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About 700 𝜏!𝜏"	pairs produced per second by SuperKEKB at target luminosity
☞ SuperKEKB is a τ factory!



τ-spin correlations in the Standard Model
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This would result in a dataset of about 50 billion e+e� ! ⌧+⌧� events. We analyze events in
which both ⌧ leptons decay to hadrons, using a combination of the decay channels ⌧� ! ⇡�⌫⌧ ,
⌧� ! ⇡�⇡0⌫⌧ , and ⌧� ! ⇡�⇡+⇡�⌫⌧ . The momenta of the charged and neutral pions produced
in these decays can be used as “polarimeters” to measure the ⌧ spin orientation. It has been
shown that all hadronic ⌧ decay channels provide the same sensitivity, or “⌧ spin analyzing
power”, if all charged and neutral pions can be reconstructed and measured with negligible
experimental resolution [42]. The leptonic decay channels ⌧� ! e�⌫̄e⌫⌧ and ⌧� ! µ�⌫̄µ⌫⌧ are
not considered in this paper, as their spin analyzing power is limited to about 40% compared
to hadronic ⌧ decays [43]. Besides the availability of a large ⌧+⌧� dataset, our motivation for
studying ⌧ spin correlations at Belle II is that the ⌧+ and ⌧� restframes can be reconstructed
with typical a resolution of hundred MeV. This resolution is important to separately measure
the transverse and longitudinal ⌧ spin correlations. It has been demonstrated that one needs to
measure the spin correlations in direction transverse and longitudinal to the ⌧ flight direction to
distinguish quantum entanglement from local hidden-variable theories [15]. Tests of quantum
entanglement and Belle inequality violation in ⌧+⌧� systems has previously been proposed in
e+e� collisions at LEP [44], pp collisions at the LHC [45] and at future leptonic colliders [46,47].

The paper is organized as follows: in Sec. 2 we briefly summarize how the density matrix
describing the polarization state of the ⌧ -pair can be computed from the amplitudes of the un-
derlying process. Sec. 3 introduces the entanglement observables that we track in the following
Monte Carlo analysis. In Sec. 4 we propose a strategy for detecting quantum entanglement
and Belle inequality violation in the data recorded by the Belle II experiment. The details and
results pertaining to the performed numerical study are described in Sec. 5, our conclusions are
offered in Sec. 6.

2 Tau spin correlations in the Standard Model

The density matrix describing the polarization state of the bipartite system formed by the
⌧ -lepton pair can be written as
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where i, j 2 {n, r, k} and �i are the Pauli matrices. The coefficients B±
i encode the polarization

of the corresponding ⌧± lepton whereas the matrix Cij contains the polarization correlations.
The proposed decomposition refers to a right-handed orthonormal basis {n̂, r̂, k̂} [48] defined
in the ⌧ -pair center of mass frame as follows:

n̂ =
1

sin(✓)

⇣
p̂⇥ k̂

⌘
, r̂ =

1

sin(✓)

⇣
p̂� cos(✓)k̂
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(2.2)

with k̂ being the direction of the ⌧+ momentum in the center of mass frame and ✓ the scattering
angle satisfying p̂ · k̂ = cos(✓). The quantization axis for the polarization is taken along k̂, so
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spin density matrix

polarization of 𝜏!

polarization of 𝜏"

correlation between spin 
orientations of 𝜏! and 𝜏"

B+ and B- are expected to be zero for the process                                in the SM 
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e+e� ! ⌧+⌧�

The spin correlation matrix C depends on the scattering angle 𝜃*, the 
angle between the 𝑒! and 𝜏! in the 𝑒!𝑒" center-of-mass (CM) frame:

p. By acting with the first projector on the spinor-space density matrix we then obtain
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where the numerator can be evaluated through Eq. (2.10). The generalization to processes
yielding more than one fermion in the final state is straightforward.

The amplitude of the process we are interested in can be obtained from the diagram in Fig. 1,
yielding
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Figure 1: The tree-level Feynman diagram for the considered process. We neglect Z and H contributions as

they are negligible at
p
s = 10.579 GeV.
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where s = (p+ + p�)2 and the squared amplitude

|M|
2 =

4e4

s

��
cos(✓)2 + 1

�
s+ 4 sin(✓)2m2

⌧

�
(2.15)

where we neglected the mass of the electron and summed over the spin of all the involved
fermions. Our conventions take k̂ along the k+ momentum in the ⌧ -pair center of mass frame
and identify the scattering angle ✓ with the angle between the k+ and p+ momenta.

Computing the polarization density matrix of the ⌧ -pair we find
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For the coefficients in Eq. (2.1) we obtain B±
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where

The components of C are given in the helicity frame { n, r, k }
k: direction of 𝜏! momentum in CM frame 
r: in 𝑒!- 𝜏!plane and orthogonal to k,  n = r x k
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where the numerator can be evaluated through Eq. (2.10). The generalization to processes
yielding more than one fermion in the final state is straightforward.

The amplitude of the process we are interested in can be obtained from the diagram in Fig. 1,
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Figure 1: The tree-level Feynman diagram for the considered process. We neglect Z and H contributions as

they are negligible at
p
s = 10.579 GeV.
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where we neglected the mass of the electron and summed over the spin of all the involved
fermions. Our conventions take k̂ along the k+ momentum in the ⌧ -pair center of mass frame,
p̂ along p+ and identify the scattering angle ✓ with the angle between the ~k+ and ~p+ momenta.
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Hadronic τ decays
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Leptonic τ decays not considered, because they are not as well suited for analyses 
of τ spin correlations as hadronic τ decays

h- : about 95% 𝜋- and 5% K-



τ polarimeter vector
Comput.Phys.Commun. 64 (1991) 275
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Differential decay rate of τ lepton:

<latexit sha1_base64="5f7lEgHOPIxdDCak6om58fTs1zM="></latexit>

d� =
|M̄|2

2m⌧
(1� hµ sµ ) dLips

Polarimeter vector

Spin vector
Spin averaged matrix 

element

This relation holds for all leptonic and hadronic τ decay channels

For hadronic τ decays, the polarimeter vector is a function of the momenta of 
the charged and neutral hadrons produced in these decays

☞ All hadronic τ decays have the same “τ spin analyzing power”

The issue with leptonic τ decays is that the polarimeter vector is not accessible 
experimentally, because one would need to reconstruct the individual momenta 
of the two 𝜈 produced in each leptonic τ decay [*]

[*] The charged lepton only partially correlated with the polarimeter vector, 
      resulting in a loss of τ spin analyzing power



Analyzed τ decay channels
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             = momentum of 𝜋"	

The decay channel                                        is not included in the analysis, because 
we do not know how well Belle II can separately reconstruct the two 𝜋#
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hµ

284 S. Jadach ef al. / TA UOLA - a library of MC programs to simulaie 7 iepton decay 

where 

BW,(Q’> = 
Mp’ 

Mp’ - Q2 - iM&( Q”) ’ 
(3.35) 

(3.36) 

In the last formula p, denotes momentum of the n in the (virtual) p rest frame and the following set of 
numerical constants was used *’ p = -0.145, M, = 773 MeV, r, = 145 MeV, rn,,’ = 1370 MeV, r,< = 510 
MeV. The contribution from the w resonance has been subtracted. From eqs. (3.14)-(3.16) one derives 

n;=w2 12[2m%p-q2N,]? q=Hp=o (3.37) 

and thus 

0=2lf2 12[2(q.N)(q.P)-q2(N.P)1, Li=2 
v2 - a2 
m I f2 I 2mMq2. 

The polarimeter vector in the 7 rest frame reads 

h= -b,,Mlf, I2 [2~09q - q2Nl 
Cd+; 

(3.38) 

(3.39) 

The Monte Carlo simulation algorithm is similar to the one used for the pure leptonic decay. It differs 
in the mapping of the random number x5 into Mt = Q2. The p resonance introduces a strong pea& 
- 1/[(Q2 - Mp2)2 + (MJ,)‘] in the decay matrix element which would spoil the efficiency of the MC 
algorithm. This problem is cured through importance sampling and requires the following modification 
with respect to the previously discussed leptonic case: 

Mt = Mp’+ I”M,, tan cr, a = otin + (s,,, - ati,, > ~5 y Mzfmin/max = Mp’ + r,M, tan ~~~~~~~~ 

(3.40) 

In the resulting canonical weight 

1 h’12(M2, rn:, Mz) 

M2 

X 
x12(M2, rni, rn:) 

M?! 

(4a)2 CM,2 - Mp2J2 + PP%)2 ( 

%r, 
a  m a x- %il l) (3.41) 

the Breit-Wigner pole in I F, 1 2 is cancelled by the corresponding Jacobian factor (Mz - Mi)2 + (rpMp)2. 
This cancellation improves the efficiency of the MC algorithm by a factor of about three. 

It should be stressed that there is no reference to the explicit form of the function ( F, ) ’ in $he MC 
procedure. In fact the user may easily plug in his favorite parametrization of 1 F,( Q’) 1 or of 
$+e- + n+n- (Q)2 by replacing one of the subprograms: FPIK in the p case, or BWIGS in the K* case. In 
the present version of the program, masses and other parameters used in the fit, are defined in the code of 

*’ For more details see table 1 of ref. [18]. 

𝜈 momentum = 𝜏 – Σ	pion momenta
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hµ

difference between 𝜋" and 𝜋0 momenta

“𝜋” channel

“𝜌” channel

“𝑎1” channel
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⌧� ! ⇡�⇡+⇡�⌫⌧
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⌧� ! ⇡�⌫⌧

No analytic formula available,        based on model for dynamics of 
hadronic interactions in a1 decay, which is fitted to data
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The spin-dependent differential cross section for tau-pair production is given by: 
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+ in the ⌧ -pair rest frame) at
p
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red and yellow lines represent the Standard Model expectation for these observables. Entanglement is
present if C[⇢] > 0 (within the area hatched in red), while the generalised Bell inequalities are violated
for m12[C] > 1 (within the area hatched in yellow). For both observables, the central region is where
the largest values are to be found.

4 Measurement of tau spin correlations
The measurement of the ⌧ spin correlation matrix C is based on the spin-dependent differential
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⌧+ and of the ⌧�. It is shown in Refs. [56, 57] that Eq. (4.1) can be expressed in terms of the
polarimeter vectors of the ⌧+ and of the ⌧�, denoted by the symbols hµ

+ and h⌫
�:

d� = |A|
2
|M̄|

2
|M̄

0
|
2
�
1� b+µ hµ

+ � b�⌫ h⌫
� + cµ⌫ h

µ
+ h⌫

�
�
dLips . (4.2)

The symbols |M̄|
2 and |M̄
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2 refer to the spin-averaged matrix elements for the decay of the

⌧+ and ⌧�. The polarimeter vectors are functions of the measured momenta of the charged
and neutral mesons that are produced in the ⌧ decays. For the decay channels ⌧� ! ⇡�⌫⌧ and
⌧� ! ⇡�⇡0⌫⌧ we use the expressions given by Eqs. (3.25) and (3.39) of Ref. [55]. For the decay
channel ⌧� ! ⇡�⇡+⇡�⌫⌧ it is not possible to derive analytic expressions for the polarimeter
vector and we instead use the algorithm of Ref. [?] to compute hµ
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� numerically. The

decays ⌧� ! ⇡�⇡0⌫⌧ and ⌧� ! ⇡�⇡+⇡�⌫⌧ proceed via intermediate ⇢(770) and a1(1260)
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as ⇡�, ⇢�, and a�1 for the ⌧�.
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The polarimeter vectors hµ
+ and h⌫

� are computed in the restframes of the ⌧+ and ⌧�. The
restframes are determined by reconstructing the full event kinematics, including the momenta
of the two neutrinos produced in the ⌧ decays, as detailed in the next Section. In the ⌧+ and
⌧� restframes, the timelike component of the polarimeter vector vanishes: h0 = 0. Eq. (4.2)
thus reduces to:

d� = |A|
2
|M̄|

2
|M̄

0
|
2
�
1 +B+

· h+ +B�
· h� + h+

· C ·h�� dLips . (4.3)

Using this relation, we determine the polarizations B+ and B� and the spin correlation
matrix C by an unbinned maximum-likelihood (ML) fit [58]. The likelihood function is given
by

L =
Y

i

�
1 +B+

· h+
i +B�

· h�
i + h+

i · C ·h�
i

�
. (4.4)

In Eq. (4.4), the subscript i refers to the events i in the e+e� ! ⌧+⌧� event sample and the
product extends over all events in this sample. The 15 parameters of the fit: the 3 elements of
the polarization vector B+ of the ⌧+, the 3 elements of the polarization vector B� of the ⌧�, and
the 9 elements of the spin correlation matrix C are determined by a numerical maximization of
the likelihood function L with respect to these parameters. The parameters are expressed in the
{n, r, k} coordinate system defined in Section 2. The maximization is performed numerically,
using the program MINUIT [59].

Eq. (4.3) holds for a fixed value of the scattering angle ✓⇤. We have checked that the maxi-
mization of the likelihood function yields an unbiased estimate of the spin correlation matrix C
when Eq. (2.17) is integrated over intervals in ✓⇤. As an example, we give in Eq. (4.5) the spin
correlation matrix computed for a sample of e+e� ! ⌧+⌧� events, produced by Monte Carlo
(MC) simulation as detailed in Section 5:

C =

0

@
-0.4129± 0.0033 -0.0014± 0.0040 0.0008± 0.0036
0.0007± 0.0029 0.5273± 0.0032 0.0024± 0.0030
0.0024± 0.0031 0.0030± 0.0032 0.8829± 0.0028

1

A (4.5)

The events considered in the computation were selected in the decay channel ⇡+⇡� within
the range 0  ✓⇤  ⇡ and were analyzed on MC-truth level. The values agree with the SM
expectation, given by Eq. (2.18), within the quoted statistical uncertainties.

Alternative procedures for determining B+, B�, and C are compared to the ML-fit method
in Section B of the Appendix.

Once the spin correlation matrix C is determined, we compute the observables C[⇢] and m12[C]
using Eqs. (3.2) and (3.6), in order to test for entanglement and Belle inequality violation. The
elements of the density matrix ⇢ are given by B+, B�, and C through Eq. (2.1).

Fig. 3 demonstrates that the probability to detect quantum entanglement and Belle inequality
violation increases in case events with a scattering angle close to ✓⇤ ⇡ ⇡/2 are selected. We
perform an optimization of a selection on ✓⇤, with the aim of maximizing the significances
C[⇢]/�C[⇢] and m12[C]/�m12[C]. The results of this optimization will be presented in the next
Section.
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Using this relation, we determine the elements of the polarization vectors B+ and 
B- and the elements of the spin correlation matrix C by an unbinned maximum-
likelihood (ML) fit, with the likelihood function: 

where the product extends over all events    in the                               sample<latexit sha1_base64="gQ0QZrHgZBkqf996/QQVBa6B0JU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH0muM9g==</latexit>

i
<latexit sha1_base64="Nmxrlo/r+Y5H9osem9Q2/N3r8Ps=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCIi0zUtRl0Y3LCvYCnbFk0rQNzVxIzihlmGdw46u4caGIW1fufBvT6Sy09UDCx/+fQ3J+LxJcgWV9GwuLS8srq4W14vrG5ta2ubPbVGEsKWvQUISy7RHFBA9YAzgI1o4kI74nWMsbXU381j2TiofBLYwj5vpkEPA+pwS01DWP2V1ykmJ9l1PsSD4YApEyfMAOkDizplBOu2bJqlhZ4XmwcyihvOpd88vphTT2WQBUEKU6thWBmxAJnAqWFp1YsYjQERmwjsaA+Ey5SbZSig+10sP9UOoTAM7U3xMJ8ZUa+57u9AkM1aw3Ef/zOjH0L9yEB1EMLKDTh/qxwBDiST64xyWjIMYaCJVc/xXTIZGEgk6xqEOwZ1eeh+ZpxT6rVG+qpdplHkcB7aMDdIRsdI5q6BrVUQNR9Iie0St6M56MF+Pd+Ji2Lhj5zB76U8bnD8hfnZE=</latexit>

e+e� ! ⌧+⌧�

Comput.Phys.Commun. 64 (1991) 275



Monte Carlo study
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200mio                              Monte Carlo (MC) events generated for                        GeV 
using MadGraph with leading order matrix elements.
The 𝜏 lepton decays are simulated with PYTHIA8 [*]. 

This MC sample corresponds to about half of the data already published 
by Belle II and less than 1% of the data expected by the end of the experiment

Experimental resolutions are simulated by “smearing” MC-truth values by 
Gaussian distributions. The resolution parameters are taken from the Belle II 
detector technical design report

Simulated events are analyzed at MC-truth and on “reconstruction” level, i.e. after 
smearing the events and reconstructing the momenta of the 𝜈 produced in the 𝜏 
decays
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s = 10.579

[*] we also tried TauDecay and KKMC (with a special version of TAUOLA used by 
Belle II) and observed good agreement between all three

☞ Numerical values given in appendix

Phys.Rev.D 102 (2020) 111101

arXiv:1011.0352

arXiv:1809.01958



① By solving a set of analytic equations, using 2 𝜏 mass constraints, 2 𝜈 mass 
        constraints, and the 4-momentum of the initial 𝑒!𝑒"	pair to solve for the 
        8 components of the two 4-momentum vectors of the     and 

       

       The two-fold sign ambiguity of the analytic equations is resolved by choosing  
       the solution more compatible with transverse impact parameters (𝜋, 𝜌) or the
       𝜏 decay vertex (a1)

② The solution obtained in the 1st stage is refined by a kinematic fit, which 
employs the transverse impact parameters, 𝜏 decay vertices, and the 
knowledge of experimental resolutions to improve the event reconstruction

Kinematic reconstruction
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The 𝜏 polarimeter vectors need to be computed in the restframes of 𝜏! and 𝜏" 

☞ We need to reconstruct the full event kinematics, in particular 
      the momenta of the 𝜈 produced in the 𝜏 decays

The event reconstruction is performed in two stages:

Phys.Rev.D 107 (2023) 093002

arXiv:1805.06988 CMS-TS-2011-021

Phys.Lett.B 313 (1993) 458
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Observables
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We use two observables, C[𝜌] and m12[C], to probe entanglement and Bell 
inequality violation

Both observables are functions of the spin correlation matrix C

As C depends on the scattering angle 𝜃*, both observables depend on 𝜃*:

☞ Observation of entanglement and Bell inequality violation helped by 
selecting events in which τ leptons are produced perpendicular to beam axis

concurrence

solid lines: SM expectation“signal” region for observing 
Bell inequality violation

“signal” region for observing entanglement

Horodecki observable

☞ formal definition of observables in backup



Optimization of cut on cos(𝜽*)
Horodecki observable m12[C]
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☞ Combination of 𝜋, 𝜌, and a1 decay channels improves significance by about 
a factor 3 on reconstruction level, compared to 𝜋!𝜋" channel

☞ Choose cut |cos(𝜃*)| < 0.4 to enhance significance 

Significance computed as (m12[C] – 1)/𝛿m12[C], with (statistical) uncertainty 𝛿m12[C] 
estimated by bootstrapping

chosen cut

MC-truth level Reconstruction level



Results

selection | cos(✓⇤)| < 0.40 on the scattering angle ✓⇤.
The uncertainties on B+, B�, and C as well as on the observables C[⇢] and m12[C] are

computed by bootstrapping [67]: A set of Ntoy = 100 toy datasets are constructed from the
original sample. The events in each toy datasets are drawn randomly from the original sample,
such that the number of events in each toy dataset equals N . The bootstrap samples may
contain the same event exactly once, multiple times, or not at all. The probability P (n) for a
certain event to be contained n times in the toy dataset is given by the Poisson distribution,
P (n) = (�n e��)/n! with � = 1/N . For each toy dataset, we compute the spin correlation matrix
C by maximizing the likelihood function L given by Eq. (4.4). The statistical uncertainty on
the element Cij is then computed by sorting the Ntoy values of this element and taking half
the difference between the 84 and 16% quantiles. Statistical uncertainties on the observables
C[⇢] and m12[C] are estimated by taking the set of Ntoy spin correlation matrices C, computing
C[⇢] and m12[C] for each matrix using Eqs. (3.2) and (3.6), and then taking half the difference
between the 84 and 16% quantiles for these observables. The bootstrapping procedure accounts
for correlations between the uncertainties on different elements Cij of the spin correlation
matrix.

The value of and uncertainty on the observable C[⇢] (m12[C]) for the combination of decay
channels is computed by taking a weighted average of the individual decay channels i, with
the weight given by the inverse of the square if the uncertainty �C[⇢]i (�m12[C]i) expected for
channel i. For the combination of all six decay channels, a measurement of ⌧ spin correlations
in the process e+e� ! ⌧+⌧� at Belle II will allow to observe Bell violation with a significance
of X.X standard deviations.

Decay channel C[⇢] m12[C]
⇡+⇡� 0.7087 ± 0.0054 1.462 ± 0.012
⇡±⇢⌥ 0.7090 ± 0.0022 1.466 ± 0.006
⇡±a⌥1 0.6695 ± 0.0034 1.370 ± 0.011
⇢+⇢� 0.7095 ± 0.0017 1.467 ± 0.005
⇢±a⌥1 0.6711 ± 0.0025 1.378 ± 0.006
a+1 a�1 0.6328 ± 0.0051 1.282 ± 0.013

All channels 0.6947 ± 0.0011 1.430 ± 0.003

Table 2: Observables C[⇢] and m12[C] measured in individual decay channels and for the combination of all

channels, for events that pass the selection | cos(✓⇤)| < 0.40. Events are analyzed on MC-truth level.

We remark that migrations between the ⌧ decay channels due to detector effects are not
modeled in our simulation and hence not reflected in the numbers given in Table 3. In case of a
misreconstruction of the ⌧ decay channel, the wrong expression for the polarimeter vector h will
be used and the wrong momenta will be attributed to the charged and neutral mesons produced
in the ⌧ decay. The modeling of the effect requires the full Belle II detector simulation. We
expect the migrations between ⌧ decay channels to have only a moderate effect on the reported
significances. As the CM energy of the SuperKEKB collider is not much higher than the ⌧
lepton mass, we expect the charged (predominantly ⇡± and K±) and neutral (predominantly
� from ⇡0 decays) particles produced in the ⌧ decays to be typically well separated in the
detector, which should allow them to be reconstructed with high efficiency and purity.
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MC-truth level Reconstruction level

Decay channel C[⇢] m12[C]
⇡+⇡� 0.6379 ± 0.0059 1.399 ± 0.014
⇡±⇢⌥ 0.6332 ± 0.0022 1.279 ± 0.006
⇡±a⌥1 0.6145 ± 0.0042 1.271 ± 0.011
⇢+⇢� 0.6106 ± 0.0021 1.227 ± 0.006
⇢±a⌥1 0.5974 ± 0.0029 1.219 ± 0.007
a+1 a�1 0.6111 ± 0.0089 1.240 ± 0.021

All channels 0.6169 ± 0.0012 1.255 ± 0.003

Table 3: Observables C[⇢] and m12[C] measured in individual decay channels and for the combination of all

channels, for events that pass the selection | cos(✓⇤)| < 0.40. Events are reconstructed by the KF after smearing

them by the experimental resolutions given in Table 1.

6 Summary

We have studied the prospects for testing QM by probing Bell violation in the process
e+e� ! ⌧+⌧� at Belle II. We expect that the dataset of 841 million e+e� ! ⌧+⌧� events
recorded by Belle II will be sufficient to observe quantum entanglement and Bell inequality vi-
olation with a significance exceeding five standard deviations in the decay channel ⇡+⇡�, even
after full detector effects, backgrounds, and systematic uncertainties are taken into account.
The decay channel ⇡+⇡� is the channel most prominently studied in the context of tests of QM
in the literature. With our simplified simulation of experimental resolutions, and considering
statistical, but no systematic, uncertainties the significance amounts to X.X standard devia-
tions in this channel. Our study indicates that experimental resolutions and detector effects
have only a moderate effect in this channel. The elements of the ⌧ spin correlation matrix C can
be measured with an accuracy of order XXX. The significance of the observation will increase
by about a factor X.X if the combination of six decay channels, ⇡+⇡�, ⇡±⇢⌥, ⇡±a⌥1 , ⇢±⇢⌥,
⇢±a⌥1 , and a+1 a�1 is included in the analysis. The inclusion of the decay channels ⇡±⇢⌥, ⇡±a⌥1 ,
⇢±⇢⌥, ⇢±a⌥1 , and a+1 a�1 into the analysis will be possible if the charged and neutral particles
produced in the ⌧ decays can be reconstructed with high efficiency and purity. We encourage
the Belle II collaboration to study the feasibility of these channels with the full detector simu-
lation. Among the different experimental methods for measuring the ⌧ spin correlation matrix,
the ML-fit method yields the smallest uncertainties. The ML-fit method has the additional
advantage that a potential bias caused by event selection criteria, in particular of conditions
on pT and ✓ imposed on the ⌧h, can be easily corrected for by a suitable normalization of the
likelihood function.
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☞ Bell inequality violation expected to be observed with significance of about 
80 standard deviations in 200mio                               events
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e+e� ! ⌧+⌧�

Observation of entanglement expected to be easier than observation of 
Bell inequality violation

☞ Experimental resolution expected to degrade sensitivity by about a factor 2
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Effects not included in MC study
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Figure 1: Spectrum of Mmin in experimental data (dots),
along with simulated background contributions from e+e� !
⌧+⌧� events with decays other than ⌧� ! ⇡�⇡+⇡�⌫⌧ (or-
ange area with solid line), e+e� ! qq̄ events (blue area with
dashed line), and other background sources (gray area with
dotted line).

the second pixel layer was installed when the data were
collected. Outside the CDC, a time-of-propagation de-
tector and an aerogel ring-imaging Cherenkov detector
cover the barrel and forward endcap regions, respectively.
The electromagnetic calorimeter (ECL), divided into the
forward endcap, barrel, and backward endcap, fills the re-
maining volume inside a 1.5 T superconducting solenoid
and is used to reconstruct photons and electrons. A K0

L
and muon detection system is installed in the iron flux
return of the solenoid. The z axis of the laboratory frame
is defined as the detector solenoid axis, with the positive
direction along the electron beam. The polar angle ✓ and
the transverse plane are defined relative to this axis.

Several processes contribute to the e+e� ! ⌧+⌧� sam-
ple as backgrounds, including e+e� ! qq̄ events, where
q indicates a u, d, c, or s quark; e+e� ! e+e�(�) and
µ+µ�(�) events; e+e� ! `+`�`+`� events, where ` is
a charged lepton; e+e� ! e+e�h+h� events, where h
indicates a pion, kaon, or proton; and e+e� ! e+e�nh
events with n > 2. We use simulated events to identify
discriminating features e↵ective to suppress these back-
grounds. The e+e� ! ⌧+⌧� process is generated using
the KKMC generator [13, 14]. The ⌧ decays are simu-
lated by TAUOLA [15] and their FSR by PHOTOS [16].
We use KKMC to simulate µ+µ�(�) and qq̄ produc-
tion; PYTHIA [17] for the fragmentation of the qq̄ pair;
BabaYaga@NLO [18–22] for e+e� ! e+e�(�) events;
and AAFH [23–25] and TREPS [26] for the production
of non-radiative final states `+`�`+`� and e+e�h+h�.
There is no generator to simulate the e+e� ! e+e�nh
process. The Belle II analysis software [27, 28] uses the
GEANT4 [29] package to simulate the response of the
detector to the passage of the particles.

II. EVENT SELECTION

In the e+e� center-of-mass frame, the ⌧ leptons are
produced in opposite directions. Thus, the decay prod-
ucts of one ⌧ are isolated from those of the other ⌧ , and
they are contained in opposite hemispheres. The bound-
ary between those hemispheres is the plane perpendicular
to the ⌧ flight direction, which is experimentally approxi-
mated by the thrust axis. The thrust axis is the unit vec-
tor t̂ that maximizes the thrust value

P
|t̂ · ~p ⇤

i |/
P

|~p ⇤
i |,

where ~p ⇤
i is the momentum of ith final-state particle in

the e+e�center-of-mass frame [30, 31].
We define the signal hemisphere as that containing

three charged particles, which are assumed to originate
from the ⌧� ! ⇡�⇡+⇡�⌫⌧ decay, and require that the
other hemisphere, named tag, contains only one charged
particle and up to one neutral pion. Thus, the tag side
contains leptonic (⌧+ ! e+⌫e⌫̄⌧ and ⌧+ ! µ+⌫µ⌫̄⌧ ) and
hadronic (predominantly ⌧+ ! h+⌫̄⌧ and ⌧+ ! h+⇡0⌫̄⌧
) ⌧ decays.
We select ⌧ -pair candidates by requiring the event to

contain exactly four charged particles with zero total
charge, each having a trajectory displaced from the av-
erage interaction point by less than 3 cm along the z
axis and less than 1 cm in the transverse plane to re-
duce the contamination of tracks originated from beam-
background interactions. No particle-identification re-
quirements are imposed on any of the charged particles.
The momenta of charged particles are scaled with fac-
tors that range from 0.99660 to 1.00077 depending on
the charge and cos ✓ to correct for imperfections in the
magnetic-field description used in the event reconstruc-
tion, misalignment of the detector, and material mis-
modeling. The correction factors are evaluated by mea-
suring the mass-peak position of high-yield samples of
D0 ! K�⇡+ decays reconstructed in data and compar-
ing them to the known value [32].

Neutral pions are identified as photon pairs with
masses between 115MeV/c2 and 152MeV/c2. Those pho-
tons are identified from ECL energy deposits (clusters),
reconstructed within the CDC acceptance, 17� < ✓ <
150�, to ensure they are not matched to any charged
particle. Depending on whether the photons are recon-
structed in the forward, barrel, or backward region of
the detector, requirements are di↵erent. Photon-energy
thresholds ranging from 60MeV to 600MeV suppress the
beam-induced backgrounds, which are larger in the end-
caps compared to the barrel region. Requirements on
the cosine of the angle between the momenta of the two
photons and on the momentum of the reconstructed neu-
tral pion reduce the combinatorial background from low-
energy photons.

The online event selection, trigger, is based on the en-
ergy deposits and their topologies in the ECL. The trigger
e�ciency is driven by the requirements of at least three
clusters with a topology inconsistent with a Bhabha event
and one of the clusters having an energy larger than 300
MeV. The trigger e�ciency in the experimental data is
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Backgrounds
•  Misreconstruction of 𝜏 decay channels, due to   
       detector inefficiencies, spurious photons,…

•  

•  
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�� ! hadrons overlay background

Dominant background expected to be due to 𝜏 decay channel misreconstruction

This type of background needs to be simulated with the full Belle II detector 
simulation, based on GEANT4

Systematic uncertainties

☞ We expect these effects to have only a moderate effect on the sensitivity to 
observe entanglement and Bell inequality violation at Belle II

Non-Gaussian tails of experimental resolutions



Summary
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• The prospects for detecting entanglement and Bell inequality violation has 
been studied using the process                                 at Belle II

• The spin orientations of 𝜏 leptons are measured using 𝜏 polarimeter vectors 
in a combination of 𝜋, 𝜌, and a1 decay channels 

• Compared to the decay channel 𝜋!𝜋", the combination of 𝜋, 𝜌, and a1 
decay channels increases the sensitivity of the analysis by about a factor 3

• Assuming a dataset of 200mio                               events, we expect 
entanglement and Bell inequality violation to be observed with a 
significance of about 80 standard deviations

        In total, 50 billion                               events expected to be recorded until the
        end of the Belle II experiment

• We expect effects not simulated in our MC study, such as non-Gaussian 
tails of experimental resolutions, background contributions, and systematic 
uncertainties, to degrade the sensitivity by only a moderate amount
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Formal definition of observables
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Horodecki observable m12[C]

Concurrence C[𝝆]

where the labels A and B denote the two composing subsystems. By definition, a system is
called entangled if it is not separable.

Quantifying the entanglement content of a bipartite system is generally a complicated task
because the possible decompositions into pure state pose an optimization problem for the chosen
entanglement measure or monotone. Fortunately, algebraic solutions are available for simpler
systems composed, for instance, by two qubits. In order to assess the presence of entangle-
ment in the ⌧ -pair polarization state we track the concurrence C[⇢] [50–52], an entanglement
monotone which for a bipartite qubit system can be quantified as

C[⇢] = max {0,�1 � �2 � �3 � �4} 2 [0, 1], (3.2)

where �i are the eigenvalues, in decreasing order, of the matrix

R =
q

p
⇢⇢̃

p
⇢, with ⇢̃ = (�2 ⌦ �2)⇢

⇤(�2 ⌦ �2). (3.3)

Non-vanishing values of the concurrence witness the presence of entanglement and a value of 1
indicates a maximally entangled state. At the tree level we find

C[⇢] =
2 sin2(✓) (s� 4m2

⌧ )

8 sin2(✓)m2
⌧ + s(cos(2✓) + 3)

. (3.4)

Entanglement vanishes at the kinematic threshold because the conservation of angular momen-
tum, in absence of an orbital component, forces the complete classical correlation of the ⌧ -pair
spins and the insurgence of a separable state.

The genuine quantum correlation that entangle the polarization states of the ⌧ lepton can also
be used to discriminate between quantum mechanics and alternative local stochastic classical
theories relying on hidden variables [53]. This is the idea behind the so-called Bell inequali-
ties [1], which bound the expectation value of a suitable operator under the hypothesis that the
involved correlators are local, i.e. that they factorise according to the rules of probability [44].
For the bipartite qubit system at hand, a useful test is encoded in the following inequality [54]

|n̂1 · C ·(n̂2 � n̂4) + n̂3 · C ·(n̂2 � n̂4)|  2, (3.5)

with n̂i being four unit vectors indicating the directions along which the spins of the two leptons
can be measured. The upper bound is respected by correlations stemming from local theories
but can be violated within quantum mechanics if the state of interest is entangled. In order
to detect the violation of this generalized Bell inequality it is necessary to maximize the effect
through a suitable choice of the four measurement directions. The procedure can be bypassed
by introducing the operator m12[C] [26, 54], defined as

m12[C] = m1 +m2 (3.6)

where m1 � m2 � m3 are the eigenvalues of the positive semi-definite matrix M = CT C. If and
only if m12[C] > 1, then the bound in Eq. (3.5) is violated and the local descriptions alternative
to quantum mechanics can be ruled out.
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With the results in Eq. (2.17) we find

m12[C] = 1 +
sin4(✓) (s� 4m2

⌧ )
2

�
4m2

⌧ sin
2(✓) + s cos2(✓) + s

�2 (3.7)

which we plot in Fig. 3 as a function of the scattering angle. As we can see, the violation of
the bound in Eq. (3.5) intensifies as the scattering angle progressively opens.
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C[𝜌] > 0 signals entanglement

m12[C] > 1 signals Bell inequality violation

Phys. Lett. A 200 (1995) 340

Rev. Mod. Phys. 81 (2009) 865



Optimization of cut on cos(𝜽*)
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Concurrence C[𝝆]

☞ Entanglement easier to observe than Bell inequality violation (cf. slide 13)

☞ Cut |cos(𝜃*)| < 0.4 yields close to optimal sensitivity for C[𝜌] as well as m12[C]

chosen cut

Significance computed as C[𝜌] /𝛿C[𝜎], with (statistical) uncertainty 𝛿C[𝜌] 
estimated by bootstrapping



Resolutions used in MC study
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smearing of 𝜏!𝜏" system simulates the effect 
of beam-energy spread and beamstrahlung

Charged hadrons
Quantity Resolution
1/pT 2⇥ 10�5GeV�1

✓ 3⇥ 10�4

� 3⇥ 10�4

dxy 20 µm
dz 20 µm

Photons
Quantity Resolution
E: c0 0.166 GeV1/2

E: c1 0.011 GeV
✓ 1.7⇥ 10�3

� 1.7⇥ 10�3

Event vertex
Quantity Resolution

x 10 µm
y 10 µm
z 20 µm

⌧+⌧� system
Quantity Resolution

px 0.01 GeV
py 0.01 GeV
pz 0.1 GeV

mass 0.1 GeV

Table 1: Experimental resolutions

5 Monte Carlo study

A sample of 200 million e+e� ! ⌧+⌧� MC events was generated with the program Mad-
Graph_aMCatNLO v2.9.16 [60], using leading-order matrix elements. The program PYTHIA
v8.306 [61] is used also for the modeling of parton showers, hadronization processes, and ⌧ de-
cays. All ⌧ decay channels are included in the simulation. The events are analyzed on MC-truth
level and after taking realistic experimental resolutions into account.

Instead of performing a full simulation of the Belle II detector [62] based on GEANT4 [63],
we simulate the experimental resolution by randomly varying (“smearing”) the position of the
primary event vertex, the four-vectors of the charged and neutral particles produced in the
⌧ decays, and the longitudinal (dxy) and transverse (dz) impact parameters of tracks. This
procedure has the advantage that the effect of individual experimental resolution can be studied
separately. For the ⌧ decay channels considered in this paper, only the resolutions for charged
mesons (⇡± and K±) and for photons are relevant. The latter originate from ⇡0 decays. The
resolutions are taken from Ref. [REF] and are summarized in Table 1. The resolution on the pT
of charged particles is given in terms of 1/pT, proportional to the radius of curvature of tracks in
a magnetic field. The resolution on the energy of photons is parametrized by �E = c0

p
E + c1.

Angular resolutions are given in units of radians. The energy spread of the beam electrons and
the effect of beamstrahlung is simulated by varying the constraint on the four-vector of the
⌧+⌧� system in the kinematic reconstruction by 0.1% [REF].

The full kinematics of each event, including the momenta of the two neutrinos produced
in the ⌧ decays, is reconstructed using a two-step procedure. In the first step, we determine
approximate values of the ⌧ lepton momenta by solving a set of analytic equations. The
approximate values are then used as starting point for a kinematic fit (KF), which is executed
in the second step.

The first step is based on the formalism given in Appendix C of Ref. [46] and has been
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Table 1.3: Expected performance of components of the Belle II spectrometer.

Component Type Configuration Readout Performance
Beam pipe Beryllium Cylindrical, inner radius 10 mm,

double-wall 10 µm Au, 0.6 mm Be,
1 mm coolant (paraffin), 0.4 mm Be

PXD Silicon pixel Sensor size: 15×100 (120) mm2 10 M impact parameter resolution
(DEPFET) pixel size: 50×50 (75) µm2 σz0 ∼ 20 µm

2 layers: 8 (12) sensors (PXD and SVD)
SVD Double sided Sensors: rectangular and trapezoidal 245 k

Silicon strip Strip pitch: 50(p)/160(n) - 75(p)/240(n) µm
4 layers: 16/30/56/85 sensors

CDC Small cell 56 layers, 32 axial, 24 stereo 14 k σrφ = 100 µm, σz = 2 mm
drift chamber r = 16 - 112 cm σpt

/pt =
√

(0.2%pt)2 + (0.3%/β)2

- 83 ≤ z ≤ 159 cm σpt
/pt =

√

(0.1%pt)2 + (0.3%/β)2 (with SVD)
σdE/dx = 5%

TOP RICH with 16 segments in φ at r ∼ 120 cm 8 k Np.e. ∼ 20, σt = 40 ps
quartz radiator 275 cm long, 2 cm thick quartz bars K/π separation :

with 4x4 channel MCP PMTs efficiency > 99% at < 0.5% pion
fake prob. for B → ργ decays

ARICH RICH with 4 cm thick focusing radiator 78 k Np.e. ∼ 13
aerogel radiator and HAPD photodetectors K/π separation at 4 GeV/c:

for the forward end-cap efficiency 96% at 1% pion fake prob.
ECL CsI(Tl) Barrel: r = 125 - 162 cm 6624 σE

E = 0.2%
E ⊕ 1.6%

4
√
E
⊕ 1.2%

(Towered structure) End-cap: z = 1152 (F) σpos = 0.5 cm/
√
E

-102 cm and +196 cm 960 (B) (E in GeV)
KLM barrel: RPCs 14 layers (5 cm Fe + 4 cm gap) θ: 16 k, φ: 16 k ∆φ = ∆θ = 20 mradian for KL

2 RPCs in each gap ∼ 1 % hadron fake for muons
end-caps: 14 layers of (7− 10)× 40 mm2 strips 17 k ∆φ = ∆θ = 10 mradian for KL

scintillator strips read out with WLS and G-APDs σp/p = 18% for 1 GeV/c KL
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SuperKEKB machine parametersTable 1: Machine Parameters of KEKB and SuperKEKB. Values in parentheses for SuperKEKB denote parameters without
intrabeam scattering. Note that horizontal emittance increases by 30% owing to intrabeam scattering in the LER. The KEKB
parameters are those achieved at the crab crossing [2], where the e↵ective crossing angle was 0. (*)Before the crab crossing,
the luminosity of 1.76⇥ 1034cm�2s�1 was achieved at the half crossing angle of 11 mrad, where �Piw ⇠ 1 [6].

KEKB SuperKEKB

LER (e+) HER (e-) LER (e+) HER (e-) Units

Beam energy E 3.5 8.0 4.0 7.007 GeV

Circumference C 3016.262 3016.315 m

Half crossing angle ✓x 0 (11
(⇤)

) 41.5 mrad

Piwinski angle �Piw 0 0 24.6 19.3 rad

Horizontal emittance "x 18 24 3.2 (1.9) 4.6 (4.4) nm

Vertical emittance "y 150 150 8.64 12.9 pm

Coupling 0.83 0.62 0.27 0.28 %

Beta function at IP �⇤
x/�

⇤
y 1200/5.9 1200/5.9 32/0.27 25/0.30 mm

Horizontal beam size �⇤
x 147 170 10.1 10.7 µm

Vertical beam size �⇤
y 940 940 48 62 nm

Horizontal betatron tune ⌫x 45.506 44.511 44.530 45.530

Vertical betatron tune ⌫y 43.561 41.585 46.570 43.570

Momentum compaction ↵p 3.3 3.4 3.20 4.55 10
�4

Energy spread �" 7.3 6.7 7.92(7.53) 6.37(6.30) 10
�4

Beam current I 1.64 1.19 3.60 2.60 A

Number of bunches nb 1584 2500

Particles/bunch N 6.47 4.72 9.04 6.53 10
10

Energy loss/turn U0 1.64 3.48 1.76 2.43 MeV

Long. damping time ⌧z 21.5 23.2 22.8 29.0 msec

RF frequency fRF 508.9 508.9 MHz

Total cavity voltage Vc 8.0 13.0 9.4 15.0 MV

Total beam power Pb ⇠3 ⇠4 8.3 7.5 MW

Synchrotron tune ⌫s -0.0246 -0.0209 -0.0245 -0.0280

Bunch length �z ⇠7 ⇠7 6.0 (4.7) 5.0 (4.9) mm

Beam–beam parameter ⇠x/⇠y 0.127/0.129 0.102/0.090 0.0028/0.088 0.0012/0.081

Luminosity L 2.108⇥ 10
34

8⇥ 10
35

cm
�2

s
�1

Integrated luminosity

R
L 1.041 50 ab

�1

were reformed to have twice as many wiggle pitches by adding new magnets. The arc sections in the
HER were reused because "x can be decreased acceptably by adjusting quadrupole magnets in the
2.5⇡ cells. To further reduce "x, a new wiggler section was built in the HER, with some of the old
LER wiggler magnets reused.

• For the new collision scheme with extremely low �⇤
y , a new final-focus superconducting magnet system

(QCS) was employed, which required state-of-the-art design and technology. Details of the QCS
design are presented in Section 2.3. The beam lines for the ⇠300 m final-focus sections are fully
reconstructed in both rings. In this region, to correct large chromaticity due to small values of �⇤

x

and �⇤
y , local chromaticity correction (LCC) sections for both the vertical and horizontal planes were

installed in both rings, as shown in Fig.3. A pair of identical sextupole magnets were placed in each
LCC, connected by the pseudo �I transformation.

• To cope with the electron cloud e↵ect (ECE) in the LER, more vigorous countermeasures than ever
are required for SuperKEKB. Based on ECE research that was conducted at KEKB and other ma-
chines, various measures are taken, including replacement of beam pipes in most of the ring with new
antechamber pipes with an internal TiN coating, groove-shaped surfaces in the dipole magnets, and
clearing electrodes in the wiggler magnets and solenoids in field-free regions.

• To increase beam currents to twice that achieved in KEKB, vacuum components are upgraded for lower

4
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• Expectation value

• Double-differential cross section

• Single-differential cross section

• Forward/backward asymmetry

A Analytic equations for kinematic reconstruction
The formalism introduced in Appendix C of Ref. [46] obtains approximate values for the eight unknown
components of the ⌧+ and ⌧

� four-vectors by applying eight constraints and solving the resulting system
of linear equations. Two constraints refer to the mass of the ⌧ lepton four-vector and two to massless
neutrinos. The remaining four constraints are obtained by demanding the four-vector of the ⌧

+
⌧
�

system to be equal to the initial state of the e+e� collision, (Ee+ +Ee� , 0, 0,�Ee+ +Ee�), where Ee+

and Ee� refer to the nominal energies of the e+ and e� beams, respectively, and the z-axis points in
direction of the electron beam. We have extended the formalism to the case of arbitrary hadronic ⌧

decay channels, obtaining the following relation instead of Eq. (C9) of Ref. [46]:

[M ] =

0

@
�x m

2
+ �z

y �z m
2
�

s �x y

1

A , (A.1)

where s denotes the square of the nominal center-of-mass energy of 10.579 GeV. We use the symbols
⌧
+
h and ⌧

�
h to refer to the systems of charged and neutral hadrons produced in the decays of the ⌧

+ and
⌧
� and denote the masses of these systems by the symbols m+ and m�, respectively. The components

�x and �y are given by:
(�x,�y) = (m2

⌧ +m
2
+ � x,m

2
⌧ +m

2
� � y) , (A.2)

and the coefficient d is given by the following relation instead of by Eq. (C11) given in Ref. [46]:

d
2 = �

1

4 q2
⇥
(1 + a

2) s+ bm
2
+ + cm

2
� � 4m2

⌧ + 2 (a c y � a b x� b c z)
⇤
. (A.3)

Eq. (A.3) yields two solutions of opposite sign. The solution with the higher compatibility [68] to the
transverse impact parameter of the “leading” charged meson produced in the ⌧

+ and ⌧
� decay is taken

as starting point for the KF, where the leading charged meson of each ⌧ decay is the one with the
highest momentum in direction transverse to the beam axis.

B Comparison of different methods for measuring spin cor-
relation

Alternatively to the ML fit given by Eq. (4.4), the polarization vectors B+ and B� for the ⌧
+ and ⌧

�

and the spin correlation matrix C can be measured by:

• Expectation value
Ref. [46] uses the expectation values of the product of the polarimeter vectors h+ and h� to
measure the elements of B+, B�, and C. The relation between the expectation values of h± and
B± and between hh+

· h�
i and C is given by Eq. (30) of Ref. [46]. It reads:

B±
i = ±3

⌦
h±
i

↵
(B.1)

Cij = �9
D
h+
i h�

j

E
, (B.2)

where the indices i and j are either n, r, or k and the expectation value is computed as average
over the events in the e+e� ! ⌧

+
⌧
� event sample.
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• Double-differential cross section
Expressing the Lorentz invariant phase-space measure in Eq. 4.3 in polar coordinates and integrat-
ing over the azimuthal angles �+ and �

� yields the following expression for the double-differential
(2d) cross section as function of the polar angles ✓

+ and ✓
�, given by Eq. (VI.6) in Ref. [69]:

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1� Cij cos ✓+i cos ✓�j

⌘
, (B.3)

where cos ✓+i = h+
· êi (cos ✓+j = h+

· êj) with i, j 2 {n, r, k} denotes the direction cosine of the
polarimetric vector h+ (h�) with one of the basis vectors {n̂, r̂, k̂} in the rest frame of the ⌧

+

(⌧�) .

• Single-differential cross section
The spin correlation matrix C may also be extracted from the single-differential (1d) cross section
as function of the observable ⇠ij = cos ✓+i cos ✓�j , given by Eq. (4.16) of Ref. [70]:

1

�

d�

d⇠ij
=

1

2
(1� Cij ⇠ij) ln

✓
1

|⇠|

◆
. (B.4)

• Forward/backward asymmetry
One may also extract the ⌧ spin correlation from the forward–backward (FB) asymmetries given
by Eq. (25) of Ref. [29]:

Aij =
N(cos ✓+i cos ✓�j > 0)�N(cos ✓+i cos ✓�j < 0)

N(cos ✓+i cos ✓�j > 0) +N(cos ✓+i cos ✓�j < 0)
= �

1

4
Cij , (B.5)

where the symbol N represents number of events, the direction cosines cos ✓+i and cos ✓�j are
defined as before, and i, j 2 {n, r, k}.

In case of the double-differential (single-differential) cross section, binned distributions in ✓
+
i versus ✓�j

(⇠ij) are fitted to determine the element Cij of the spin correlation matrix. The fits are implemented
using the software package ROOFIT [71].

The sensitivity of the different methods is compared in Table 4. The ML-fit method provides the
lowest uncertainties and thus the highest sensitivity. The expectation value and forward/backward
asymmetry methods are about XX% less sensitive, while the performance of the fits to binned 2d
and 1d cross sections come close to the performance of the ML-fit method. The performance of the
advantage of the unbinned ML fit increases if the size of the event sample is reduced.
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where the symbol N represents number of events, the direction cosines cos ✓+i and cos ✓�j are
defined as before, and i, j 2 {n, r, k}.

In case of the double-differential (single-differential) cross section, binned distributions in ✓
+
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(⇠ij) are fitted to determine the element Cij of the spin correlation matrix. The fits are implemented
using the software package ROOFIT [71].

The sensitivity of the different methods is compared in Table 4. The ML-fit method provides the
lowest uncertainties and thus the highest sensitivity. The expectation value and forward/backward
asymmetry methods are about XX% less sensitive, while the performance of the fits to binned 2d
and 1d cross sections come close to the performance of the ML-fit method. The performance of the
advantage of the unbinned ML fit increases if the size of the event sample is reduced.
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· êj) with i, j 2 {n, r, k} denotes the direction cosine of the
polarimetric vector h+ (h�) with one of the basis vectors {n̂, r̂, k̂} in the rest frame of the ⌧

+

(⌧�) .

• Single-differential cross section
The spin correlation matrix C may also be extracted from the single-differential (1d) cross section
as function of the observable ⇠ij = cos ✓+i cos ✓�j , given by Eq. (4.16) of Ref. [70]:

1

�

d�

d⇠ij
=

1

2
(1� Cij ⇠ij) ln

✓
1

|⇠|

◆
. (B.4)

• Forward/backward asymmetry
One may also extract the ⌧ spin correlation from the forward–backward (FB) asymmetries given
by Eq. (25) of Ref. [29]:

Aij =
N(cos ✓+i cos ✓�j > 0)�N(cos ✓+i cos ✓�j < 0)

N(cos ✓+i cos ✓�j > 0) +N(cos ✓+i cos ✓�j < 0)
= �

1

4
Cij , (B.5)

where the symbol N represents number of events, the direction cosines cos ✓+i and cos ✓�j are
defined as before, and i, j 2 {n, r, k}.

In case of the double-differential (single-differential) cross section, binned distributions in ✓
+
i versus ✓�j

(⇠ij) are fitted to determine the element Cij of the spin correlation matrix. The fits are implemented
using the software package ROOFIT [71].

The sensitivity of the different methods is compared in Table 4. The ML-fit method provides the
lowest uncertainties and thus the highest sensitivity. The expectation value and forward/backward
asymmetry methods are about XX% less sensitive, while the performance of the fits to binned 2d
and 1d cross sections come close to the performance of the ML-fit method. The performance of the
advantage of the unbinned ML fit increases if the size of the event sample is reduced.

16

where                                  and the expectation

        value is computed as average over the events in the MC sample

• Double-differential cross section
Expressing the Lorentz invariant phase-space measure in Eq. 4.3 in polar coordinates and integrat-
ing over the azimuthal angles �+ and �

� yields the following expression for the double-differential
(2d) cross section as function of the polar angles ✓

+ and ✓
�, given by Eq. (VI.6) in Ref. [69]:

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1� Cij cos ✓+i cos ✓�j

⌘
, (B.3)

where cos ✓+i = h+
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Method C[⇢] m12[C]
Exp. value 0.6917 ± 0.0013 1.4237 ± 0.0035
2d distr. 0.6950 ± 0.0012 1.4299 ± 0.0030
1d distr. 0.6915 ± 0.0012 1.4228 ± 0.0030
FB asymm. 0.6925 ± 0.0018 1.4303 ± 0.0048
ML fit 0.6947 ± 0.0011 1.4305 ± 0.0029

Table 4: Observables C[⇢] and m12[C] measured in the combination of decay channels ⇡
+
⇡
�

, ⇡
±
⇢
⌥

, ⇡
±

a
⌥
1 ,

⇢
+
⇢
�

, ⇢
±

a
⌥
1 , and a

+
1 a

�
1 , for events that pass the selection | cos(✓⇤)| < 0.40. Events are analyzed on MC-truth

level.
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☞ Results obtained by all measurement techniques are compatible within the  
     quoted uncertainties

☞ The ML-fit method yields the smallest uncertainties, as expected, but the  
      expectation value and cross section method come close

      The restriction to counting “forward” and “backward” events by the
      forward/backward asymmetry method rather than using the full distribution 
      in                   causes information loss, which results in a loss of sensitivity

A Analytic equations for kinematic reconstruction
The formalism introduced in Appendix C of Ref. [46] obtains approximate values for the eight unknown
components of the ⌧+ and ⌧

� four-vectors by applying eight constraints and solving the resulting system
of linear equations. Two constraints refer to the mass of the ⌧ lepton four-vector and two to massless
neutrinos. The remaining four constraints are obtained by demanding the four-vector of the ⌧

+
⌧
�

system to be equal to the initial state of the e+e� collision, (Ee+ +Ee� , 0, 0,�Ee+ +Ee�), where Ee+

and Ee� refer to the nominal energies of the e+ and e� beams, respectively, and the z-axis points in
direction of the electron beam. We have extended the formalism to the case of arbitrary hadronic ⌧

decay channels, obtaining the following relation instead of Eq. (C9) of Ref. [46]:

[M ] =

0

@
�x m

2
+ �z

y �z m
2
�

s �x y

1

A , (A.1)

where s denotes the square of the nominal center-of-mass energy of 10.579 GeV. We use the symbols
⌧
+
h and ⌧

�
h to refer to the systems of charged and neutral hadrons produced in the decays of the ⌧

+ and
⌧
� and denote the masses of these systems by the symbols m+ and m�, respectively. The components

�x and �y are given by:
(�x,�y) = (m2

⌧ +m
2
+ � x,m

2
⌧ +m

2
� � y) , (A.2)

and the coefficient d is given by the following relation instead of by Eq. (C11) given in Ref. [46]:

d
2 = �

1

4 q2
⇥
(1 + a

2) s+ bm
2
+ + cm

2
� � 4m2

⌧ + 2 (a c y � a b x� b c z)
⇤
. (A.3)

Eq. (A.3) yields two solutions of opposite sign. The solution with the higher compatibility [68] to the
transverse impact parameter of the “leading” charged meson produced in the ⌧

+ and ⌧
� decay is taken

as starting point for the KF, where the leading charged meson of each ⌧ decay is the one with the
highest momentum in direction transverse to the beam axis.

B Comparison of different methods for measuring spin cor-
relation

Alternatively to the ML fit given by Eq. (4.4), the polarization vectors B+ and B� for the ⌧
+ and ⌧

�

and the spin correlation matrix C can be measured by:

• Expectation value
Ref. [46] uses the expectation values of the product of the polarimeter vectors h+ and h� to
measure the elements of B+, B�, and C. The relation between the expectation values of h± and
B± and between hh+

· h�
i and C is given by Eq. (30) of Ref. [46]. It reads:

B±
i = ±3

⌦
h±
i

↵
(B.1)

Cij = �9
D
h+
i h�

j

E
, (B.2)

where the indices i and j are either n, r, or k and the expectation value is computed as average
over the events in the e+e� ! ⌧

+
⌧
� event sample.
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