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Spin density matrix (again)

2
 

 

Spin correlations in tt were observed in 2012:

ATLAS, Phys.Rev.Lett. 108 

(2012) 212001 

2

Azimuthal separation of leptons in the lab 

frame, a surprisingly powerful observable!

  

The tt spin density matrix contains a complete description of 
the quantum state: 
 

3

CMS, Phys.Rev.D 100 (2019) 7, 072002 

- 3 dof for the top spin,
- 3 dof for the antitop spin,
- 9 dof for the tt correlations.

All spin observables are functions 
of these parameters. 
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The exceptional performance of the collider and of the 
detectors opens new possibilities.
One is the observation of entanglement between tops, 
accessed experimentally through spin correlations.

Entanglement?

The spin quantum state of the tt pair 
is transferred to its decay products:  

1

15 parameters describe the quantum state of the top pair 

Tops produced in pairs have their spins  correlated Si, Sj

Spin density matrix:

Extracted by measuring angular distributions of decay products
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The spin state of a tt̄ pair is described by the density matrix:

ρ = 1
4

(
⊗ +

3∑

i=1
Bi σi ⊗ +

3∑

i=j

B̄j ⊗ σj +
3∑

i=1

3∑

j=1
Cij σi ⊗ σj

)
, (3.1)

where the first term in each tensor product refers to the top and the second term to
the anti-top. The parameters entering (3.1) have the physical interpretation of being the
expectation values of individual spins and spin correlations,

〈Si〉 = Bi, 〈S̄i〉 = B̄j , 〈SiS̄j〉 = Cij . (3.2)

The parameters entering (3.1) have well defined C, P, and CP transformation proper-
ties [27], listed in table 1. In particular, the linear combinations Bi − B̄i and Cij −Cji are
CP violating, and will not be considered further in this work.

Spin analyzing power. The measurement of the t t̄ spin state may be considered to be
very challenging, as measuring a particle’s spin traditionally requires careful measurements
of its trajectory in a rapidly changing magnetic field. However, provided that the particle
one is interested in decays electroweakly, and that its decay products are fully recovered,
the reconstruction of the spin state becomes experimentally possible even in the difficult
environment of a hadron collider. In fact, thanks to the fully chiral nature of weak inter-
actions, the momenta of daughters X = b,W, #, q, ν emerging from the decay of tops are
correlated with the spin of the initial top, with the decay width given at LO by:

1
Γ

dΓ
d cos θX

= 1 + αX cos θX
2 , (3.3)

where αX is a parameter known as spin analyzing power of particle X, and θX is the angle
between the original top spin and the direction of the emitted X in the top rest frame.

Assuming for concreteness that αX > 0, the direction of flight of particle X then
follows a cosine distribution around the initial top’s spin, with the most likely trajectory
being aligned to the spin itself, and the least likely being opposite to it. As a result
of this effect, individual decay products can be considered as proxies for the spin of the
corresponding top quarks, and correlations between different decay products as proxies for
those between the top quark spins.

At leading order in the SM, the spin analyzing power of prompt W bosons and charged
leptons emerging from the W decay is given by:

αW = m2
t − 2m2

W − m2
b

(m2
b − m2

t )2 + (m2
b +m2

t )m2
W − 2m4

W

×

×
√
(mb − mt − mW )(mb +mt − mW )(mb − mt +mW )(mb +mt +mW ) ≈ 0.394,

(3.4)
α! = 1. (3.5)

It is curious that the charged lepton has a larger spin-analyzing power than its mother,
the W boson. This is due to the constructive and destructive interference between am-
plitudes with intermediate W bosons of different helicities; this information is lost when
considering the direction of flight of the prompt Wb pair.

– 6 –



GGI, 10/11/23Eleni Vryonidou

Spin correlation observables

3

  

The concurrence is one such observable:

gg → tt qq → tt

A9k, De Nova 
EPJ.Plus 136 

(2021) 9 

Θ

Mtt Mtt

Θ

5

Entangled

Classical

Top WG      6/6/23

Entangled 
Classical

15 observables are independent and can all 
be measured by defining a set of axes 
Based on lepton decay angles  

CMS: FTR-18-034-pas

Boost to top rest Frames:  
Need to reconstruct the top and anti-top 

Lab observables
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Latest experimental measurements
What has been measured?

4

Full density matrix measured 
inclusively by CMS Entanglement observation by ATLAS

arXiv:1907.03729

ATLAS-CONF-2023-069
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What do we need from the Monte Carlo?

• Preserves the spin information

• Higher order predictions 

• QCD corrections

• EW corrections

• Corrections to decays


• Off-shell effects

• Threshold effects/bound state effects 

• Matching to the Parton Shower

5

Measurements are always compared to SM predictions provided by MC generators

MC also needed for calibration

We can’t have all! 
 Let’s try to see what matters
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Current Monte Carlo
hvq/MG5_aMC+MadSpin/bb4l

6

Used Monte Carlo: 

• hvq

• MG5_aMC@NLO+FxFx

• bb4l


Used shower:

• Pythia8 

• HW7

NLO Monte Carlo for top+anti-top (2->2) with spin correlations & LO decays

bb4l includes 2->6 amplitudes (without demanding two tops)

arXiv:1907.03729

ATLAS-CONF-2023-069
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NLO generators

7

Same for MG5_aMC+MadSpin

FxFx is also allowing extra jet multiplicities

Includes single top backgrounds, which are 
removed for top pair production samples

Decays in hvq and MadSpin are based on 
the same algorithm for preserving spin 
information from:
Frixione, Laenen, Motylinski and Webber, 
JHEP 0704, 081 (2007) [hep-ph/0702198]

Jezo et al arXiv:1607.04538 
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How well does NLO MC describe the data?
Example 1: Δφ distribution

8

Disagreement with NLO Monte Carlo at 
inclusive/parton-level


Systematic shape difference

Has this been fixed by NNLO? 


Or is this something else?

arXiv:1903.07570

https://arxiv.org/abs/1903.07570
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NNLO results
Δφ@NNLO

9
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FIG. 1: NNLO QCD predictions for the fiducial (top) and
inclusive selections (bottom) of the normalized ��`` distri-
bution versus ATLAS data [20]. Uncertainty bands are from
7-point scale variation.

III. RESULTS

In this work we calculate two di↵erential distributions,
namely, the two leptons’ angular di↵erence in the trans-
verse plane ��`` and their rapidity di↵erence |�⌘``|.

We have two selection criteria for each distribution.
The first one, called inclusive, does not assume any se-
lection cuts. The second one, called fiducial, is based on
the ATLAS selection cuts [20]: an electron and a muon
of opposite electric charge with pT > 27(25) GeV for the
harder (softer) lepton and |⌘| < 2.5. In addition, we re-
quire at least two jets (at least one of which is a b-flavored
jet) with pT > 25 GeV and |⌘| < 2.5. All jets are defined
with the anti-kT algorithm [64] with R = 0.4.

The normalized fiducial and inclusive ��`` and |�⌘``|
distributions are shown in fig. 1 and fig. 3, respectively.
Each curve is normalized with respect to the correspond-
ing visible cross-section, i.e. the integral under it equals
unity. The ��`` distribution is compared with the pub-
lished ATLAS data [20]; the |�⌘``| one is not since the
corresponding data has not been published yet.

A number of observations can be made from fig. 1.
The most interesting feature is the di↵erent behavior of
the NNLO/NLO ��`` K-factor between the fiducial and
inclusive cases. With respect to the inclusive case, in
the fiducial case the K-factor is much larger, the NNLO
distribution is in good agreement with data and the scale
uncertainty is much larger. Notably, the NNLO inclusive
prediction does not agree well with data.

Since both the fiducial and inclusive data originate

from the same measurement it is not a priori clear why
the NNLO calculation would agree with only one of them.
In our view the most plausible explanation for this dis-
crepancy lies in the extrapolation of the fiducial measure-
ment to the full phase space.

Such a conclusion should not come as a complete sur-
prise since the extrapolation to full phase space is per-
formed with event generators that have accuracy di↵erent
than the one in the present work. In fact an early indica-
tion about the importance of higher order corrections in
top quark production came from the long standing top
quark pT discrepancy, namely, that NLO-accurate event
generators do not model well the LHC top quark pT dis-
tribution while the NNLO QCD correction significantly
improves the agreement with data.

A. Anatomy of higher order corrections to ��``

In the following we o↵er a detailed analysis quantifying
a number of possible contributions to this observable. We
show that they are too small to a↵ect the behavior of this
observable in the SM.
Is the NNLO correction large? NLO analyses [20] in-

dicate that higher order e↵ects are likely not going to
bridge the 3.2� discrepancy with the ATLAS ��`` data.
Yet we see that the NNLO QCD prediction agrees well
with data in the fiducial region. From this one cannot
directly conclude that the NNLO correction is unusually
large. The reason is that our NNLO prediction uses scales
di↵erent than the ones in most event generators.

For our preferred choice of scales we find that the fidu-
cial NNLO/NLO K-factor is no larger than 5%. This
is perfectly reasonable NNLO correction which, more-
over, is consistent with the NLO scale uncertainty band.
The NLO/LO K-factor is larger by a factor of about 3.
In the inclusive case one observes smaller K-factors and
less scale variation which is reasonable to expect since
the observable is more inclusive. We note that in both
cases the smallness of the LO uncertainty band is due to a
cancellation between the normalization factor and is not
representative of the true uncertainty in the di↵erential
distribution.

We conclude that the behavior of ��`` is consistent
with good perturbative convergence. The NNLO cor-
rection plays an important role: in the fiducial case it
reduces the scale uncertainty by more than a factor of
two and modifies the slope of the theory prediction in a
direction that improves the agreement with data.
Choice of scales. All calculations in this work are per-

formed with three scales: the one in eq. (3) as well as
µF,R = mt and µF,R = mt/2. As can be seen in fig. 2
the result with scale mt/2 behaves similarly to the one
in eq. (3) and is even closer to data. On the other hand,
the calculation with scale mt has larger NNLO/NLO K-
factor and the agreement with data in the fiducial case
is not as good as for the other two scales.

To understand this behavior we recall that the scale

5

FIG. 4: Size of spin correlations in the fiducial ��`` distribu-
tion at each order through NNLO in QCD.

all these K-factors are significant in size and nearly iden-
tical to each other at a given perturbative order. This
means that while higher order corrections are substan-
tial they largely decouple from spin correlations. Indeed,
the di↵erence between the two NLO/LO and NNLO/LO
bands is much smaller than their individual magnitudes.
This can be seen more clearly in the bottom panel where
their ratio is taken.

Our analysis shows that the control of higher order cor-
rections in the ��`` distribution is essential for interpret-
ing spin correlations with high precision. This is because
in this observable spin correlations and kinematics are
mixed in a very non-trivial way and therefore a detailed
analysis of spin correlations requires good understanding
of kinematic e↵ects.

FIG. 5: Disentangling radiative corrections from spin corre-
lations for the fiducial ��`` distribution. Shown is the ratio
NkLO/LO, for k = 0, 1, 2, for the spin-correlated calculation
(top), for the calculation without spin correlation (middle)
and their ratio (bottom). The bands represent the spread of
the ratios for each of the 7 scale variations.

IV. CONCLUSIONS

In this work we compute, for the first time, the com-
plete set of NNLO QCD corrections to top-pair produc-
tion and decay at hadron colliders. We work in the nar-
row width approximation for both the top quark and the
W boson. We utilize this calculation for the study of
spin correlations in top-pair production in the dilepton
channel.

Our calculation shows that NNLO QCD corrections
to realistic dilepton top quark pair final states play an
important role: they increase the SM prediction, signif-
icantly decrease the dominant scale uncertainty and im-
prove the agreement with data.

Using the scales advocated previously in the context of
stable top production, we find that NNLO QCD agrees
with the recent 13 TeV ATLAS data thus alleviating, or
perhaps removing altogether, the earlier reported 3.2�

discrepancy with respect to the SM.

An important finding of the present work is that data
extrapolation to full phase space with existing event gen-
erators seems not to be compatible with the direct NNLO
QCD calculation. We believe that thanks to the very
high precision of both theory predictions and experimen-
tal measurements we begin to see clear evidence that top
quark measurements begin to resolve and constrain such
delicate modeling e↵ects.
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Spin density matrix@NNLO

10

•Perturbative series (QCD) under control

•Very small corrections at the inclusive level

•NNLO results within scale uncertainties of NLO results

•Agreement with CMS measurement

Czakon, Mitov, Poncelet arXiv:2008.11133

Czakon, Mitov, Poncelet arXiv:2008.11133
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NNLO+PS
MINNLOps
A new computation:

• NNLO accuracy for tt observables

• NLO for tt+j

• LO for tt+2j

Mazzitelli et al, arXiv:2112.12135 


Tree-level decay as in hvq

Decay implementation validated 
against MadSpin

11
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Figure 1. Comparison of MiNNLOPS predictions with native implementation of the top-quark de-
cays with on-shell top quarks and W bosons (blue, solid) against that of MadSpin with off-shell top
quarks and W bosons (brown, dashed) in setup-leptonic (upper plots) and setup-semi-leptonic

(lower plots). See section 5.1 for details on the setup.

and a light jet, which we used as a starting point to build the MiNLO
0 and MiNNLOPS

generators presented in this work. In the results presented in the next section we consider
top quarks and W bosons to be on-shell, but we give the user the possibility to include off-
shell effects according to the same algorithm used in the Powheg-hvq process [129], which
we describe in detail in appendix B. We apply the algorithm described in the articles men-
tioned above solely to the double-resonant contributions of the production of the decayed
final state, while keeping the top quarks (and the W bosons in their decay chain) on their
mass shell. This simple procedure includes the top-quark decays at LO in the FJ and FJJ

configurations. Since in the limit of small pT the entire decay process factorises from the
structure of QCD radiation, this procedure ensures a LO treatment of the top-quark decays
(including spin correlations) also at the level of fully inclusive observables (i.e. those related
to the final state F). In the remainder of this paper we will refer to this implementation of
the top-quark decays as the native implementation.

– 22 –
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Figure 4. Comparison of MiNNLOPS (blue, solid) and MiNLO0 (black, dashed) predictions with
CMS data [53] (black points with errors) in setup-semi-leptonic.

both in terms of shape and in terms of normalisation. As far as the transverse-momentum
spectra are concerned, the same level of agreement as for the observables just discussed is
found also for pT,jW1 . Also for the pT,bhad distribution MiNNLOPS provides a reasonable

– 30 –

Mazzitelli et al, arXiv:2112.12135 




GGI, 10/11/23Eleni Vryonidou

NNLO+PS
MiNNLOps

12

Mazzitelli et al, arXiv:2112.12135 


Better agreement 
with data


Implementation 
publicly available
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NLO EW
How about EW corrections?

13

Frederix, Tsinikos, Vitos arXiv:2105.11478


unexpanded

expanded

Small EW corrections to the asymmetries



GGI, 10/11/23Eleni Vryonidou

NLO EW
How about EW corrections?

14

Frederix, Tsinikos, Vitos arXiv:2105.11478


Small corrections to the Spin Correlation coefficients

NLO EW results fall with the uncertainties of the NLO QCD predictions

Frederix, Tsinikos, Vitos arXiv:2105.11478
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Modelling the decay
NLO in the decay?

15

Most currently used MC e.g. hvq, MG5_aMC have LO decays 

Could corrections in the decays have an impact? 

Small impact on Spin Correlation 
coefficients relevant for 

entanglement measurement 
2008.11133

Frederix, Tsinikos, Vitos arXiv:2105.11478


25% difference between the value of C_rr 
due to approximation of virtual corrections 

(in MadSpin and Hvq)

Relevant?

How about the virtual corrections?
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Parton shower dependence

16

Big difference in low mass region

• Does this happen for other spin observables?

• Why is this region affected by the shower ordering?

• Does this go away with vetoing additional radiation? 

ATLAS-CONF-2023-069
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Threshold issues?
Bound state 

17

Not included in current MC but a very localised effect

Split 340-380 GeV interval? Approximate effect by reweighting?

From A. Mitov@top2023

Ju, Wang, Wang, Xu, Xu and Li Lin Yang arXiv:2004.03088 
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Conclusions

• Significant advances in theory calculations of spin correlation 
observables over the last years


• Important to evaluate impact of higher order effects as well as 
approximations in existing Monte Carlo


• Eventually MC should include more physics effects, interesting to see 
if any of these will resolve the difference between MC and data

18
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Thank you for your attention


