation, derived from our equilateral and orthogonal fNL predictions. In this case (see [88] and
also [136]) a lower bound cs > 0.045 (95% CL) can be achieved, improving by almost 50% the
present Planck constraints.

8.1.2 Isocurvature non-Gaussianity

In addition to these standard shapes, it is also interesting to investigate other shapes. One class
of shapes where one would expect a significant improvement compared to Planck is isocurvature
non-Gaussianity. If there was more than one degree of freedom during inflation, it is possible for
one or more isocurvature modes to have survived in addition to the standard adiabatic mode.
Such an additional mode will not only potentially produce a signal in the power spectrum (see
Section ??), but also in the bispectrum. It should be noted that some inflation/curvaton models
(e.g. [284]) predict even a larger isocurvature than adiabatic bispectrum, and at the same time a
negligible isocurvature power spectrum.

As explained in [285, 286], in the case of a local bispectrum produced by two modes, one
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New	observa+onal	strategies	
CMB	is	a	privileged	laboratory	for	cosmic	inflaQon.	However	different		
observables	can	be	compeQQve,	and	in	the	future,	have	a		bever		
sensiQvity	to,	e.g.,	primordial	non-Gaussianity	
	
Ø 	OpQcal	LSS	Galaxy	Surveys:		
				Bispectrum+PS	(scale-dependent	halo	bias)	

Ø 	Future	high-redshiÉ	large	radio	surveys	
					Bispectrum+PS	(scale-dependent	halo	bias)	
	
Ø 	CMB	spectral	distorQons	
	
	
Ø 	High-redshiÉ	21cm	fluctuaQons	

Ø 	Intensity	mapping		
There	is	a	huge	poten?al	improvement!						

Talk	by		
Michele	Liguori	



Are	there	(other)	specific	topics	that	might	be	of	interest	to		

this	mixed	audience,	in	par?cular	from	the	point	of	view	of		

sta?s?cal	tools,	both	theore?cal	and	for	data	analysis…?		

	

e.g.		

-	How	to	extract	non-Gussian	informa?on	from	data		

(see	talk	by	Michele	Liguori)	

-	How	to	properly	deal	with	tensions	from	different	datasest		

(see	the	example	of	the	Hubble	tension	issue	and	the		

talk	by	Marco	Raveri)		

-	So	called	Cosmic	Microwve	Background	anomalies				

-	Rare	events	and,	e.g.,	forma?on	of	Primordial	Black	Holes			



Cosmic	Microwave	Background	
“anomalies”		



CMB	Anomalies	
Planck Collaboration: The Planck mission

Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
statistical properties as the rest of the sky.

Fig. 10. Maximum posterior amplitude Stokes Q (left) and U (right) maps derived from Planck observations between 30 and
353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
Planck Collaboration X (2015).

8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-

19



1.Large	scale	hemispherical	asymmetry	(dipolar	modulaQon)	

Planck Collaboration: The Planck mission
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cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
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is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-
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1.Large	scale	hemispherical	asymmetry	(dipolar	modulaQon)	

2.Small	scale	hemispherical	asymmetry	(alignment	asymmetry)	

Planck Collaboration: The Planck mission

Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
statistical properties as the rest of the sky.
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353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
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8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-
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Fig. 9. Maximum posterior CMB intensity map at 50 resolution derived from the joint baseline analysis of Planck, WMAP, and
408 MHz observations. A small strip of the Galactic plane, 1.6 % of the sky, is filled in by a constrained realization that has the same
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353 GHz. These mapS have been highpass-filtered with a cosine-apodized filter between ` = 20 and 40, and the a 17 % re-
gion of the Galactic plane has been replaced with a constrained Gaussian realization (Planck Collaboration IX 2015). From
Planck Collaboration X (2015).

8.2.1. Polarization power spectra

In addition to the TT spectra, the 2015 Planck likelihood in-
cludes the T E and EE spectra. Figure 12 shows the T E and EE
power spectra calculated from the 2015 data and including all
frequency combinations. The theory curve shown in the figure
is the best-fit base ⇤CDM model fitted to the temperature spec-

tra using the PlanckTT+lowP likelihood. The residuals shown
in Fig. 12 are higher than expected and provide evidence of
residual instrumental systematics in the T E and EE spectra. It
is currently believed that the dominant source of errors is beam
mismatch generating leakage from temperature to polarization
at low levels of a few µK2 in D`. We urge caution in the in-
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3.	non-Gaussian	cold	spot	



4.Low	power	spectrum	and	quadrupole		

6.Parity	asymmetry	

Planck Collaboration: The cosmological legacy of Planck
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Fig. 9. Planck CMB power spectra. These are foreground-subtracted, frequency-averaged, cross-half-mission angular power spectra
for temperature (top), the temperature-polarization cross-spectrum (middle), the E mode of polarization (bottom left), and the
lensing potential (bottom right). Within ⇤CDM these spectra contain the majority of the cosmological information available from
Planck, and the blue lines show the best-fitting model. The uncertainties of the TT spectrum are dominated by sampling variance,
rather than by noise or foreground residuals, at all scales below about ` = 1800 – a scale at which the CMB information is essentially
exhausted within the framework of the ⇤CDM model. The T E spectrum is about as constraining as the TT one, while the EE
spectrum still has a sizeable contribution from noise. The lensing spectrum represents the highest signal-to-noise ratio detection
of CMB lensing to date, exceeding 40�. The anisotropy power spectra use a standard binning scheme (which changes abruptly at
` = 30), but are plotted here with a multipole axis that goes smoothly from logarithmic at low ` to linear at high `. In all panels, the
blue line is the best-fit Planck 2018 model, based on the combination of TT , T E, and EE.

15

Planck Collaboration: The cosmological legacy of Planck

90� 1� 0.2� 0.1�

Angular scale

Fig. 18. Compilation of recent CMB angular power spectrum measurements from which most cosmological inferences are drawn.
The upper panel shows the power spectra of the temperature and E-mode and B-mode polarization signals, the next panel the
cross-correlation spectrum between T and E, while the lower panel shows the lensing deflection power spectrum. Di↵erent colours
correspond to di↵erent experiments, each retaining its original binning. For Planck, ACTPol, and SPTpol, the EE points with large
error bars are not plotted (to avoid clutter). The dashed line shows the best-fit ⇤CDM model to the Planck temperature, polarization,
and lensing data. See text for details and references.
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5.Quadru-/octopole	alignment	

alignment	Alignment	



CMB	Anomalies	
					StaQsQcal	significance	at	the	2-3σ	level	(and	issues	related	to	a		
					posteriori	choiche	of	staQsQcs	&	to	look-elsewhere	effects):		
					SQll:		

Ø  It	might	indicate	a	(local,	apparent)	breaking	of	staQsQcal	isotropy	on		
						the	laregest	scales	
	
Ø  It	might	be	indicate	new	physics,	relevant	for	understanding	the	
					underlying		inflaQonary	mechanism	(and	is	there	a	common	orgin?)	
	
Ø  	New	physcis	or	staQsQcal	fluke/foregrounds/systemaQcs?		

			



Ø  A	(maybe	too	simplified)	model	can	be	a	dipolar	modulaQon		
	

scale fluctuations, carrying the modulation, and g has only sub-horizon modes [10]. In this way, h
will assume a deterministic value in our Hubble volume, while the other field will look like stan-
dard stochastic fluctuations and will account for the standard Gaussian behavior of the anisotropies.
As aforementioned, across the Hubble volume an observer will see spontaneously broken statistical
isotropy as an effect of the slow modulation of h, while its local gradient and curvature will pick a
preferred direction, breaking the statistical isotropy [5]. Specifically, we write ⇣ as

⇣( #⌫
x ) = g( #⌫

x )[1 + h( #⌫
x )] , (3.3)

where again g( #⌫
x ) makes our considerations compatible with the observed statistical homogeneity and

isotropy on small scales and h( #⌫
x ) is the modulating field breaking isotropy. Going to Fourier space,

we will perform the ensemble averages on one Hubble volume, so that only the g field will get averaged.
In this way we find
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In Eq.3.5 we can identify three terms, based on their order in h(
#⌫
k ).

Recalling that we are looking to a modulation of the scalar perturbations, the interesting term
to explore is �

S

, thus we can plug the previous equation into
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where the transfer function is defined as
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So, we obtain three different terms contributing to the two-point correlation functions:
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where (0, 1, 2) indicates the order in the modulating field. Let us now report the final results for each
of these terms.

3.1 Zeroth order term in the modulating field

Starting from the zeroth order term (in the modulating field), it is easy to find
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where the angular power spectrum reads
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As expected, this expression is basically the same obtained in the isotropic case.
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Sub-horizon	scale	fluctuaQons			 Super-horizon	scale	modulaQng	field				

x1
x2M -patch

L-patch

last-scattering surface

Earth

n̂

x+

EP1/2
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of sight

Figure 1: Modulation of the power spectrum measured in an M -sized patch embedded within a larger

L-sized patch. The L-patch is crossed by a long-wavelength mode (2.14) whose amplitude is

enhanced above the typical amplitude by a factor E. In applications, the M -patch [located

at the aggregate coordinate x+; see Eq. (2.2)] would be centred on the last-scattering sur-

face.

Within the M -patch, the two-point function would respond to an infinitely long wave-
length perturbation as if it were a shift in the zero-mode of the fields. Therefore to linear
order in the amplitude of the perturbation,
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where ‘· · · ’ denotes terms of second-order or higher in ”„ which we have neglected. Except
in §3 we are not using the slow-roll approximation, so ”„µ runs over the perturbations in the
scalar fields and their momenta. The same is true for ˆ/ˆ„µ.

Our interest is in perturbations with large but finite wavelength. For such pertur-
bations (2.1) represents the beginning of a series describing the response of È’’Í to the
position-dependent fluctuation ”„µ(x
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surrounding x
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The two-point function will respond not only to the displacement ”„µ but also other local
operators built from its gradients such as ˆ2”„µ. Therefore
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spontaneous	(apparent)	breaking	of		

sta?s?cal	isotropy:		large-scale		

(super-horizon)	fluctua?ons	that		

modulate	small	scale	power					

(so	called	“local”	non-Gaussianity)							

Models	for	CMB	anomalies		



Ø  	Invoke	local-like	non-Gaussianity	

BRIEF ARTICLE 21
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Models	for	CMB	anomalies		



Dipolar	modulaQon	
T(θ,φ)		=		T0(θ,φ)		x		(	1	+	β	TMOD(θ,φ))	

+	 X	

=	



The	toy-model	
T(θ,φ)		=		TGAUSS(θ,φ)		x		(	1	+		βTMOD(θ,φ))	

TMOD(θ,φ)		=		(TFILT(θ,φ))2	

T(θ,φ)		=		TGAUSS(θ,φ)			+	β	TGAUSS(θ,φ)		x	(TFILT(θ,φ))2	

See	Hansen,	Trombei,	Bartolo,	Natale	,	Liguori,	Banday	and	Gorski,	A&A	2019		



The	moQvaQons	

•  	All	the	scales	will	be	correlated	with	the	largest	
scales	à	random	dipolar	distribuQon	of	power	
on	the	largest	scales	will	be	imprinted	on	the	
smaller	scalesà	A2	

•  	A	modulaQon	field	which	is	the	square	of	the	
filtered	original	map	TMOD(θ,φ)		=		(TFILT(θ,φ))2	will	
amplify	both	posiQve	and	negaQve	fluctuaQons	
à	enhance	the	dipole	à	A1	

•  enhance	homes	and	coldest	spots,	via	a	non-
Gaussian	cubic	termà	cold	spot	with	excess	
kurtosis	A3		





ModulaQon	
T(θ,φ)		=		T0(θ,φ)		x		(	1	+	β	TMOD(θ,φ))	



ModulaQon	
T(θ,φ)		=		T0(θ,φ)		x		(	1	+	β	TMOD(θ,φ))	



X	



X	

=	



+	

=	



+	

=	



+	

=	



+	

=	

1.Large	scale	hemispherical	asymmetry	(dipolar	modulaQon)	

3.	Non-Gaussian	cold/hot	spot	



X	



X	

=	



X	

=	

2.Small	scale	hemispherical	asymmetry	(alignment	asymmetry)	







F. K. Hansen et al.: Non-Gaussian toy models that reproduce CMB anomalies
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Fig. 5. Angular power spectrum: estimated C` from Planck data
(black) (Planck Collaboration XI, 2016); mean C` of 1000 non-
Gaussian simulations (green); and C` of the theoretical best fit
⇤CDM model of Planck Collaboration XIII (2016) (red). The
shaded area presents 2� error bars from Planck Collaboration
XI (2016).

Collaboration XVI (2016), but without the mask. For all other
analyses in this paper, we performed the analysis for the data
and simulations with the same pipeline and, as shown in the fig-
ure, obtain results consistent with previous papers.

Figure 6 corresponds to figure 30 in Planck Collaboration
XVI (2016). The green and red areas show the 68% and 95%
intervals from Gaussian simulations (left panel) and our toy
model simulations (right panel). The black line corresponds to
the Planck result from Planck Collaboration XVI (2016). The
left panel shows that the p-values for the data are outside the
68% interval for almost all multipoles ` < 200 compared to
Gaussian simulations. In addition there are several dips outside
the 95% interval. Conversely, the Planck data points seem con-
sistent with our toy model, as shown in the right panel. The clear
dip of the 68% green range for ` < 100 indicates that a strong
dipolar modulation is expected on large angular scales in this
model.

In Fig. 7 we show the probability of alignment of the power
distribution dipoles up to a certain multipole (compare Fig. 36
in Planck Collaboration XVI 2016). The green and red areas
show the 68% and 95% intervals from Gaussian simulations (left
panel) and our toy model simulations (right panel). The black
line shows the results determined from the Planck data and has
been taken from figure 36 in Planck Collaboration XVI (2016).
In the left panel, it can be seen that the data, as compared to
Gaussian simulations, always lie outside the 95% interval for
` > 200. The right panel demonstrates that the behaviour of the
data is consistent with the non-Gaussian toy model.

Figure 8 shows the kurtosis for wavelet coe�cients using
spherical Mexican Hat wavelets and the same wavelet scales as
in Vielva et al. (2004). The left panel shows the kurtosis com-
pared to Gaussian simulations (green and red shaded bands).
For scales 7-9 the Planck data show excess kurtosis outside the
95% confidence region. In the toy model (right panel), we see

a clearly enhanced probability for an excess kurtosis at exactly
these scales. The data points for scales 7-9 are now within the
68% confidence region. The scale-dependent kurtosis of wavelet
coe�cients also put limits on a possible scale-dependence of a
gNL non-Gaussianity. The plot shows that our model predicts
a level of kurtosis consistent with current observational con-
straints.

Vielva et al. (2004) have shown that the excess observed kur-
tosis disappears after masking the highest temperature outlier in
the map. This is shown in Fig. 8 where the grey crosses repre-
sent the kurtosis values computed from the data after masking,
and the grey lines indicate the 2� confidence interval after mask-
ing the simulations. For the toy models, there is a clear drop in
kurtosis after masking the brightest spot showing that the excess
kurtosis in the toy model simulations is indeed mainly associated
with one strong hot or cold spot, as for the observational data.

Figure 9 shows how the angular separation between the
quadrupole and octopole preferred directions are distributed in
Gaussian simulations (left panel) and toy model simulations
(right panel). The vertical black line represents this angle for
the Planck data. The left panel indicates that the probability falls
for smaller angles. For toy model simulations, the distribution is
somewhat flatter, therefore the quadrupole-octopole alignment
seen in the data can be considered less anomalous.

Finally, the direction of dipolar modulation, the cold spot and
the directions of the alignment asymmetry all seem to be con-
verging. In particular, the angular distance between the direction
of dipolar modulation and the cold spot is 32� in the Planck data.
In Fig. 10 we show the distribution of angular distances between
the dipolar modulation and the cold/hot spot in Gaussian simula-
tions (left panel) or toy model simulations (right panel). The po-
sition of the cold/hot spot is clearly strongly correlated with the
dipolar modulation direction in the toy model simulations and in
excellent agreement with the data. A similar correlation of di-
rection with the small-scale hemispherical asymmetry is seen in
toy model simulations with a strong alignment asymmetry.

4. Discussion and conclusions

In this paper we have shown that the CMB anomalies, including
apparent deviations from statistical isotropy and features in the
power spectrum can arise from non-Gaussianity. In particular, in
the analyses of simulated toy model maps using a gNL-like non-
Gaussian term of the form given in Eq. (3) or (6), all of the most
commonly discussed anomalies are reproduced. To what extent
the di↵erent anomalies are present depends on the filters w` and
g` (which would correspond to specific scale dependences of the
primordial non-Gaussianity trispectrum gNL). Even very simple
forms of these filters give rise to several anomalies in our phe-
nomenological model, but a physical model would be required to
predict their shape with a minimum number of free parameters.

Figure 5 demonstrates how such a toy model results in low
power on large angular scales, including the quadrupole, and
parity asymmetry for the first few multipoles. Then, in Figs. 6 to
9, we see evidence that various features of the data, characterised
as 2-3 � outliers when compared to Gaussian simulations, are
more consistent with the expectations of these toy model simu-
lations.

It should be noted that the filter functions selected here,
which e↵ectively define scale dependence, are simple. Further
work is needed to assess whether these functions are realistic
in the context of a primordial underlying model or otherwise.
However, it may be that a physical model could give rise to more
complex filters and still reproduce the anomalies if it essentially

7
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T(θ,φ)		=		TGAUSS(θ,φ)			+	β	[TGAUSS(θ,φ)		x	(TFILT(θ,φ))2]FILT2	

???	

F. K. Hansen et al.: Non-Gaussian toy models that reproduce CMB anomalies

Alternate inflationary models have also been proposed to explain other CMB anomalies, such

as the lack of power at large angular scales. Typically in this case, the models rely on deviations

from the usual slow-roll phase in a period immediately before the observable 60 e-folds. In fact, the

anomalies on the largest scales could provide hints about the conditions that led to the inflationary

dynamics (in the observable window) given that they appear on the largest scales that will ever be

observable (Planck Collaboration XX , 2016; Contaldi et al. , 2003; Liu et al. , 2013; Gruppuso et

al. , 2016).

However, the majority of those inflationary models proposed to date to explain the CMB

anomalies have encountered some di�culties (Planck Collaboration XX , 2016; Contreras et al.

, 2018). Therefore, in this paper, we prefer to consider that the anomalous features have a common

cosmological origin, and look for toy-models that can naturally reproduce all of the above anoma-

lies. In particular, inspired by the additional (non-linear) terms in the primordial gravitational po-

tential that appear in models of inflation, we search for isotropic but non-Gaussian models, where

the non-Gaussianity is the origin of the apparent deviations from statistical isotropy seen in the

data. We stress that our aim in this paper is not to find physical models that fit the data, but to

determine phenomenologically those properties that a physical model should exhibit.

2. Phenomenological models

Inflationary models may have second-order ( fNL-like) and third-order (gNL-like) terms in the pri-

mordial gravitational potential. In the local version, these can be written as (Gangui et al. , 1994;

Verde et al. , 2000; Wang & Kamionkowski , 2000; Komatsu & Spergel , 2001; Okamoto & Hu ,

2002)

�(x) = �
G

(x) + fNL(�2
G

(x) � h�2
G

(x)i) + gNL�
3
G

(x). (1)

Clearly, an fNL model, being a second order term, would result in excess skewness, and not excess

kurtosis as seen in the cold spot. In order to reproduce the latter, we will therefore focus on gNL-like

models. The value of the local (scale-independent) gNL term has already been constrained (at the

68% confidence level) to be gNL = (�9.0 ± 7.7) ⇥ 104 (Planck Collaboration XVII , 2016). Here,

we will instead consider gNL-like models with a strong scale dependence, for which there are no

current observational constraints.

To motivate the construction of our toy-model, we begin by considering two related anoma-

lies: the dipolar modulation of power at large scales (A1) and the correlations between randomly

oriented power dipoles over a large number of angular scales (A2). Consider the modulation of an

isotropic Gaussian CMB map,

T (✓, �) = TG(✓, �)(1 + �TMOD(✓, �)), (2)

where TG(✓, �) is an isotropic, Gaussian CMB temperature realisation, � is the modulation ampli-

tude and TMOD(✓, �) is the modulation field. If the modulation field were a pure dipole, as con-

sidered in Eriksen et al. (2007), we would reproduce anomaly A1 only. However, if we consider

a modulation field that corresponds to the original isotropic CMB map filtered such that only the

largest scales, ` < 30, remain, hereafter TF(✓, �), then the CMB sky will have the following fea-

tures:

4



T(θ,φ)		=		TGAUSS(θ,φ)			+	β	[TGAUSS(θ,φ)		x	(TFILT(θ,φ))2]FILT2	

T	=		DTRANSFER[φGAUSS			+	gNL	[φGAUSS		x	(φFILT)2]FILT2	

???	

Any	physical	model	which	can	be	wriven	in	this	way	can	give	rise	to	all	CMB	anomalies!	



In	search	for	an	inflaQonary	model		
The	kind	of	non-Gaussianity	(trispectrum)	which	leads	to	the		
phenomenological	model	we	are	interested	in,	might	be	realized			
following	the	approach		of	Shandera	et	al.	in	a	two	field	inflaQonary		
scenario	(e.g.,	inflaton+curvaton).	It	is	just	a	possibility.		
Strongly	scale	dependent	trispectrum,	not	tested	yet	in	the	data.		

What about a primordial non-Gaussian model?

Where we have used the Sachs-Wolfe approximation and we defined

G`(rdec , r) = � ∞
0

dkk

2
j`(krdec)j`(kr)G(k), W`(r , rj) = � ∞

0
dkk

2
W (k)j`(kr)j`(krj)

⇣F`m(r) = � ∞
0

drj r
2
j W`(r , rj)⇣G`m(rj)

The kind of non-Gaussianity which leads to the phenomenological model

we are interested in might be reproduced, following the approach of

Shandera et al, in a two field-inflation scenario (inflaton + curvaton)

k

k1 k3

k2

Shape of trispectrum:

k1, k2 << k , k3

N.B.:		even	if	we	allow	for	f_NL	term,	this	would	not	change	our	main	conclusions	
	
	



Primordial	Black	Holes	from	rare	events		



Primordial	Black	Holes	(PBHs)	

Ø  	Black	Holes	forming	at	very	early	early	Qmes,	deep	in	the	radiaQon	dominated	epoch,		
						much	before	any	galaxy	has	formed,	on	small	scales	(much	samller	than	CMB	scales)			
	
Ø  	How	can	they	form?		
								For	sufficiently	large	density	fluctua+ons	maaer	can	collapse	to	a	BH		

								(Hawking,1971;	Carr	and	Hawking,	1974)		
	
Ø  	PBHs	can	contribute	to	dark	maver	

Ø  	PBHs	can	be	sources	of	GravitaQonal		
								Waves	

Ø  	They	can	be	produced		
								by	specific	models	of	inflaQon			



PBH	and	the	tail	of	PDF	

Ø  	For	sufficiently	large	density	fluctuaQons	maver	can	collapse	to	a	BH	
								

Figure 3.1: A schematic representation of the standard PBH formation scenario. The comoving
horizon (red), decreases (increases) during inflation (radiation/matter domination) with respect
to comoving lengths. The green line indicates the comoving scale of perturbations generated
during inflation responsible for the PBH formation, much smaller than the CMB scales (blue).
Perturbations become super-horizon and stop evolving during inflation, while they can collapse to
form PBHs after they cross the horizon. Figure taken from [44].

3.1 Formation mechanism

The gravitational collapse of density perturbations in radiation dominated era and the
subsequent PBH formation are highly non linear process. Numerical simulations have
played a crucial role in understanding such phenomena [42, 43]. Spherical symmetry can
be assumed because we expect that perturbations forming PBHs are quasi spherical. The
simplest form of spherically symmetric metric is:

ds2 = �A2(t, r̃)dt2 +B2(t, r̃)dr̃2 +R2(t, r̃)d⌦2, (3.3)

where d⌦ is the solid angle measure, and A, B and R are positive definite functions of
cosmic time, t, and comoving radial coordinate r̃. R is also called areal radius and it
measures the physical distance between the centre of symmetry and the point (t, r̃).

From now on we mostly follow the mechanism of PBH production described in [45].
The formation of a PBH requires that cosmological perturbations are su�ciently large
to collapse. Considering those perturbation as standard cosmological adiabatic perturba-
tions, we have to set these initial conditions on superhorizon scales, where the cosmological
horizon is much smaller than the perturbations typical length. This condition is easy to
realize if the perturbations come from inflation. On superhorizon scale we have seen in
the previous chapter that curvature perturbations are constant.

Considering a position-dependent, spherically symmetric spatial curvature K(r̃), the
metric in (3.3) can be rewritten as:

ds2 ' �dt2 + a2(t)



dr̃2

1�K(r̃)r̃2
+ r̃2d⌦

�

, (3.4)

where the time dependent components of the metric have been neglected for simplicity,

30



Power	spectrum	and	PDF	

Ø  	Underlying	physical	processes	determine	the	staQsQcal	properQes	of	the		
						cosmological	perturbaQons	
	
Ø  	Given	the	CMB	constraints	on	primordial	non-Gaussianity	we	can	say	that		
							perturbaQons	at	CMB	scales	are	compaQble	with	Gaussianity		
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Figure 2.1: a) Thermal dust signal; b) Carbon monoxyde signal; c) Integrated
Sachs-Wolfe (ISW) signal with a mask on the galactic plane (grey band); d) Cosmic
Microwave Background (CMB) signal from Planck Legacy Archive. In order to ob-
tain the CMB signal in d), one must first operate component separation, foreground
removal and mask application. A pedagogical introduction to the CMB signal ex-
traction can be found [25].

Figure 2.2: Left: From one of the more than four million spectra collected by
the SDSS [26] to Right: the SDSS map of the local universe [27] where each dot
is a galaxy. The construction of reliable catalogues is of prime importance for
cosmologists. It relies on a long journey from raw data to cosmological observations
and constitutes the starting point of statistical data analysis.
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Ø  	For	sufficiently	large	density	fluctuaQons	maver	can	collapse	to	a	BH	
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Modelling	of	PDF	tail	is	important	

Ø 	Rare	events	can	lead	to	important	effects		
						(here	e,.g.,	PBH)		
	
Ø  	They	can	shed	light	on	new	phenomena		
						(e.g.	physics	governing	the	Early	Univesre,	InflaQon	models)	
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Ø  	They	can	shed	light	on	new	phenomena		
						(e.g.	physics	governing	the	Early	Univeree,	InflaQon	models)	
	

of a spatially flat universe with Friedmann-Robertson-Walker (FRW) metric7

ds2 = �dt2 + a(t)2dx2 (3)

we see that inflation requires a source of negative pressure p and an energy density ⇢ which dilutes
very slowly8, while allowing for an exit into the standard Big Bang cosmology at later times. Such
a source of stress-energy can be modeled by the potential energy V (�) of a scalar field �, together
with a mechanism which maintains a near-constant value of V (�) during the inflationary period.
That is, the scalar field �(t,x) (the ‘inflaton’) is an order parameter used to describe the change in
energy density during inflation. There is a wide array of mechanisms for obtaining near-constant
V (�) during inflation. Two basic approaches include (i) postulating a nearly flat potential V (�),
or (ii) postulating an e↵ective action for � which contains strong self-interactions which slow the
field’s evolution down a steep potential. All single-field mechanisms for inflation can be captured by
an e↵ective field theory for single-field inflation [32]; di↵erent mechanisms and models with diverse
theoretical motivations arise as limits of this basic structure.

reheating

Figure 1: Examples of Inflaton Potentials. Acceleration occurs when the potential energy of the
field V dominates over its kinetic energy 1

2 �̇2. Inflation ends at �end when the slow-roll
conditions are violated, ✏ ! 1. CMB fluctuations are created by quantum fluctuations
�� about 60 e-folds before the end of inflation. At reheating, the energy density of the
inflaton is converted into radiation.
Left: A typical small-field potential. Right: A typical large-field potential.

One simple limit is known as single-field slow-roll inflation, for which an e↵ective Lagrangian
Le↵(�) = f [(@�)2]�V (�) is postulated.9 We consider a time-dependent homogeneous and isotropic
background spacetime as in Eqn. (3). The expansion rate is characterized by the Hubble parameter

7For simplicity, we anticipate the inflationary solution of the flatness problem and assume that the spatial
geometry is flat. The generalization to curved space is straightforward.

8Note that the two Friedmann equations can be combined into the continuity equation ⇢̇ = 3H(⇢+p). For
p ⇡ �⇢, one therefore finds ⇢̇ ⇡ const. and ä > 0.

9For pedagogical reasons, we restrict the discussion in the remainder of this section to single-field slow-roll
inflation with canonical kinetic term f [(@�)2] = 1

2

(@�)2. In Section 5 and Appendix A we generalize our
treatment to single-field inflation with non-canonical kinetic terms and inflationary models with more than
one field.
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If	the	the	dynamics	of	the	inflaton	field	
Is	smooth	(driven	by	a	smooth	potenQal)	
then	the	fluctuaQons	are	almost	Gaussian	
and	the	tail	is		extremely	suppressed		
(at	all	scales).		
CMB	scales	are	compaQble		
with	such	a	condiQon.		
	

CMB	scales	 Non-CMB	scales	
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Ø  	They	can	shed	light	on	new	phenomena		
						(e.g.	physics	governing	the	Early	Univeree,	InflaQon	models	

If	the	the	dynamics	of	the	inflaton	field	
Is	characetrized	by	some	features		
(beyond	the	standard	models	of	slow-roll))	
then	the	power-spectrum	of	primordial		
fluctuaQons	can	be	enhanced	and		
moreover		inflaQonary	fluctuaQons		
can	become	non-Gaussian.		

Figure 2.3: Example of a USR potential. Figure taken from [32, 33].

On the other hand, it is not correct to completely neglect �̈ in comparison to V 0,
therefore the equation that should be studied is [34]:

�̈+ 3H�̇ = 0. (2.68)

This model is called ultra slow roll inflation (USR) because the velocity of the inflaton
field decreases extremely quickly during this phase. In fact solving the USR equation of
motion (2.68) we obtain � / a�3 / e�3N , and therefore the kinetic energy decreases like

Ekin / �̇2 / a�6. (2.69)

An example of potential that can produce this kind of evolution is a potential with an
inflection point or a local maximum (see left and right panel of Figure 2.3). If it is the
case, the scalar field should have su�cient kinetic energy to get pass the flat part of the
potential in order to avoid an eternal inflation.

Because �̇ / a�3, the second slow roll parameter became ⌘ = �6. Remembering that
⌘ can be written as ⌘ = ˙✏H/(✏HH) = �dln✏H/dN , the first SR parameter evolves like
✏H / a�6, so is still much less than one. Another di↵erence with SR scenario is that
✏H ' ✏V is no longer valid and ✏V = 0 if V 0 = 0.

In terms of conformal time ⌧ , the curvature perturbation’s equation of motion in
Fourier space is [35]:

@2Rk

@⌧2
+ 2

@z/@⌧

z

@Rk

@⌧
+ k2Rk = 0 (2.70)

where z2 = 2a2M2
P l✏H . On super horizon scales, the general solution of this equation is

[36]:

Rk(⌧) = Bk + Ck

Z

d⌧

a2✏H
, (2.71)

where the first term is again a constant mode, as in the slow roll case, while the second
term instead of a decreasing is a growing mode (non attractor solution) which dominates
over the other. In particular:

Rk / Ck

Z

d⌧

a2✏H
= Ck

Z

dt

a3✏H
/

Z

dte3Ht / e3Ht / a3. (2.72)
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Infla+on	models	leading	to	PBH	
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Figure 2: The numerical solutions of φ and χ moving on the effective potential Veff (left) and
in the field space (right), where we have chosen the parameters as µ2 = 30, M/m = 20 and
ξ = 0.001. The initial conditions are taken as φ(N0) = 5MPl, χ(N0) = 0.005MPl, φ′(N0) =
0.001MPl, χ′(N0) = 5× 10−5MPl, where N0 = 60, counted backwards from the end of inflation
where Ne = 5.

After φ passes the point φ∗, the energy density of the universe is dominated by the χ-field,
so that the relation (2.15) no longer holds. We expect that at this stage, φ-field will roll down
the effective potential and get trapped in its local minimum. If its effective mass is small, the
trapping process is overdamped. On the other hand, for a large effective mass, we can expect
φ to undergo damped oscillations around its locally determined minimum φg, or the vacuum
expectation value (VEV) determined by χ.

In [12], the case that φ is trapped in its local minimum is studied, while an effective DBI-like
action for χ emerges after integrating out φ. This leads to the effective field theory method
in the literature [13]. Here we use a similar method, but take into account the oscillations as
perturbations to its VEV, for which the initial conditions are set at the moment of transition
N∗. Namely, the initial amplitude of the oscillation around the local minimum point φg, is given
by ∆φ∗ = φ(N∗)− φg(N∗). φ will then oscillate around φg with decaying amplitude, while the
frequency is determined by its effective mass. The numerical solution for the equations of
motion of φ and χ is depicted in Fig.2. As can be seen from this figure, in the second stage,
φ-field rolls down the effective potential, then gets trapped in its local minimum point φg and
begins to oscillate around it. We will show our analytical result for the oscillation period later.

Let us first calculate φg, i.e. the background trajectory in the absence of the oscillations.
The effective potential for φ is

Veff(φ) = e
−
√

2
3

φ
MPlX +

3

4
M2M2

Pl

[

1− e
−
√

2
3

φ
MPl

(

1− ξ
χ2

M2
Pl

)]2

+ e
−2
√

2
3

φ
MPl V (χ), (2.26)

where X = −(1/2)gµν∂µχ∂νχ, and χ is assumed to be sufficiently slowly varying. Assuming
that the effective mass of the φ field is large compared to the Hubble parameter, we can

7

MulQ-field	models	

Model 1b: non-minimal curvaton
Pi & MS, 2112.12680
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PDF	tail,	PBH	and	Infla+on		

Figure 4.1: The logarithm of the non-Gaussian probability distribution, log10(P (⇣)), as function
of fNL with fixed � = 0.1. The solid line shows the Gaussian pdf. In the left panel the dotted,
short-dashed and long-dashed lines correspond to fNL = 2, 3.5 and 5 respectively, while in the
right panel they correspond to fNL = �2, �3.5 and �5. Figure taken from [65].

where i is the sum over all solutions. Therefore, the pdf is given by:
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Remember that we can relate it to de abundance by:

� = 2
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⇣th

PNG(⇣)d⇣, (4.9)

where ⇣max = 1 if fNL � 0, while if fNL is negative

⇣max = � 5
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◆

. (4.10)

Figure 1 in [66] and Figure 1 in [65] (shown here in Figure (4.1)) show the e↵ect of
fNL parameter on the probability density function and it is clear that the main e↵ect is
to skew the distribution. In particular, for positive fNL the amplitude of the large tail is
increased, while for negative values of fNL, ⇣ is bounded from above and we would not
have PBH formation. Since PBHs form from rare large fluctuations in the tail of the
distribution, NG can potentially significantly a↵ect the number of formed PBHs. On the
other way round, PBH formation probes both the amplitude and the non-Gaussianity of
the primordial fluctuations on small scales. [67] shows that NG alters exponentially the
Gaussian prediction for the PBH abundance unless

|Sn| .
✓

�RH

⇣th

◆2 n!

⇣n�2
th

, (4.11)
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Effects	of	non-Gaussianity	on	the		

tail	for	f_NL=2,3,5	
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Università degli Studi di Padova, via Marzolo 8, I-35131 Padova, Italy

2INFN, Sezione di Padova, via Marzolo 8, I-35131 Padova, Italy
3INAF - Osservatorio Astronomico di Padova, Vicolo dellOsservatorio 5, I-35122 Padova, Italy
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There has recently been renewed interest in the possibility that the dark matter in the universe
consists of primordial black holes (PBHs). Current observational constraints leave only a few PBH
mass ranges for this possibility. One of them is around 10�12M�. If PBHs with this mass are formed
due to an enhanced scalar-perturbation amplitude, their formation is inevitably accompanied by the
generation of gravitational waves (GWs) with frequency peaked in the mHz range, precisely around
the maximum sensitivity of the LISA mission. We show that, if these primordial black holes are
the dark matter, LISA will be able to detect the associated GW power spectrum. Although the
GW source signal is intrinsically non-Gaussian, the signal measured by LISA is a sum of the signal
from a large number of independent sources suppressing the non-Gaussianity at detection to an
unobservable level. We also discuss the e↵ect of the GW propagation in the perturbed universe.
PBH dark matter generically leads to a detectable, purely isotropic, Gaussian and unpolarised GW
signal, a prediction that is testable with LISA.

Introduction. The existence and the nature of dark
matter remains one of the main puzzles in physics [1].
The recent detection of GWs generated by the merging
of two ⇠ 30M� black holes [2] has renewed the interest
in the possibility that all (or a significant part of) the
dark matter of the universe is in the form of PBHs (see
Refs. [3–6] for recent literature).
A standard way to generate PBHs in the early universe

is to enhance the power spectrum of the comoving cur-
vature perturbation ⇣ during inflation, but only on scales
much smaller than those constrained to be small by CMB
observations [7–9] (see Ref. [10] in the case in which Stan-
dard Model Higgs perturbations are used). After reheat-
ing the perturbations are transferred to the radiation,
forming PBHs upon horizon re-entry if the perturbations
are large enough. A region typically collapses to a PBH
at horizon entry if the comoving density contrast during
radiation domination �(~x) = 4r2⇣(~x)/(9a2H2) is larger
than a critical value �c (here a is the scale factor and H
the Hubble parameter).
We define the comoving curvature perturbation power

spectrum as

⌦
⇣(~k1)⇣(~k2)

↵0
=

2⇡2

k31
P⇣(k1), (1)

where we have adopted the standard prime notation in-
dicating that we do not explicitly write down the (2⇡)3

times the Dirac delta of momentum conservation. It is
convenient to define the variance of �(~x) as

�2
�(M) =

ˆ 1

0
d ln kW 2(k,RH)P�(k), (2)

where we have made use of a (gaussian) window function

W (k,RH) to smooth out �(~x) on the comoving horizon
length RH ⇠ 1/aH and P�(k) = (4k2/9a2H2)2P⇣(k).
Assuming Gaussian primordial perturbations, the mass
fraction �M of the universe which ends up in PBHs at the
time of formation is approximately (for the non-Gaussian
extension see Ref. [12])

�M =

ˆ 1

�c

d�p
2⇡ ��

e��2/2�2
� ' ��

�c

p
2⇡

e��2
c/2�

2
� . (3)

This corresponds to a present fraction of dark matter
fPBH(M) ⌘ d (⇢PBH/⇢DM)/d lnM in form of PBHs of mass
M [5]

fPBH (M) '
✓

�M

6 · 10�9

◆⇣ �

0.2

⌘ 1
2
✓
106.75

g⇤

◆ 1
4
✓
M�
M

◆ 1
2
,

(4)
for a dark matter density parameter today ⌦DMh2 ⇡
0.12. Here � < 1 accounts for the e�ciency of the col-
lapse and g⇤ is the number of e↵ective relativistic degrees
of freedom at horizon entry. We will take � ' 0.2 [13].

The key point is that, if there are large gradients in
the curvature perturbations (for example generated dur-
ing the last stages of inflation), they inevitably act as a
(second-order) source [14–17] of primordial GWs [18, 19].
We can relate the mass M of a PBH to the peak fre-
quency of the GWs (not far from the peak frequency of
the corresponding curvature perturbations which collapse
to form a PBH at horizon entry, k = 2⇡f = aH) [19]

M ' 33 �

✓
10�9 Hz

f

◆2

M�. (5)

This shows that the mass corresponding to the frequency
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Figure 4.1: The logarithm of the non-Gaussian probability distribution, log10(P (⇣)), as function
of fNL with fixed � = 0.1. The solid line shows the Gaussian pdf. In the left panel the dotted,
short-dashed and long-dashed lines correspond to fNL = 2, 3.5 and 5 respectively, while in the
right panel they correspond to fNL = �2, �3.5 and �5. Figure taken from [65].

where i is the sum over all solutions. Therefore, the pdf is given by:

PNG(⇣)d⇣ =
d⇣

p
2⇡�

r
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⇣
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5 + ⇣
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(✏+ + ✏�), (4.7)

with

✏± = exp
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Remember that we can relate it to de abundance by:

� = 2

Z ⇣max

⇣th

PNG(⇣)d⇣, (4.9)

where ⇣max = 1 if fNL � 0, while if fNL is negative

⇣max = � 5
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Figure 1 in [66] and Figure 1 in [65] (shown here in Figure (4.1)) show the e↵ect of
fNL parameter on the probability density function and it is clear that the main e↵ect is
to skew the distribution. In particular, for positive fNL the amplitude of the large tail is
increased, while for negative values of fNL, ⇣ is bounded from above and we would not
have PBH formation. Since PBHs form from rare large fluctuations in the tail of the
distribution, NG can potentially significantly a↵ect the number of formed PBHs. On the
other way round, PBH formation probes both the amplitude and the non-Gaussianity of
the primordial fluctuations on small scales. [67] shows that NG alters exponentially the
Gaussian prediction for the PBH abundance unless
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(see	e.g.,	Byrnes	et	al	2012;		
	Franciolini,		Kehagias,	Matarrese	&			
	Riovo,		
	



Modelling	of	PDF	tail	is	important		

In	a	nutshell:		since	PBH	are	formed	on	the	tails	of	the	

probability	distribu?on	of	the	curvature	perturba?on	(aka	

they	are	rare	events),	they	are	very	sensi?ve	to	changes	in	

those	tails	and	therefore	in	non-Gaussiani?es	of	the	

probability	distribu?on.	



PBH production

11Integrating out large fields Realistic models

EFT  
is valid

Short  exitsζ

Long  exitsγ

PBH is formed

Peff
ζ = 1

cs

1
4ϵk3

ζ
H2

̂kζ
 is enhanced!⟹ σR

P(ζR > ζc) = 2π ( ζc

σR )
2

−1

exp{ − ( ζc

2σR )
2

+
∞

∑
n=3

(−1)n

n! ξ(n)
R (0)( ζc

σ2
R )

n

}
S. Matarrese, F. Lucchin, S. A. 
Bonometto - Astrop. J. Lett. 310 
(1986) & related works

The model produces primordial black holes!

Modelling	of	PDF	tail	is	important		

Various	methods	studied	
	
Ø  		

Matarrese,	Lucchin,	Bonomevo	ApJ	310	(1986)	and	related	works.		
Path-integral	approach	that	allows	to	compute	exactly	the	mass		
fracQon	of	PBHS	at	formaQon	in	presence	of	non-Gaussianity.		
	
Ø 	StochasQc	effects,	Fokker-Planck	equaQon		

Ø 	ResummaQon	techinques	within	an	EffecQve	Fiel	Theory	methods		

Ø Other	non-linear	approaches	to	inflaton	flactuaQons		



Conclusions	

•  Standard	cosmological	model	well-defined	

				(but	eventually	see	tensions:	accuracy	cosmology).	

•  InflaQon	as	the	generator	of	all	the	structures	we	see	in	the	
Universe:	consitent	with	all	data;	its	basic	principles	well-
understood.	SQll	the	precise	mechanism	is	not	known.		

•  Proper	StaQsQcal	tools	essenQal	to	dig	into	these	issues.		
•  For	example:	can		staQsQcs	of	extreme	values	be	used	to	

				either	stretength	the	staQsical	signficance	of	some	CMB				

				anomalies	or	to	bever	invesQgate	them?	Which	further		

				informaQonit	can	bring	on	non-Gaussianity?		

			Can	it	help	in	PBH	invesQgaQons?		



Back-up	slides	



The	power	spectrum	of	cosmological	perturbaQons:	
a	quick	definiQon	

Ø  	For	example:		
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Spectral	index	of	the	power	spectrum:	definiQon	
	
	
	
	
	
So,	if	ns	is	a	constant	
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Ø  	So	the	spectral	index	describes	the	shape	of	the	power	spectrum	(i.e.	its		
						dependence	with	k~(2	π)/λ,	or	equivalently	with	the	cosmological	scales).	
	
Ø  	If	ns=1	we	have	an	exact	scale-invariant	power	spectrum	which	is	also	called	

Harrison-Zel’	dovich	power-spectrum:	the	amplitude	of	the	iniQal	fluctuaQons	is	
the	same	on	all	cosmological	scales.			

Ø  In	case	ns=ns(k),	i.e.	it	depends	on	the	scale,	one	could	also	define	a	running	of	the	
spectral	index		as		
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CMB	basics	
•  (Afer	inflaQon)	the	Universe	is	iniQally	in	a	hot	and	dense	state	

•  Free	electrons	and	nuclei	interact	with	photons	via	Compton	scavering	

•  As	the	Universe	cools	down,	electrons	combine	with	photons	to	form	
Hydrogen	atoms	(recombinaQon)	è	maver-radiaQon	decoupling	

•  Time	of	decoupling	∼ 300000 yrs. Temperature	at	decoupling	∼ 3000 Κ. 

•  Due	to	Universe	expansion	the	CMB	has	today	a	blackbody	spectrum	with	
color	temperature	T	∼ 2.7 Κ

•  The	Early	Universe	is	nearly,	but	not	perfectly	homogeneous	and	isotropic.	
Maver	and	radiaQon	accrete	onto	overdense	regions	è anisotropies	in	
the	CMB	spaQal		temperature	distribuQon		

131	

€ 

ΔT
T 
~ 10−5

€ 

T = 2.755K



Actors:		
ü 	Photons-baryons		glued	together	in	a	single	fluid	by	Compton	scavering	unQl	last-scavering		
					epoch	z~1100.			
ü 	dark	maver+	neutrinos+cosmological	constant	
	
•  On	large	scales:		

					density	fluctuaQons	at	last	scavering	+	gravitaQonal	redshiÉ	(SW	effect)	

•  On	intermediate	scales:	
			

					gravity	(mainly	due	to	Dark	Maver)+pressure			
									==	acousQc	oscillaQons		

	
	

•  On	small	scales:	
	

								Damping	due	to	photon	free	streaming	(Silk	damping)	

GeneraQon	of	temperature	anisotropies	



COBE,	WMAP,	Planck	

Planck	

Npix	~		104		

FWHM	~	7o	
	

lmax	~	30	

Npix	~		3×106		

FWHM	~	12	arcmin	
	

lmax	~	1000		

Npix	~		5×107		

FWHM	~	5	arcmin	
	

lmax	~	3000		



Frequency	maps	
“cleaning	+	coadding”	



SensiQvity	

σ Ĉ
=

2
2+1( ) fsky

b
2C + N( )

sky	coverage	
signal	

instrumental		
noise	

beam	

•  Even	for	an	ideal	noiseless	experiment	error	bars	are	not	0	due	to		
					cosmic	variance	

•  An	experiment	is:	
	
ü  	Cosmic	variance	dominated	where	the	error	budget	is	dominated	by						
						the	cosmic	variance	term	(instrumental	noise	is	negligible,	low	l)	
	

ü  	Signal	dominated	where	Cl	>	Nl		(low	l)	
	

ü  	Noise	dominated	when	Nl	>	Cl	(high	l)	



WMAP+Planck+ACT+SPT+Bicep+…...	
Planck Collaboration: The cosmological legacy of Planck
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Fig. 18. Compilation of recent CMB angular power spectrum measurements from which most cosmological inferences are drawn.
The upper panel shows the power spectra of the temperature and E-mode and B-mode polarization signals, the next panel the
cross-correlation spectrum between T and E, while the lower panel shows the lensing deflection power spectrum. Di↵erent colours
correspond to di↵erent experiments, each retaining its original binning. For Planck, ACTPol, and SPTpol, the EE points with large
error bars are not plotted (to avoid clutter). The dashed line shows the best-fit ⇤CDM model to the Planck temperature, polarization,
and lensing data. See text for details and references.
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Fig. 18. Compilation of recent CMB angular power spectrum measurements from which most cosmological inferences are drawn.
The upper panel shows the power spectra of the temperature and E-mode and B-mode polarization signals, the next panel the
cross-correlation spectrum between T and E, while the lower panel shows the lensing deflection power spectrum. Di↵erent colours
correspond to di↵erent experiments, each retaining its original binning. For Planck, ACTPol, and SPTpol, the EE points with large
error bars are not plotted (to avoid clutter). The dashed line shows the best-fit ⇤CDM model to the Planck temperature, polarization,
and lensing data. See text for details and references.
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Cosmological	parameters	
The	Universe	observed	by	Planck	is	well-fit	by	a	6	
parameter	ΛCDM	model	(&	strong	constraints	
provided	on	deviaQons	from	this	model).	
	

•  		Baryon	density:	Ωb	
	

•  		Maver	density:	Ωm	
	

•  		AcousQc	scale	(angular	size):	θMC	
	

•  		OpQcal	depth	to	reionizaQon:	τ
•  			Amplitude	of	primordial	scalar	fluctuaQons:	As	
	

•  			Scalar	Spectral	index:	ns	



Another	good	reason:	Maldacena	consistency	relaQons	
For	all	single-field	models	of	infla?on,		independently	of	the	specific		model,	the	
bispectrum	in	the	squeezed	limit	(k1<<k2~k3)	is	
	
	
	
	
	
	
(Maldacena	2002)		
	
	
	
		
A	convincing	detecQon	of	primordial	NG	of	the	squeezed	configuraQon	can	rule	out			
	all	single-field	models	of	inflaQon			

N.B.:	similar	consistency	rela+ons	do	hold	also	for	tensors	and	higher-order	correlators	mixing		

										tensor	&	scalar	fluctua+ons			

k1	

Long	mode	is	already	frozen	when	the	
smaller	modes	freeze	and	it	acts	as	a	
rescaling	of	the	smaller	modes	

k2	

k3	
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What are some well motivated thresholds of fNL 
for future (futuristic) experiments? 
	

f loc
NL . 1 f loc

NL & 1

f eq, orth
NL . 1 Single-field slow-roll Multi-field

f eq, orth
NL & 1 Single-field non-slow-roll Multi-field

Table 1. Table summarizing physical implications for qualitatively di↵erent measurements of the shapes of
primordial non-Gaussianity.

As emphasized above, the interpretation of each scenario requires some caveats. It is our

assessment that this table represents a baseline interpretation for each observational outcome. It is

clear that if any experiment reaches these forecasts level, we are going to learn a lot, no matter what

we find, which is an ideal situation for an experiment to be. In the event of a detection of either

shape, measuring the scaling in the squeezed limit is an important distinguishing tool.

2.5 Targets for the power spectrum

The power spectrum of density fluctuations encodes a degenerate combination of the initial state and

evolution of the primordial comoving horizon. In the context of inflationary cosmology, the evolution

of the comoving horizon is fixed by the precise shape of the scalar field potential. Measuring the first

two coe�cients in a logarithmic expansion of the power spectrum, the spectral index ns and running

↵s, provides constraints on the inflaton potential. For example, the simplest single-field models of

inflation would be ruled out by a measurement of significant running. Ultra-precise measurements

of ns and ↵s could greatly constrain the model-space of inflationary cosmology 4.

Access to pre-inflationary initial conditions imprinted in the two-point function at the largest

scales is possible when there is just-enough inflation. A host of ideas including an initial period of

fast-roll [67, 68], excited states [69, 70], and connections to the eternally inflating multiverse [71, 72]

have recently been invoked to explain the anomalously low power at ` . 30 5. Future LSS may

provide improved constraints on the power on large scales [71]. In addition, an important exercise is

determining how distinguishable all of these scenarios are by incorporating information beyond the

two-point function (e.g. [18, 74]).

Another signature of significant theoretical interest are oscillations in the power spectrum,

bispectrum, and beyond. This is motivated by the symmetry structure of string theory along axion

directions in field space, e.g. as an auxiliary signature of axion monodromy inflation [75], as well as

from the point of view of weakly broken discrete shift symmetries in low energy e↵ective field theory

[76]. The oscillatory features have a model-dependent amplitude which is exponentially sensitive

to couplings in the theory, and may be undetectably small, but there are interesting theoretical

thresholds in simple examples [77]. In particular, in the case of high-scale inflation there are bounds

4The utility of this exercise is arguably highly dependent on appropriate theoretical priors, as many models will be

indistinguishable even within the ultimate cosmic variance limited error bars.
5Further motivation to study novel phenomena at large scales arises from a tension between the tensor power

claimed to be observed by BICEP2 and the CMB temperature power spectrum, e.g. [73].
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o 	fNL	~1	is	the	next	threshold	to	reach		

o 	fNL	~10−2-10−3		is	the	threshold	one	would	really	reach:	
					Another	fundamental	test	of	infla?on!		

	

It	is	the	predicQon	of	standard	single-field	slow-roll	models:	fNL~O(ε,η)	
(Acquaviva,	Bartolo,	Matarrese,	Riovo	2002;	Maldacena	2002).		



Beyond-slow	roll:		

Reconstruc+ng	the	infla+onary	poten+al		

and	the	primordial	power	spectrum		

BRIEF ARTICLE 3
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No	evidence		

of	devia?ons	from	a		

featureless		power-spectrum	

	
In	agreement	with		
	
	

Planck Collaboration: Constraints on Inflation

Parameter TT+lowE EE+lowE TE+lowE TT,TE,EE+lowE TT,TE,EE+lowE+lensing
⌦bh2 0.02212 ± 0.00022 0.0240 ± 0.0012 0.02249 ± 0.00025 0.02236 ± 0.00015 0.02237 ± 0.00015
⌦ch2 0.1206 ± 0.0021 0.1158 ± 0.0046 0.1177 ± 0.0020 0.1202 ± 0.0014 0.1200 ± 0.0012

100✓MC 1.04077 ± 0.00047 1.03999 ± 0.00089 1.04139 ± 0.00049 1.04090 ± 0.00031 1.04092 ± 0.00031
⌧ 0.0522 ± 0.0080 0.0527 ± 0.0090 0.0496 ± 0.0085 0.0544+0.0070

�0.0081 0.0544 ± 0.0073
ln(1010As) 3.040 ± 0.016 3.052 ± 0.022 3.018+0.0020

�0.0018 3.045 ± 0.016 3.044 ± 0.014
ns 0.9626 ± 0.0057 0.980 ± 0.015 0.967 ± 0.011 0.9649 ± 0.0044 0.9649 ± 0.0042
H0 66.88 ± 0.92 69.9 ± 2.7 68.44 ± 0.91 67.27 ± 0.60 67.36 ± 0.54
⌦m 0.321 ± 0.013 0.289+0.026

�0.033 0.301 ± 0.012 0.3166 ± 0.0084 0.3153 ± 0.0073
�8 0.8118 ± 0.0089 0.796 ± 0.018 0.793 ± 0.011 0.8120 ± 0.0073 0.8111 ± 0.0060

Table 2. Confidence limits for the cosmological parameters in the base-⇤CDM model from Planck temperature, polarization, and
temperature-polarization cross-correlation separately and combined, in combination with the EE measurement at low multipoles.

3.2. Ruling out ns = 1

One of the main findings drawn from previous Planck releases
was that the scale-independent Harrison-Zeldovich (HZ) spec-
trum (Harrison 1970; Zeldovich 1972; Peebles & Yu 1970) is
decisively ruled out. This conclusion is reinforced in this re-
lease: in standard ⇤CDM late-time cosmology, the scalar spec-
tral index from Table 2 lies 6.6, 8.0, and 8.4� away from ns =
1, for Planck TT+lowE, Planck TT,TE,EE+lowE, and Planck
TT,TE,EE+lowE+lensing, respectively. The corresponding ef-
fective ��2 between the power-law spectrum and the best-fit HZ
model are ��2 = 43.9, 66.9, and 72.4.

Simple one-parameter modifications of the cosmological
model are not su�cient to reconcile a scale-invariant power
spectrum with Planck data. For instance, when the e↵ective
number of neutrino species Ne↵ is allowed to float for a cos-
mology with a scale-invariant spectrum, the e↵ective ��2 with
respect to the power-law spectrum are ��2 = 12.9, 27.5, and
30.2, respectively.

When instead the assumption of flat spatial sections is
relaxed,7 we obtain ��2 = 11.8, 28.8, and 40.9, respec-
tively, for the same data sets. Therefore, the correspond-
ing closed cosmological models fitting Planck TT+lowE
(⌦K = �0.122+0.039

�0.029, H0 = 44.2+3.1
�4.3 km s�1 Mpc�1 at

68 % CL), Planck TT,TE,EE+lowE (⌦K = �0.095+0.029
�0.019,

H0 = 47.1 ± 3.2 km s�1 Mpc�1 at 68 % CL), and Planck
TT,TE,EE+lowE+lensing (⌦K = �0.032+0.006

�0.007, H0 = 58.9 ±
2.0 km s�1 Mpc�1 at 68 % CL) provide a worse fit compared to
the tilted flat ⇤CDM model.8

3.3. Constraints on the scale dependence of the scalar

spectral index

The Planck 2018 data are consistent with a vanish-
ing running of the scalar spectral index. Using Planck

7For non-flat models the power spectra encode the eigenvalues of
the corresponding Laplacian operator of the spatial sections and scale
invariance holds at scales much smaller than the curvature radius.

8This is not a new result based on the Planck 2018 release, but
just an update of a similar conclusion also reached with the Planck
2015 data. Compared to the flat ⇤CDM tilted model, we obtain
��2 = 12.3, 34.8, and 45 with Planck 2015 TT+lowP, Planck 2015
TT,TE,EE+ lowP, and Planck 2015 TT,TE,EE+lowP+lensing, respec-
tively. Therefore, even with Planck 2015 data, a closed model with
ns = 1 provides a worse fit than tilted ⇤CDM and is not compelling
as claimed in Ooba et al. (2017).

TT,TE,EE+lowE+lensing we obtain

dns

d ln k
= �0.0045 ± 0.0067 (68 % CL) . (15)

These results are consistent with, and improve on, the Planck
2015 result, dns/d ln k = �0.008 ± 0.008 (PCP15).

As discussed in PCI13 and PCI15, a better fit to the temper-
ature low-` deficit was found in 2015, thanks to a combination
of non-negative values for the running and the running of the
running. The Planck 2018 release has significantly reduced the
parameter volume of this extension of the base-⇤CDM model.
The Planck 2018 TT(TT,TE,EE)+lowE+lensing constraints for
the model including running of running are

ns = 0.9587 ± 0.0056 (0.9625 ± 0.0048) , (16)
dns/d ln k = 0.013 ± 0.012 (0.002 ± 0.010) , (17)

d2ns/d ln k2 = 0.022 ± 0.012 (0.010 ± 0.013) , (18)

all at 68 % CL. It is interesting to note that the high-` tempera-
ture data still allow a sizable value for the running of the running,
although slightly decreased with respect to the Planck 2015 re-
sults (PCI15). However, when high-` Planck 2018 polarization
data are also included, dns/d ln k and d2ns/d ln k2 are tightly con-
strained.

The model including a scale-dependent running can produce
a better fit to the low-` deficit at the cost of an increase of power
at small scales; this latter e↵ect is constrained in this release. As
an example of a model with suppression only on large scales, we
also reconsider the phenomenological model with an exponen-
tial cuto↵:

PR(k) = P0(k)
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>

>

=

>

>

;

, (19)

which can be motivated by a short stage of infla-
tion (Contaldi et al. 2003; Cline et al. 2003) (see also
Kuhnel & Schwarz (2010), Hazra et al. (2014), and
Gruppuso et al. (2016) for other types of large-scale sup-
pressions). We do not find any statistically significant detection
of kc using either logarithmic or linear priors and for di↵erent
values of �c, with any combination of Planck baseline likeli-
hoods. We have also checked that these results depend only
weakly on the exclusion of the EE quadrupole in SimAll and
are stable to the substitution of Commander and SimAll with the
joint temperature-polarization likelihood based on the 70-GHz
channel.
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	Planck	CMB	power	spectrum	



Primordial	gravita+onal	waves	
In	a	similar	way	one	can	compute	the	power	spectrum	of	the	gravitaQonal	waves	
	
	
	
We	see	that	the	2	polarizaQon	states	corresponds	to	2	massless	minimally	coupled	
scalar	fields.	Then	we	have	(a	“*”	here	indicates	evaluaQon	at	horizon	crossing	
during	inflaQon)		
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And	hence,	summing	over	the	2	polarizaQon	states:		
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with	tensor	spectral	index	

This	equality	holds	because,	on	super-horizon	scales,	
tensor	fluctuaQons	remain	constant	in	Qme	(see	results	
for	a	massless	scalar	field)	and	so	its	value	on	those	scales	
is	fixed	at	horizon-crossing	during	inflaQon	(similarly	to	
what	we	did	for	the	curvature	perturbaQons)		
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The	toy-model	

T(θ,φ)		=		TGAUSS(θ,φ)			+	β	TGAUSS(θ,φ)		x	(TFILT(θ,φ))2	



The	toy-model	

T(θ,φ)		=		TGAUSS(θ,φ)			+	β	[TGAUSS(θ,φ)		x	(TFILT(θ,φ))2]FILT2	



1000	simulated	toy-model	maps	

O	3000???		



What	about	primordial	non-Gaussianity?		
	We	can	consider	two	filters,	W(k)	and	G(k)							
•  W(k)	filters	k>kM	
•  G(k)	filters		k>>kM								

What about a primordial non-Gaussian model?

We try to explain the phenomenological model starting from the

curvature perturbation ⇣. We can consider two kinds of filters,

W (k) and G(k), such that:

W (k) filters the contribution from modes k > kM
G(k) filters the contribution from modes k >> kM

⇣(k) = ⇣G(k)+gNL 3�
j=1�
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3
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The final result is the (nearly) one-to-one corrispondence between

phenomenological model and a class of theoretical models
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(79)

dove è stata sfruttata la relazione (45). Nella stessa approssimazione possia-
mo riscrivere l’eqn. (73) come
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L’eqn. (78) invece diviene
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dove è stato posto
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G
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5 Toy-Model

Separiamo il contributo alla perturbazione di curvatura dovuto a modi
di grande lunghezza d’onda da quello dovuto a modi di piccola lunghezza
d’onda utilizzando la theta di Heaviside

⇣(k) = ⇣(k)⇥(k � kM ) + ⇣(k)⇥(kM � k) = ⇣L(k) + ⇣S(k). (83)

In questo modo la parte cubica della ⇣ si potrà scrivere come
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What about a primordial non-Gaussian model?

We try to explain the phenomenological model starting from the

curvature perturbation ⇣. We can consider two kinds of filters,

W (k) and G(k), such that:

W (k) filters the contribution from modes k > kM
G(k) filters the contribution from modes k >> kM
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dove è stata sfruttata la relazione (45). Nella stessa approssimazione possia-
mo riscrivere l’eqn. (73) come
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dove è stato posto
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5 Toy-Model

Separiamo il contributo alla perturbazione di curvatura dovuto a modi
di grande lunghezza d’onda da quello dovuto a modi di piccola lunghezza
d’onda utilizzando la theta di Heaviside

⇣(k) = ⇣(k)⇥(k � kM ) + ⇣(k)⇥(kM � k) = ⇣L(k) + ⇣S(k). (83)
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In	search	for	an	inflaQonary	model		
The	kind	of	non-Gaussianity	(trispectrum)	which	leads	to	the		
phenomenological	model	we	are	interested	to,	might	be	realized			
following	the	approach		of	Shandera	et	al.	in	a	two	field	inflaQonary		
scenario	(e.g.,	inflaton+curvaton).	It	is	just	a	possibility.		
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N.B.:		even	if	we	allow	for	f_NL	term,	thjis	would	not	change	our	main	conclusions	



•  Main	focus	on	large-scale		hemispherical	asymmetry		
												
							Two	broad		“families”:		
							i)	an	explicit	breaking	of	staQtsQcal	isotropy	<A>≠0		
							ii)	a	spontaneous	(apparent)	breaking	of	staQsQcal	isotropy:		large-scale	(super-horizon)		
											fluctuaQons	that	modulate	small	scale	power		
											à	primordial	non-Gaussianity	of	squeezed	type.		
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Figure 1: Modulation of the power spectrum measured in an M -sized patch embedded within a larger

L-sized patch. The L-patch is crossed by a long-wavelength mode (2.14) whose amplitude is

enhanced above the typical amplitude by a factor E. In applications, the M -patch [located

at the aggregate coordinate x+; see Eq. (2.2)] would be centred on the last-scattering sur-

face.

Within the M -patch, the two-point function would respond to an infinitely long wave-
length perturbation as if it were a shift in the zero-mode of the fields. Therefore to linear
order in the amplitude of the perturbation,

È’(x
1

)’(x
2

)ÍM = È’(x
1

)’(x
2

)ÍL + ”„µ ˆ

ˆ„µ
È’(x

1

)’(x
2

)ÍL + · · · , (2.1)

where ‘· · · ’ denotes terms of second-order or higher in ”„ which we have neglected. Except
in §3 we are not using the slow-roll approximation, so ”„µ runs over the perturbations in the
scalar fields and their momenta. The same is true for ˆ/ˆ„µ.

Our interest is in perturbations with large but finite wavelength. For such pertur-
bations (2.1) represents the beginning of a series describing the response of È’’Í to the
position-dependent fluctuation ”„µ(x

+
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is the aggregate position of the M -patch
surrounding x
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and x
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[26–29],
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The two-point function will respond not only to the displacement ”„µ but also other local
operators built from its gradients such as ˆ2”„µ. Therefore
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Models	for	CMB	anomalies		

Gordon	,	Hu,	Huterer,	Crawford	‘05;		
Erickcek,	Kamionkowski,	Carroll	mechanism,	‘08	
	

Picture	from	Byrnes	et	al.	2016	

26 THE AUTHOR

(11) �

(11) � =
3

5
⇣

(11) CCMB⇥SGWB
`

(11) ⌦GW (⌘0, k, n̂) = ⌦GW (⌘0, k) + �⌦GW (⌘0, k, n̂)

(11) h�⌦`1m1�⌦`2m2�⌦`3m3i ⇠

(11) ⌦GW (f)  5.8⇥ 10�9 (95% C.L.)

(11) r0.05 < 0.036 (95% C.L.)

(11) r =
PT

P⇣

(11) ⌦GW(⌘0, k) =
3

128
⌦rad

X

�

PT
� (⌘in, k)

"
1

2

✓
keq
k

◆2

+
4

9

⇣p
2� 1

⌘#

(11) h0ij

(11) A(k) = Ak0

✓
k

k0

◆n

(11)
�T

T0
=

�T

T0
(1 +An̂ · p̂)



•  You	need	to	Qlt	primordial	non-Gaussianity	to	reproduce	the	large-scale	hemispherical		
						asymmetry	that	is	present	only	for	l<60:		
	
							
																																										

Models	for	CMB	anomalies		

best	fit	n=−0.5	
A=0.07	
(Aiola	et	al.	2015)	

•  	Typically	a	squeezed	bispectrum	with	f_NL	scale	dependent		

•  	Not	easy	to	realize	during	infla?on	(e.g.	Byrnes	et	al.	2016).	
							i)	if	single	field		
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Both A and C share the same scale-dependence, so it is
possible that C(k) could be used to explain the lack of
power on large scales [7, 12]. If so, the model could simul-
taneously explain two anomalies—although this would
entail a stringent constraint on α in order that C(k) does
not depress the power spectrum too strongly at small ℓ.
The relative amplitude of A(k) and C(k) depends on the
unknown phase ϑ and our assumption of the form (8),
but the observation that they scale the same way with
k constitutes a new and firm prediction for all models
which explain the power asymmetry by modulation from
a single super-horizon mode.

BUILDING A SUCCESSFUL MODEL

Single-source scenarios.—In the case where one field
dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
12

5
fNL(k, k, kL) =

12

5
fNL(k, k, k), (11)

and the asymmetry scales in the same way as the equi-
lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]

d ln |fNL|
d ln k

=
5

6fNL

√

r

8

M3
P
V ′′′

3H2
, (12)

where r ! 0.1 is the tensor-to-scalar ratio. To achieve
strong scaling we require M3

P
V ′′′/(3H2) ≫ 1. But within

a few e-foldings this will typically generate an unaccept-
ably large second slow-roll parameter ησ, defined by

ησ =
M2

P
V ′′

3H2
. (13)

Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore

d lnA

d ln k
≈

1

2

d ln |fNL(k, k, k)|
d ln k

≈
d ln(Pσ/P)

d ln k
≈ 2ησ − (ns − 1)

(14)

where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1

2

m2
σσ

2

M4
P

)

. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2

M2
P

)

, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
12

5
fNL(k, k, kL) =

12

5
fNL(k, k, k), (11)

and the asymmetry scales in the same way as the equi-
lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]

d ln |fNL|
d ln k

=
5

6fNL

√

r

8

M3
P
V ′′′

3H2
, (12)

where r ! 0.1 is the tensor-to-scalar ratio. To achieve
strong scaling we require M3

P
V ′′′/(3H2) ≫ 1. But within

a few e-foldings this will typically generate an unaccept-
ably large second slow-roll parameter ησ, defined by

ησ =
M2

P
V ′′

3H2
. (13)

Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore

d lnA

d ln k
≈

1

2

d ln |fNL(k, k, k)|
d ln k

≈
d ln(Pσ/P)

d ln k
≈ 2ησ − (ns − 1)

(14)

where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1

2

m2
σσ

2

M4
P

)

. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2

M2
P

)

, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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Both A and C share the same scale-dependence, so it is
possible that C(k) could be used to explain the lack of
power on large scales [7, 12]. If so, the model could simul-
taneously explain two anomalies—although this would
entail a stringent constraint on α in order that C(k) does
not depress the power spectrum too strongly at small ℓ.
The relative amplitude of A(k) and C(k) depends on the
unknown phase ϑ and our assumption of the form (8),
but the observation that they scale the same way with
k constitutes a new and firm prediction for all models
which explain the power asymmetry by modulation from
a single super-horizon mode.

BUILDING A SUCCESSFUL MODEL

Single-source scenarios.—In the case where one field
dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
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fNL(k, k, kL) =
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lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]
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where r ! 0.1 is the tensor-to-scalar ratio. To achieve
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ably large second slow-roll parameter ησ, defined by

ησ =
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Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore
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≈ 2ησ − (ns − 1)

(14)

where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1
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. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2

M2
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, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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Both A and C share the same scale-dependence, so it is
possible that C(k) could be used to explain the lack of
power on large scales [7, 12]. If so, the model could simul-
taneously explain two anomalies—although this would
entail a stringent constraint on α in order that C(k) does
not depress the power spectrum too strongly at small ℓ.
The relative amplitude of A(k) and C(k) depends on the
unknown phase ϑ and our assumption of the form (8),
but the observation that they scale the same way with
k constitutes a new and firm prediction for all models
which explain the power asymmetry by modulation from
a single super-horizon mode.

BUILDING A SUCCESSFUL MODEL

Single-source scenarios.—In the case where one field
dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
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fNL(k, k, kL) =
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fNL(k, k, k), (11)

and the asymmetry scales in the same way as the equi-
lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]
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where r ! 0.1 is the tensor-to-scalar ratio. To achieve
strong scaling we require M3

P
V ′′′/(3H2) ≫ 1. But within

a few e-foldings this will typically generate an unaccept-
ably large second slow-roll parameter ησ, defined by

ησ =
M2

P
V ′′

3H2
. (13)

Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore

d lnA

d ln k
≈

1
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d ln |fNL(k, k, k)|
d ln k

≈
d ln(Pσ/P)

d ln k
≈ 2ησ − (ns − 1)

(14)

where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1
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2
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)

. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2
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)

, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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Both A and C share the same scale-dependence, so it is
possible that C(k) could be used to explain the lack of
power on large scales [7, 12]. If so, the model could simul-
taneously explain two anomalies—although this would
entail a stringent constraint on α in order that C(k) does
not depress the power spectrum too strongly at small ℓ.
The relative amplitude of A(k) and C(k) depends on the
unknown phase ϑ and our assumption of the form (8),
but the observation that they scale the same way with
k constitutes a new and firm prediction for all models
which explain the power asymmetry by modulation from
a single super-horizon mode.

BUILDING A SUCCESSFUL MODEL

Single-source scenarios.—In the case where one field
dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
12

5
fNL(k, k, kL) =

12

5
fNL(k, k, k), (11)

and the asymmetry scales in the same way as the equi-
lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]
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where r ! 0.1 is the tensor-to-scalar ratio. To achieve
strong scaling we require M3

P
V ′′′/(3H2) ≫ 1. But within

a few e-foldings this will typically generate an unaccept-
ably large second slow-roll parameter ησ, defined by

ησ =
M2

P
V ′′

3H2
. (13)

Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore

d lnA

d ln k
≈
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d ln |fNL(k, k, k)|
d ln k

≈
d ln(Pσ/P)

d ln k
≈ 2ησ − (ns − 1)

(14)

where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1
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σσ

2

M4
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)

. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2

M2
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)

, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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Both A and C share the same scale-dependence, so it is
possible that C(k) could be used to explain the lack of
power on large scales [7, 12]. If so, the model could simul-
taneously explain two anomalies—although this would
entail a stringent constraint on α in order that C(k) does
not depress the power spectrum too strongly at small ℓ.
The relative amplitude of A(k) and C(k) depends on the
unknown phase ϑ and our assumption of the form (8),
but the observation that they scale the same way with
k constitutes a new and firm prediction for all models
which explain the power asymmetry by modulation from
a single super-horizon mode.

BUILDING A SUCCESSFUL MODEL

Single-source scenarios.—In the case where one field
dominates the two- and three-point functions of ζ, the
bispectrum is equal in squeezed and equilateral configu-
rations [13, 14]. Therefore

ρσ =
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fNL(k, k, kL) =
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5
fNL(k, k, k), (11)

and the asymmetry scales in the same way as the equi-
lateral configuration fNL(k, k, k). If the scaling is not too
large it can be computed using [15]
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where r ! 0.1 is the tensor-to-scalar ratio. To achieve
strong scaling we require M3

P
V ′′′/(3H2) ≫ 1. But within

a few e-foldings this will typically generate an unaccept-
ably large second slow-roll parameter ησ, defined by

ησ =
M2

P
V ′′

3H2
. (13)

Therefore it will spoil the observed near scale-invariance
of the power spectrum.

As a specific example, a self-interacting curvaton
model was studied in Ref. [16]. This gave rise to many
difficulties, including logarithmic running of fNL(k, k, k)
with k—which is not an acceptable fit to the scale depen-
dence of A(k) [2]. Even worse, because (12) is large only
when fNL is suppressed below its natural value, both the
trispectrum amplitude gNL and the quadrupolar modula-
tion of the power spectrum were unacceptable. In view of
these difficulties we will not pursue single-source models
further.

Multiple-source scenarios.—In multiple-source scenarios
there is more flexibility. If different fields contribute to
the power spectrum and bispectrum it need not hap-
pen that a large ησ necessarily spoils scale-invariance.
In these scenarios ρσ no longer scales like the reduced

bispectrum, but rather its square-root fNL(k, k, k)1/2.
Therefore
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where P is the dimensionless power spectrum, ns − 1 ≃
−0.03 is the observed scalar spectral index and ησ was de-
fined in Eq. (13). If we can achieve a constant ησ ≈ −0.25
while observable scales are leaving the horizon then it is
possible to produce an acceptable power-law for A(k).
For further details of these scaling estimates for A(k) see
Kenton et al. [17] or Ref. [11].

A simple potential with large constant ησ is

W (φ,σ) = V (φ)

(

1−
1
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)

. (15)

The inflaton φ is taken to dominate the energy density
and therefore drives the inflationary phase. Initially σ
lies near the hilltop at σ = 0, so its kinetic energy is sub-
dominant and ϵ ≈ M2

P
V 2
φ /V

2. (Here ϵ = −Ḣ/H2 is the
conventional slow-roll parameter.) As inflation proceeds
σ will roll down the hill like σ(N) = σ⋆e−ησN , where ‘⋆’
denotes evaluation at the initial time and N measures
the number of subsequent e-folds.

To keep the σ energy density subdominant we must
prevent it rolling to large field values, which implies that
σ⋆ must be chosen to be very close to the hilltop. But
the initial condition must also lie outside the diffusion-
dominated regime, meaning the classical rolling should be
substantially larger than quantum fluctuations in σ. This
requires |dσ/dN | ≫ H⋆/2π. In combination with the
requirement that σ remain subdominant in the observed
power spectrum, we find that σ⋆ should be chosen so that
|σ⋆| "

√
ϵ⋆PMP/|ησ|. For typical values of ϵ = 10−2 and

ησ = −0.25 this requires |σ(60)| " 100MP which is much
too large. The problem can be ameliorated by reducing
ϵ⋆, but then σ contributes significantly to ϵ during the
inflationary period. This reduces the bispectrum ampli-
tude to a tiny value, or causes σ to contaminate the power
spectrum and spoil its scale invariance [11].

A working model.—To avoid these problems, consider a
potential in which the effective mass of the σ field makes
a rapid transition. An example is

W = W0

(

1 +
1

2
ηφ

φ2

M2
P

)(

1 +
1

2
ησ(N)

σ2

M2
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)

, (16)

where ησ(N) is chosen to be −0.25 while observable scales
exit the horizon, later running rapidly to settle near
−0.08. (For a concrete realization see Ref. [11].) We
take the transition to occur roughly 16 e-folds after the
largest observable scales exited the horizon. The field φ
will dominate the Gaussian part of ζ and its mass should
be chosen to match the observed spectral index.
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Implications of the CMB power asymmetry for the early universe

Christian T. Byrnes,∗ Donough Regan,† David Seery,‡ and Ewan R. M. Tarrant
Astronomy Centre, University of Sussex, Falmer, Brighton BN1 9QH, UK

Observations of the microwave background fluctuations suggest a scale-dependent amplitude
asymmetry of roughly 2.5σ significance. Inflationary explanations for this ‘anomaly’ require non-
Gaussian fluctuations which couple observable modes to those on much larger scales. In this Letter
we describe an analysis of such scenarios which significantly extends previous treatments. We iden-
tify the non-Gaussian ‘response function’ which characterizes the asymmetry, and show that it is
non-trivial to construct a model which yields a sufficient amplitude: many independent fine tunings
are required, often making such models appear less likely than the anomaly they seek to explain.
We present an explicit model satisfying observational constraints and determine for the first time
how large its bispectrum would appear to a Planck-like experiment. Although this model is merely
illustrative, we expect it is a good proxy for the bispectrum in a sizeable class of models which
generate a scale-dependent response using a large η parameter.

INTRODUCTION

The statistical properties of the cosmic microwave
background (CMB) show remarkable consistency with
the paradigm of early universe inflation. But a number of
troubling anomalies persist, including the large cold spot,
the quadrupole–octupole alignment, and a hemispherical
amplitude asymmetry. If these anomalies are primordial
it is not yet clear whether they can be compatible with
the simplest inflationary models which typically predict
statistical independence of each multipole (see Ref. [1]
and references therein). In this Letter we report results
for a special set of inflationary scenarios which can ac-
commodate the hemispherical asymmetry.

Working with the Planck 2013 temperature data, Aiola
et al. demonstrated that the asymmetry could be ap-
proximately fit by a position-dependent power-spectrum
at the last-scattering surface of the form [2]

Pobs(k) ≈
k3P (k)

2π2

(

1 + 2A(k)p̂ · n̂+ · · ·
)

, (1)

where p̂ represents the direction of maximal asymmetry,
n̂ is the line-of-sight from Earth, and A(k) is an ampli-
tude which Aiola et al. found to scale roughly like k−0.5.
Averaged over ℓ ∼ 2 – 64 it is of order 0.07. In this paper
our primary objective is to explain how an inflationary
model can produce an asymmetry which replicates this
scale dependence.

The effect is seen in multiple frequency channels and
in the older WMAP data, which makes it less likely to
be attributable to an instrumental effect or foreground.
Future improvements in observation are likely to be
driven by polarization data, which provide an indepen-
dent probe of the largest-scale modes [3].

Inflationary explanations.—Erickcek, Carroll and
Kamionkowski proposed that (1) could be produced
during an inflationary epoch if the two-point function
at wavenumber k is modulated by perturbations of
much larger wavelength [4]. This entails the presence

of a bispectrum with nonempty squeezed limit, and if
the amplitude is sufficiently large it would be the first
evidence for multiple active light fields in the inflationary
era.

This is an exciting possibility but there is signifi-
cant concern that a bispectrum of this type may al-
ready be ruled out by observation. Current experiments
do not measure the bispectrum on individual configura-
tions, but rather weighted averages over related groups
of configurations—and at present are most sensitive to
modestly squeezed examples. Averaged over these config-
urations, Planck observations require the non-Gaussian
component to have amplitude |fNL|/105 ! 0.01% [5] com-
pared to the leading Gaussian part. Meanwhile, ignoring
all scale dependence, Refs. [6–9] showed that an inflation-
ary origin would require

|a20|
6.9× 10−6

|fNL|
10

≃ 6

(

A

0.07

)2

β (2)

where a20 is the quadrupole of the CMB temperature
anisotropy, measured to be approximately |a20| ≈ 6.9 ×
10−6 [10], and β is a model-dependent number which
would typically be rather larger than unity. Therefore
Eq. (2) suggests that an inflationary scenario may re-
quire |fNL| " 60, in contradiction to measurement. If
so, we would have to abandon the possibility of an in-
flationary origin, at least if produced by the Erickcek–
Carroll–Kamionkowski mechanism. To evade this Eq. (2)
could be weakened by tuning our position on the long-
wavelength background to reduce β, but clearly we
should not allow ourselves to entertain fine-tunings which
are less likely than the anomaly they seek to explain.

Averaged constraints.—The requirement that A(k) varies
with scale gives an alternative way out which has yet to
be studied in detail. It could happen that the bispec-
trum amplitude is large on long wavelengths but runs to
small values at shorter wavelengths in such a way that
the wavelength-averaged values measured by CMB exper-
iments remain acceptable. Eq. (2) might then apply for
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