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3-particle entanglement has a much richer structure that 2-PE !

- Ent. btw 2-individual particles

@ * Ent. btw one-to-other

T 7 2 2 2
* “Monogamy” Cj ey = Cip+ Cic

 “Genuine” 3-particle entanglement

@ (non-separable even partially)
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3-body decay: X — ABC

explore all possible Lorentz invariant interactions



Entanglement

Entanglement monotone: non-negative and non-increasing function under LOCC.

Ex.) Concurrence [ for 2 qubit system ]
Clp] = max(0,m1 —n2 —n3 —na) € [0,1]

N > 1, > 13 > 1y are eigenvalues of \/pp with p = (6, ® 0,)p*(c, ® 0,).

*) LOCC: Local Operation and Classical Communication
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Ex.) Concurrence [ for 2 qubit system ]
Clp] = max(0,m1 —n2 —n3 —ma) € [0,1]

N > 1, > 13 > 1y are eigenvalues of \/pp with p = (6, ® 0,)p*(c, ® 0,).

- For a pure state ) € # , @ H 5, the concurrence can be computed as

Cllw)] = 1/2(1 — Tep}y), o = Tralt) (V]

*) LOCC: Local Operation and Classical Communication
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Entanglement

Entanglement monotone: non-negative and non-increasing function under LOCC.

Ex.) Concurrence [ for 2 qubit system ]
Clp] = max(0,m1 —n2 —n3 —ma) € [0,1]

N > 1, > 13 > 1y are eigenvalues of \/pp with p = (6, ® 0,)p*(c, ® 0,).

How to compute the entanglement btw. 2-individual qubits?

W)= ) cave la)a ®[b)p ® |c)c

a,b,c
@ trace out A a, b’ & [0’ 1]
= ppc = Tea|¥) (Y]

CBC



Entanglement

Entanglement monotone: non-negative and non-increasing function under LOCC.

Ex.) Concurrence [ for 2 qubit system ]

Clp] = max(0,m1 —n2 — 13 —1n4) € [0,1]

n > 1, > 13 > 1y areeigenvalues of \/pp with p = (6, ® 0,)p*(c, ® 0,).




Entanglement

Entanglement monotone: non-negative and non-increasing function under LOCC.

Ex.) Concurrence [ for 2 qubit system ]

Clp] = max(0,m1 —n2 — 13 —1n4) € [0,1]

n > 1, > 13 > 1y areeigenvalues of \/pp with p = (6, ® 0,)p*(c, ® 0,).

CAB’ CBC’ CAC



How to compute the ent. btw. A and BC composite system?
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How to compute the ent. btw. A and BC composite system?

- Forapure state W) € #, @ # j, the concurrence can be computed as

Ca(Bo) = | = /201 - Tro? ) ppe = Tra|U) (T

Cpac CB(AC) — C ’\:[J \/2 1 — TrIOAC) PBC = TrA‘\Ij><\Ij‘

CC(AB) — C |\If \/2 TrpAB PAB = TTC‘\IJ><\P‘
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» A-(BC) entanglement limits A-B and A-C entanglements
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Monogamy

» A-(BC) entanglement limits A-B and A-C entanglements
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 Coffman-Kundu-Wootters (CKW) monogamy inequality [Coffman, Kundu, Wootters "99]
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A “concurrence triangle”
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Genuine Multi-particle Entanglement (GME) measure: [Dur, Vidal, Cirac '00, Ma, Chen, Chen,
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Spengler, Gabriel, Huber ’11, Xie, Eberly '21]

GME should satisfy the following properties:

(1) vanish for all product and biseparable states = unseparable even partially

(2) positive for all non-biseparable states )4 @ (]00) e + |11) go)

(3) not increase under LOCC = F =0



A “concurrence triangle”

{CA(BC)"l' Cpac) 2 CC(AB)] —

Cewn) F Chuc)
3

B C
CA(BC)

Genuine Multi-particle Entanglement (GME) measure: [Dur, Vidal, Cirac '00, Ma, Chen, Chen,

Spengler, Gabriel, Huber ’11, Xie, Eberly '21]

GME should satisfy the following properties:

(1) vanish for all product and biseparable states = unseparable even partially
(2) positive for all non-biseparable states )4 @ ([00)pe + [11) 5o)
(3) not increase under LOCC = F =0

[Jin, Tao, Gui, Fei,

* The area of the “concurrence triangle” satisfies (1), (2), (3)!  |i-Jost, Qiao (2023)]
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3-body decay: 0 — 123

Z Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:

- rest frame of the initial particle O
plljJ — p1(17 07 07 1)

) pl IS 1N the £-axiIs pg — pg(l,Sil’l 927 O7COS 02)

- decay is in the x-z plane py = p3(1, —sin 63,0, cos 3)

n(0, ¢) : polarisation of initial spin

A1, A2, A3 € (4, —) : helicities of 1,2,3
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Kinematics:
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3-body decay: 0 — 123

Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:

initial state

n(0,¢))

- rest frame of the initial particle O
.. . plf :p1(170707 1)
« pqisinthe z-axis

n(0, ¢) : polarisation of initial spin

A1, A2, A3 € (4, —) : helicities of 1,2,3

/ amplitude
1=
I >\1 )\2 )\3

)\17)\27>‘3

>\1,>\2,>\3’)\17 A2, )\3> +

final state

py = p2(1,sin b, 0, cos )
« decay is in the x-z plane ph = p3(1, —sin 63, 0, cos f3)

‘)\17 )\27 )\3><)\17 )\27 )\3| ngll,)\g,)\g — <)\17 )\27 >\3|Il((97 ¢)>



3-body decay: 0 — 123

Z Assumptions: [KS, M.Spannowsky 2310.01477]

- all particles have spin 1/2
- all final particles 1,2,3 are massless

Kinematics:
* - rest frame of the initial particle O
.. . plf :p1(170707 1)
* Pyisinthe z-axis Py = p2(1,sin 3,0, cosbz)
- decay is in the x-z plane py = p3(1, —sin 63,0, cos 3)
n(0, ¢) : polarisation of initial spin
A1, A2, A3 € (4, —) : helicities of 1,2,3
/ amplitude
i ‘)\17)\27)‘3><)\17)\27)\3| ngll,)\g,)\g — <)\17)\27>\3|n((97¢)>
A1, >\2 A3
Initial state I

n (0 A o Na) — pure (entangled)
| ¢ )\1,)\2,)\3| 1y A2, 3> ‘P) — 3-spin state

>‘17)\27>\3



Interaction

- Consider most general Lorentz invariant 4-fermion interactions

4 _ ~ )
Lint = (V1T a%0) (Y3 B)2)

FA/B < {17757 fy'uafylu,}ﬁv O-'LW}

\_ W,
% Scalar-type
— , — . CECS—l—iCAzeiél
1(cs +icays)hol[ths(ds + idays )] d=dg+idy = e

* Vector-type
14+ ~°

2
CL,CR, dL7 dR e R

Pr/p =
(W17, (cn Pr + crPr)Yol[3y* (dr Pr, + drPr) 2] /

< Tensor-type

B — c=cy +icg = e

Wl (CM + iCE75)UMV¢O] [¢3(dM + idE/75)0-,uz/¢2] d=dy + idp = 2



[KS, M.Spannowsky

2310.01477] Scalar

C=cg+1icy = et

Lint = [Y1(cs +icays)vol|[Ws(ds + idays)a) d=dg +idy = e
cd cd* c*d c*d*
* W) = \ﬁ-e¢sg]———>— 7 €58 — ++) + 7 N e 7 8|+ ++)
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2310.01477] Scalar

C=cg+icy = e

Lint = [Y1(cs +icays)vol|[Ws(ds + idays)a) d=dg +idy = e
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“* 1is not entangled with 2 and 3 in any way:
z
Ci2 = C13 = Cy(23) =0 :

“ 2 and 3 are maximally entangled

623:1




[KS, M.Spannowsky

2310.01477] Scalar

C=cg+icy = e

Lint = [Y1(cs +icays)vol|[Ws(ds + idays)a) d=dg +idy = e
cd cd* c*d crd*
* W) = \ﬁ-e¢sg\———>— 7 €58 — ++) + 7 N e 7 8|+ ++)

independent of final state momenta 65, 03

= [ce’?sS|-)1 + c*ch|+)1] ® L [d| — =)oz — d*| + +)23]  bi-separable

V2
m— F3 — O
“* 1is not entangled with 2 and 3 in any way:
Ci2 = C13 = Cy23) =0
“ 2 and 3 are maximally entangled X
PAA
o001
623 =1 @0 | |

C3(13) > Cla + Ca3

“* Due to monogamy, 2 and 3 are maximally entangled with the rest ) ) 5

C312) = Ciz3 +Ca3
| |

Ca(13) = C312) = 1 0
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Pr/r = 5
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[KS, M.Spannowsky

2310.01477] VeCtor 1 4+ A5

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)



[KS, M.Spannowsky

231’0.0.1 477] Ve CtO r 144°

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

o cudis [chel +cs3s8] |~ =) + crdns [ehely + @585 | - —4)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)
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231’0.0.1 477] VeCtOr 144°

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

0 crdns® [ogelh +e%sgoB] = +-) + cudnsh [chelh +ePs8s] | - —4)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)

“* Individual 2-party entanglement:

Cio=Ci3=0, Coz3 =2|MrLM;p+ MprrMgg|
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Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

0 crdns® [ogelh +e%sgoB] = +-) + cudnsh [chelh +ePs8s] | - —4)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)

“* Individual 2-party entanglement:
Ci2=Ci3 =0, Co3=2|Mr Mfr+ MrrMpp|

“* one-to-other entanglement:

Ca13) = C3012) = 24/ (| M L] + [Mpe|?) (IMLR|? + [MRR|?)

Ci(23) = 2|MrrMypL — MLrMpgy|




[KS, M.Spannowsky

231’0.0.1 477] VeCtOr 144°

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrgr|—+)+Mpgr|++—)+Mgrr|+—+)

0 crdns® [ogelh +e%sgoB] = +-) + cudnsh [chelh +ePs8s] | - —4)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)

“* Individual 2-party entanglement:
Ci2=Ci3 =0, Co3=2|Mr Mfr+ MrrMpp|

* one-to-other entanglement:

Ca13) = C3012) = 24/ (| M L] + [Mpe|?) (IMLR|? + [MRR|?)

Ci(23) = 2|MrrMypL — MLrMpgy|

“* Monogamy

M; = Cipy — [C +CL] = My = = Ci(23) >




[KS, M.Spannowsky

231’0.0.1 477] Ve CtO r 144°

Pr/r = 5
Lint = [V17u(cLPL + crPR)Yo)[Wsy"(dLPr + drPr)v»2) CL,CRr,dr,dr € R

* W) = Mpp|—+—)+Mrg|——+)+Mpgr|++—)+Mgrr|+—+)

o erdps® [c§e +%sgoB] = +o) + cudnsh [chels +e¥s8s%] | - —+)
+ cndis [efs — e¥sGeT] |+ +-) + crdrs [e35F — e¥sieF] |+ —+)

“* Individual 2-party entanglement:
Cia =Ci13 =0, Co3 = 2|MLLMER + MRLM;:}R| <«— vanish if dpdr =0

“* one-to-other entanglement:

62(13) — 63(12) = 2\/(’MLL‘2 + ‘MRLP) (’MLRP -+ ’MRR‘Q) «— vanish if cccgr =drdr =0

Ci(23) = 2|MrrMrr — ML pMgr| <— vanishif crcrdrdr =0

+ Monogamy Q All entanglements vanish for weak decays

cpr =dp =0
_C%(Jk) CQ +C * My = 61(23) \R L




F3 for Vector

n = e, n:\/ig(ex—l—ey—l—ez)

F3, Vector, couplings=1/V2, =1, F3, Vector, couplings=1/V2, 6=1%, ¢ =1

m m

__________________________________________

- 0.6

[KS, M.Spannowsky 2310.01477]



—_— F;
== C1(23)

- = C313)=0C3(12)
vevnr Cos [V]

M{=M,=M;5= Cf(23))

1.0 e B L -_—

_______————__________——————_____

T T T T 0 gl EI 3n m 5_Irr 3n n 2mn
0 U u 3777 n ST:T % % 2m z 2 Z Z Vi Z
X
_2 _5 e — -
1o 6, =zm, 63=zmn, couplings = 1/\/5, 6, =2m, 63=2m, couplings = 1V2
. S N 1.0 < 0 0 0 = 0
’ \ 4 \ 7 S < RN

3

0.0

LR
NI
B
~
5
14
E
N
~
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INEN
NIa
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~
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[KS, M.Spannowsky 2310.01477] ) Wy



[KS, M.Spannowsky

2310.01477] Tensor
c=cy +icg = ™!

Ling = Wl (CM + Z.CE/75)O-MV¢O] [7753 (dM + Z'dE’YS)O-/M/wQ] d=dy +idg = e™?



[KS, M.Spannowsky

531001477 Tensor

C = CM —|—ZCE —_— ezwl

Ling = [221 (CM + iCE75)0MVwO] [7753 (dM + Z'dE’YS)O-MVwQ] d=dy +idg = e™?
B (V) = Mg|+++) + M| — ——)
o d 26585 % 5% + chsBTR] |+ ++) + ed [e?s§s P + 2855 sG] — —)




[KS, M.Spannowsky

531001477 Tensor

c=cy +icg = e

Ling = [221 (CM + iCE75)0MVwO] [7753 (dM + Z'dE’YS)O-MVwQ] d=dy +idg = e™?
B (V) = Mg|+++) + M| — ——)
o d 26585 % 5% + chsBTR] |+ ++) + ed [e?s§s P + 2855 sG] — —)

<+ Y) interpolates product states and the maximally entangled state:

(MrMp =0) | ) ¢— |[GHZ) = (| +++)+|-——)) (Mpr=Mp)

%\




[KS, M.Spannowsky

531001477 Tensor

c=cpy +icg = ™!

Ling = [1(ear +icuys)ot o[ (dar +idpys) o o] d = dy +idp = ™
B (V) = Mp|+++) + M| - ——)
X *d 26958525 % 4 eGP0 |4 +4) + cd [5G P50 + 28555 ]| — )

<+ Y) interpolates product states and the maximally entangled state:

sll+++)+1-—=) (Mgr=Mp)

(MpMp =0) | ) +—> |GHZ) =

%\

“* No individual 2-party entanglements: N

Cio =Ci13=Ca3 =0




[KS, M.Spannowsky

531001477 Tensor

c=cpy +icg = ™!

Ling = [221 (CM + iCE75)0MVwO] [7753 (dM + Z'dE’YS)O-MVwQ] d=dy +idg = e™?
o (V) = Mg|+++)+ M| — ——)
X *d 26958525 % 4 eGP0 |4 +4) + cd [5G P50 + 28555 ]| — )

<+ Y) interpolates product states and the maximally entangled state:

sll+++)+1-—=) (Mgr=Mp)

(MpMp =0) | ) +—> |GHZ) =

%\

* No individual 2-party entanglements: Monogamy is trivial

Ci12 =Ci13=Ca3 =0 —> Ciy =0 +Ch =



[KS, M.Spannowsky

531001477 Tensor

c=cpy +icg = ™!

Ling = [1(ear +icuys)ot o[ (dar +idpys) o o] d = dy +idp = ™
B (V) = Mp|+++) + M| - ——)
X *d 26958525 % 4 eGP0 |4 +4) + cd [5G P50 + 28555 ]| — )

<+ Y) interpolates product states and the maximally entangled state:

sll+++)+1-—=) (Mgr=Mp)

(MpMp =0) | ) +—> |GHZ) =

%\

* No individual 2-party entanglements: Monogamy is trivial
Ci12 =Ci13=Ca3 =0 —> Ciy =0 +Ch =

¢ one-to-other entanglements are universal:

Ci(23) = Co(13) = C3(12) = 2|MRp M |

F3 = 4|MrMy|?



[KS, M.Spannowsky

531001477 Tensor

] - v 7 : ¢ = ey +icg =[e!
Lint — Wl (CM + ZCE/)/5)O-'u wO][¢3(dM + ZCZE’Y5)O-,W/77D2] d=dy +idp o e™?
B V) = Mg|+++) + M| - ——)
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<+ Y) interpolates product states and the maximally entangled state:

(MrMp =0) | ) ¢— |[GHZ) = (| +++)+|-——)) (Mpr=Mp)

%\

* No individual 2-party entanglements: Monogamy is trivial
Ci12=C13=C23=0 —> Ciy 2Ch+C =

¢ one-to-other entanglements are universal:

_ _ _ \
Ci(23) = Co13) = C3012) = 2|Mpr M| independent of the coupling
» structure (CP phases)

F3 :4‘MRML|2 Wi, W92




F3 for Tensor
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Discussion

What to do with it?

“* look for theories to maximise/minimise the entanglement — |.Low, J.l.Latorre
“* measure/study 3-body entanglements experimentally e.g. in hadron decays
eg.) BT = pu T
Future directions:
» Effect of masses in the final particles

“* More spin structures: SFFV, VVFF, SFV Fy s2, SVVI -

“* 3-body non-locality [Mermin '90, Svetlichny ’'87]

Merminineq: (Bu)ir <2 (Bu)oum < 4 By = abd + ab'c + a’be — a’'b'c
Bs = abc + abcd + ab’c + a'be

Svetlichny ineq:  (Bs)arr <4 (Bs)qm < 4V2 AW al e — b — bl

/

KS, Spannowsky, Horodecki, in progress



Thank you for listening!
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Local Real Hidden Variable theories: Mermin ineq:

Pabe|XYZ) = Y o P@X)ROY)RCZ) = (Bu)ir <2 (Bu)ou <4

Hybrid (Local-Nonlocal) Real theories:

P(abc| XY Z) = Zq,\PA ab| XY )P\(c|Z) +un (ac| X Z)P,(b]Y) +zqv (belY Z) P, (a| X)

—> <BS>HLR S 4 <Bs>QM S 4\/5 Svet“Chny |neq
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Nonlocality for Vector
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Nonlocality for Tensor
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