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Motivation

Classical mean field variational inference relies on conjugate families
of distributions, eventually obtained via data-augmentation (\Wand
etal.,, 2011). However, convenient stochastic representations of the
likelihood are not always available (e.g., Poisson and Gamma regres-
sion cases).

As an alternative to conjugate approximations and stochastic varia-
tional inference, we here propose an efficient marginal variational
message passing algorithm with (almost) closed-form updates to
estimate non-linear mixed models. Remarkably, the proposed ap-
proach applies to both non-conjugate and non-regular models and,
moreover, it does not require model-specific transformations of the

likelihood.

Model Approximation Divergence
9 Augmented Augmented KL
\\ yA 7‘-(0, z|y) ~ Qa(ea Z) KL{Qa(07 z) ” 7'(‘(0, Z’y)}
Age | |
AL _,’ 7T(0|y) ~ Ez[qa(ea Z)] ---» KL{E:[q.(6,2)] || m(6]y)}
o
J w(6ly) ~ gu(6) KL{gun(®) || 7(61)}

Figure 1. Graphical illustration of augmented and marginal variational inference.

Model specification

Empirical risk function

We consider generalized Bayesian models (Bissiri et al., 2016) having
posterior belief update distribution

m(0ly) o< m(0) exp{ —nR(0;y)}, (1)
where R(0;y) is an empirical risk function.

In a GLM fashion, we model the response y; through a linear pre-
dictor n;, eventually transformed using a bijective link function g.
Within this class of models, we define the following empirical risk
measure

n 1 «
nR(0:y) = —logo? +—— 3 ¢y, g(n), @)

¢ € =1

where 9 is a loss function, o2 is a dispersion parameter and ¢ is a
non-stochastic calibration constant.
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Additive specification
We assume an additive model specification
H
ni=(XB+Zu),  Zu=> Zyu, (3)
h=1

where C = (X, Z1,...,Zy) and u = (u,...,u})". The term XA is
the fixed effect component, while Z,u,, is the h-th random effect
component.

Prior distributions

We assume the following set of prior distributions:
uploy ~ Ny, (04, 02Q; "), oj ~ 1G(An, By),
B ~Ny0,03L,), o2 ~IG(A, B.),

where a%,Ag, B., A, B, > 0and Qy = 0 are known prior hyperpa-
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Variational inference

Simulation study

We perform posterior inference via the variational approximation
m(@ly) = q(0) € Q. We then seek the best variational density
¢*(0) € Q by minimizing the Kullback-Leibler divergence

KL{a(®) | =(0ly)} = [ a@)ox {0 Lae (5

under the following restrictions on O:
P

9(0) = q(B,u)q(07) ... q(o}) q(02),

(factorization)

(Gaussianity) (6)

Variational message passing

The optimal coordinatewise solution for ¢*(¢2) and ¢*(o7) are avail-
able in closed form as Inverse-Gamma densities. For the parametric
solution of ¢*(B, u) we rely on the fully simplified multivariate Gaus-
sian update by Knowles and Minka (2011) and Wand (2014):

(update) p < pw—H'g, Q<+ —H !
(gradient) g < —Ru — ,LLq(l/(;g)CT‘Ill/Cb, (7)
(Hessian) H < —R — uq(l/gg)CTdiag(‘I’2) C/¢7

where R <+ blockdiag [agzlp, fg(1/02) Qs - - - ,/Lq<1/0}21)QH], and

+0o0

\Ijrﬂ; = \Ijr<y27ﬁ17522> — ¢r<ysz> ¢<x,ﬁ“ﬂf) dﬂj, (8)

withr =0,1,2,7; = ¢/ wand 7 = ¢/ Qc;.

Theorem 1. Let ¥y(y,n) = ¥(y, g(n)) be a continuous, convex func-
tion wrt n with rth order weak derivative 1,(y,n) = D, ¥o(y,n). Then,
we have:

1. W, (y,n,v) is infinitely differentiable wrt n and v;
2. Wo(y,n, v) is jointly convex wrt n and v;
3. Wo(y,n,v) = toly,n) for any n and v;
4. Vo(y,m,v) — o(y,n) as v — 0.
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Figure 2. Comparison between ¥y (y,n) and Yo(y,n,v) for vy < vy < vs.

Comparison with data-augmentation

Theorem 2. Let ¢ (0) = argmin KL.{q(0) || 7(8|y)} and ¢%(0, z) =
argmin KL{q(0, z) || w(0,z|y)}, then, under mild regularity condi-
tions, we have

KL{gw(0) || m(8]y)}; < KI{E:|¢:(0,2)] || 7(0ly)}
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Variational approximations

Figure 3. Graphical representation of inequality (9).
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= Setting A: n € {250, 500, 1000, 2500, 5000}, p = 2, d = 10
= Setting B: n =500, p = 2, d € {5, 10,25, 50,100}
= 100 replications for each combination of {n, p, d}
= 5 prediction models (3 regression, 2 classification)
* Random intercept model: n;; = By + fixi; + u;

= Algorithms for approximate posterior inference:

= Markov chain Monte Carlo (MCMC)
= conjugate mean field variational Bayes (MFVB)
= non-conjugate variational message passing (
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Figure 4. Marginal posterior density functions (setting B, n = 500, p = 2, d = 50).
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Figure 5. Boxplot of the marginal accuracy scores.
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Figure 6. Boxplot of the elapsed execution times.

COSMOSTATS 2023, Asiago, ltaly




