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White Dwarfs Simplified

Fermi pressure from electron gas
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Mass of the sun at the size of the earth!

White dwarf estimate
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Mass of the sun at the size of the earth!

White dwarf estimate
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Let’s compare to data!



White dwarf mass-radius curve
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White dwarf mass-radius curve

Solve gravity vs pressure 
with free electron gas EOS
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So let’s use these very dense objects 
to probe BSM physics



So let’s use these very dense objects 
to probe BSM physics

Focus on axion gluon coupling
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The QCD Axion: At low energies

Non-perturbative effects generate potential 
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The QCD Axion: At low energies

Non-perturbative effects generate potential 
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The QCD axion is very predictive

Couplings to nucleons, photons, electrons,…

Determined by the scale
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The QCD Axion: Plethora of experimental searches
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See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  



10°
12

10°
11

10°
10

10°
9

10°
8

10°
7

10°
6

10°
5

10°
4

10°
3

10°
2

10°
1

100
101

102
103

104
105

106
107

ma [eV]

10°19

10°18

10°17

10°16

10°15

10°14

10°13

10°12

10°11

10°10

10°9

10°8

10°7

10°6

|g
ag

g
|[

G
eV

°
1 ]

KSVZ

DFSZ

So
la

rb
as

in

A
D

M
X

H
A

Y
STA

C

O
R

G
A

N

R
B

F+U
F

C
A

PP

Q
U

A
XB

A
SE

A
D

M
X

SLIC

Chandra
SN1987A

MWD X-rays

MWD
Polarisation

M
U

SE V
IM

O
S

XMM-Newton

Leo T

INTEGRAL

Neutron stars

ht
tp

s:
//g

ith
ub

.c
om

/c
aj

oh
ar

e/
Ax

io
nL

im
its

ht
tp

s:
//g

ith
ub

.c
om

/c
aj

oh
ar

e/
Ax

io
nL

im
its

Ja
ec

ke
l, 

Ry
bk

a,
 W

in
sl

ow
 ‘2

2

See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  

Interesting  
region

The QCD Axion: Plethora of experimental searches

ht
tp

s:
//g

ith
ub

.c
om

/c
aj

oh
ar

e/
Ax

io
nL

im
its



Non-perturbative effects generate potential 

… with smaller mass 
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Non-perturbative effects generate potential 

… with smaller mass 
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<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="UDK+RNaQGid6ndzXP6pE+jMBhNg=">AAACAnicbVA9SwNBEN3zM8avqJXYHAbBKtxJUDuDNpYRzAckIeztTZIle3vH7pwYjmDjn9DexkIRK8FfYee/cXNJoYkPBh7vzezsPC8SXKPjfFtz8wuLS8uZlezq2vrGZm5ru6rDWDGosFCEqu5RDYJLqCBHAfVIAQ08ATWvfzHyazegNA/lNQ4iaAW0K3mHM4pGaud2mwi3mL6TKPCHSRMizUUoh+1c3ik4KexZ4k5I/uzjYYTHcjv31fRDFgcgkQmqdcN1ImwlVCFnAobZZqwhoqxPu9AwVNIAdCtJVw/tA6P4didUpiTaqfp7IqGB1oPAM50BxZ6e9kbif14jxs5pK+EyihEkGy/qxMLG0B7lYftcAUMxMIQyxc1fbdajijI0qWVNCO70ybOkelRwjwvFq2K+dE7GyJA9sk8OiUtOSIlckjKpEEbuyBN5Ia/WvfVsvVnv49Y5azKzQ/7A+vwBE16c/g==</latexit>✏

For symmetry based realizations, see (Hook, Huang ’17, Hook ‘18, Di Luzio, 
Gavela, Quilez, Ringwald ’21)
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Nuclear Chiral Perturbation Theory with QCD axion

QCD Axion: Coupling to nucleons

<latexit sha1_base64="H5HZVf7OZ5+OWq5p0YUDFuRm0I4="></latexit>

L�PT � �⇡N

2mN
Tr

h
UMqe

i�/f + h.c.
i
N̄N + . . . <latexit sha1_base64="U4+aSAGfOpLBVBkLqXCk0mbfCag=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVBLEa0FUsDAWibSV2hA5rtNadZzIdhBVlA+BgYUBhFgZ+A02/gan7QAtR7q6R+fcK18fP2ZUKsv6Ngpz8wuLS8Xl0srq2vqGuVluyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQHl7nfvCNC0ojfqGFM3BD1OA0oRkpLnll2zshtSjsx3Q+8VLcs88yKVbVGgLPEnpDK+edDjse6Z351uhFOQsIVZkjKtm3Fyk2RUBQzkpU6iSQxwgPUI21NOQqJdNPR7Rnc1UoXBpHQxRUcqb83UhRKOQx9PRki1ZfTXi7+57UTFZy6KeVxogjH44eChEEVwTwI2KWCYMWGmiAsqL4V4j4SCCsdV0mHYE9/eZY0Dqr2cfXo+rBSuwBjFME22AF7wAYnoAauQB04AIN78ARewKuRGc/Gm/E+Hi0Yk50t8AfGxw8pYpkE</latexit>

U = ei⇡/f⇡



Leads to non-derivative coupling to nucleons:

Nuclear Chiral Perturbation Theory with QCD axion

QCD Axion: Coupling to nucleons

such that 
<latexit sha1_base64="oqBor28akVKf7OxM4nmaeRhT5dk="></latexit>

mN (0) = mN , �⇡N ' 50MeV

<latexit sha1_base64="H1UCuKIfeimqw53C7wIFqqO6/hc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5ZEirosunEhpYJ9QBPCZDpph06SYWYilNAvcOOvuHGhiFvX7vwbJ20W2nrgwuGce7n3Hp8zKpVlfRuFldW19Y3iZmlre2d3z9w/6Mg4EZi0ccxi0fORJIxGpK2oYqTHBUGhz0jXH19nfveBCEnj6F5NOHFDNIxoQDFSWvLMihMiNcKIpbdTRyZcEgVPQ69ZdfiInjg+Emlz2vTMslWzZoDLxM5JGeRoeeaXM4hxEpJIYYak7NsWV26KhKKYkWnJSSThCI/RkPQ1jVBIpJvO3pnCilYGMIiFrkjBmfp7IkWhlJPQ153Z8XLRy8T/vH6igks3pRFPFInwfFGQMKhimGUDB1QQrNhEE4QF1bdCPEICYaUTLOkQ7MWXl0nnrGaf1+p39XLjKo+jCI7AMagCG1yABrgBLdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gALdJwa</latexit>

L � �mN (�)N̄N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
with

<latexit sha1_base64="H5HZVf7OZ5+OWq5p0YUDFuRm0I4="></latexit>

L�PT � �⇡N

2mN
Tr

h
UMqe

i�/f + h.c.
i
N̄N + . . . <latexit sha1_base64="U4+aSAGfOpLBVBkLqXCk0mbfCag=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVBLEa0FUsDAWibSV2hA5rtNadZzIdhBVlA+BgYUBhFgZ+A02/gan7QAtR7q6R+fcK18fP2ZUKsv6Ngpz8wuLS8Xl0srq2vqGuVluyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQHl7nfvCNC0ojfqGFM3BD1OA0oRkpLnll2zshtSjsx3Q+8VLcs88yKVbVGgLPEnpDK+edDjse6Z351uhFOQsIVZkjKtm3Fyk2RUBQzkpU6iSQxwgPUI21NOQqJdNPR7Rnc1UoXBpHQxRUcqb83UhRKOQx9PRki1ZfTXi7+57UTFZy6KeVxogjH44eChEEVwTwI2KWCYMWGmiAsqL4V4j4SCCsdV0mHYE9/eZY0Dqr2cfXo+rBSuwBjFME22AF7wAYnoAauQB04AIN78ARewKuRGc/Gm/E+Hi0Yk50t8AfGxw8pYpkE</latexit>

U = ei⇡/f⇡



Leads to non-derivative coupling to nucleons:

Nuclear Chiral Perturbation Theory with QCD axion

QCD Axion: Coupling to nucleons

such that 
<latexit sha1_base64="oqBor28akVKf7OxM4nmaeRhT5dk="></latexit>

mN (0) = mN , �⇡N ' 50MeV

<latexit sha1_base64="H1UCuKIfeimqw53C7wIFqqO6/hc=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6VQF5ZEirosunEhpYJ9QBPCZDpph06SYWYilNAvcOOvuHGhiFvX7vwbJ20W2nrgwuGce7n3Hp8zKpVlfRuFldW19Y3iZmlre2d3z9w/6Mg4EZi0ccxi0fORJIxGpK2oYqTHBUGhz0jXH19nfveBCEnj6F5NOHFDNIxoQDFSWvLMihMiNcKIpbdTRyZcEgVPQ69ZdfiInjg+Emlz2vTMslWzZoDLxM5JGeRoeeaXM4hxEpJIYYak7NsWV26KhKKYkWnJSSThCI/RkPQ1jVBIpJvO3pnCilYGMIiFrkjBmfp7IkWhlJPQ153Z8XLRy8T/vH6igks3pRFPFInwfFGQMKhimGUDB1QQrNhEE4QF1bdCPEICYaUTLOkQ7MWXl0nnrGaf1+p39XLjKo+jCI7AMagCG1yABrgBLdAGGDyCZ/AK3own48V4Nz7mrQUjnzkEf2B8/gALdJwa</latexit>

L � �mN (�)N̄N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
with

Light QCD axions have the same coupling to SM matter

<latexit sha1_base64="H5HZVf7OZ5+OWq5p0YUDFuRm0I4="></latexit>

L�PT � �⇡N

2mN
Tr

h
UMqe

i�/f + h.c.
i
N̄N + . . . <latexit sha1_base64="U4+aSAGfOpLBVBkLqXCk0mbfCag=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYXEVBLEa0FUsDAWibSV2hA5rtNadZzIdhBVlA+BgYUBhFgZ+A02/gan7QAtR7q6R+fcK18fP2ZUKsv6Ngpz8wuLS8Xl0srq2vqGuVluyCgRmDg4YpFo+UgSRjlxFFWMtGJBUOgz0vQHl7nfvCNC0ojfqGFM3BD1OA0oRkpLnll2zshtSjsx3Q+8VLcs88yKVbVGgLPEnpDK+edDjse6Z351uhFOQsIVZkjKtm3Fyk2RUBQzkpU6iSQxwgPUI21NOQqJdNPR7Rnc1UoXBpHQxRUcqb83UhRKOQx9PRki1ZfTXi7+57UTFZy6KeVxogjH44eChEEVwTwI2KWCYMWGmiAsqL4V4j4SCCsdV0mHYE9/eZY0Dqr2cfXo+rBSuwBjFME22AF7wAYnoAauQB04AIN78ARewKuRGc/Gm/E+Hi0Yk50t8AfGxw8pYpkE</latexit>

U = ei⇡/f⇡



Turn on baryon density background
<latexit sha1_base64="9qfGaL0clygQCXhwgSkUZfV0RRY=">AAACDHicbVDLSsNAFJ3UV62vqks3wSK4KokUdSMU3bgqFewDmlIm05t06GQSZm6EEvoBbvwVNy4UcesHuPNvnD4W2npg4HDOudy5x08E1+g431ZuZXVtfSO/Wdja3tndK+4fNHWcKgYNFotYtX2qQXAJDeQooJ0ooJEvoOUPbyZ+6wGU5rG8x1EC3YiGkgecUTRSr1jyBAToCSpDAZ5PVVYb1zzFwwF6aipeTVJO2ZnCXibunJTIHPVe8cvrxyyNQCITVOuO6yTYzahCzgSMC16qIaFsSEPoGCppBLqbTY8Z2ydG6dtBrMyTaE/V3xMZjbQeRb5JRhQHetGbiP95nRSDy27GZZIiSDZbFKTCxtieNGP3uQKGYmQIZYqbv9psQBVlaPormBLcxZOXSfOs7J6XK3eVUvV6XkeeHJFjckpcckGq5JbUSYMw8kieySt5s56sF+vd+phFc9Z85pD8gfX5A69onAc=</latexit>⌦
N̄N

↵
= n

<latexit sha1_base64="Fp3I4FXdNKb1V79O+scUpGvvuYU="></latexit>

V (�) ' �

✏m2

⇡f
2
⇡

4
� �⇡Nn

�✓
cos

�

f
� 1

◆

<latexit sha1_base64="8rVC7CoE5KKtrfpbJNSOWK62hhg=">AAACInicbZDLSgMxFIYz9VbrbdSlm2ARXJWZUryAQtGNK6lgL9CpQybNtKFJZkgyQhnmWdz4Km5cKOpK8GFML4K2/hD4+M85nJw/iBlV2nE+rdzC4tLySn61sLa+sbllb+80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwGl6N6855IRSNxq4cx6XDUEzSkGGlj+fapOBM+PvdCiXDqkVhRFgnI/dSLaXZXDn8gSyueoj2Oxga8zjLfLjolZyw4D+4UimCqmm+/e90IJ5wIjRlSqu06se6kSGqKGckKXqJIjPAA9UjboECcqE46PjGDB8bpwjCS5gkNx+7viRRxpYY8MJ0c6b6arY3M/2rtRIcnnZSKONFE4MmiMGFQR3CUF+xSSbBmQwMIS2r+CnEfmbS0SbVgQnBnT56HRrnkHpUqN5Vi9WIaRx7sgX1wCFxwDKrgCtRAHWDwAJ7AC3i1Hq1n6836mLTmrOnMLvgj6+sbug2lCQ==</latexit>

n < nc =
✏m2

⇡f
2
⇡

4�⇡N

Light QCD Axion: at Finite Density
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�
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<latexit sha1_base64="Fp3I4FXdNKb1V79O+scUpGvvuYU="></latexit>

V (�) ' �

✏m2

⇡f
2
⇡

4
� �⇡Nn

�✓
cos

�

f
� 1

◆

new minima appear at 

At critical density                     : 

Exciting effects appear once develops a non-trivial profile

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

Turn on baryon density background
<latexit sha1_base64="9qfGaL0clygQCXhwgSkUZfV0RRY=">AAACDHicbVDLSsNAFJ3UV62vqks3wSK4KokUdSMU3bgqFewDmlIm05t06GQSZm6EEvoBbvwVNy4UcesHuPNvnD4W2npg4HDOudy5x08E1+g431ZuZXVtfSO/Wdja3tndK+4fNHWcKgYNFotYtX2qQXAJDeQooJ0ooJEvoOUPbyZ+6wGU5rG8x1EC3YiGkgecUTRSr1jyBAToCSpDAZ5PVVYb1zzFwwF6aipeTVJO2ZnCXibunJTIHPVe8cvrxyyNQCITVOuO6yTYzahCzgSMC16qIaFsSEPoGCppBLqbTY8Z2ydG6dtBrMyTaE/V3xMZjbQeRb5JRhQHetGbiP95nRSDy27GZZIiSDZbFKTCxtieNGP3uQKGYmQIZYqbv9psQBVlaPormBLcxZOXSfOs7J6XK3eVUvV6XkeeHJFjckpcckGq5JbUSYMw8kieySt5s56sF+vd+phFc9Z85pD8gfX5A69onAc=</latexit>⌦
N̄N

↵
= n

Light QCD Axion: at Finite Density
<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="i6mlI1LUEc/vhGgVPsw31h1Xtak=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZkaLuLLpxWcFeoB1KJk3b0EwmJBmxDH0IN4IVcesr+BrufBszbRfa+kPg4//PIeecQHKmjet+O5mV1bX1jexmbmt7Z3cvv39Q11GsCK2RiEeqGWBNORO0ZpjhtCkVxWHAaSMY3qR544EqzSJxb0aS+iHuC9ZjBBtrNdpywIqPp518wS25U6Fl8OZQuPp8STWpdvJf7W5E4pAKQzjWuuW50vgJVoYRTse5dqypxGSI+7RlUeCQaj+ZjjtGJ9bpol6k7BMGTd3fHQkOtR6Fga0MsRnoxSw1/8taseld+gkTMjZUkNlHvZgjE6F0d9RlihLDRxYwUczOisgAK0yMvVDOHsFbXHkZ6mcl77xUvisXKtcwUxaO4BiK4MEFVOAWqlADAkN4ggm8OtJ5dt6c91lpxpn3HMIfOR8/3WeTvg==</latexit>

�(x)



<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>

mN (⇡f) ' mN � �⇡N

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f
<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Light QCD Axion: at Finite Density



<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>

mN (⇡f) ' mN � �⇡N

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f
<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Light QCD Axion: at Finite Density

Reduction of <latexit sha1_base64="bfmvbvJ2HTwzIbO2R6u1R9y6h8o=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4kLArvm4GvXhRIpgoZEOYnXR0cGZ3mekVw5KTF39B/8CLB0XEm9/gzb9x8jhoYkFDUdVNd1cQS2HQdb+dkdGx8YnJzFR2emZ2bj63sFgxUaI5lHkkI30RMANShFBGgRIuYg1MBRLOg+vDjn9+A9qIKDzDVgw1xS5D0RScoZXquRW/ARIZVfUT3whFt11/w0e4xfQYKu16Lu8W3C7oMPH6JL//8dDBY6me+/IbEU8UhMglM6bquTHWUqZRcAntrJ8YiBm/ZpdQtTRkCkwt7b7RpmtWadBmpG2FSLvq74mUKWNaKrCdiuGVGfQ64n9eNcHmXi0VYZwghLy3qJlIihHtZEIbQgNH2bKEcS3srZRfMc042uSyNgRv8OVhUtkseDuF7dOtfPGA9JAhy2SVrBOP7JIiOSIlUiac3JEn8kJenXvn2Xlz3nutI05/Zon8gfP5A0I/nNk=</latexit>

�mN ⇠ 50MeV



<latexit sha1_base64="tv3bpGv5rXi+UegL5WbT6PWPt2U=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMxIUZdFN65KBfuAzjBk0kwbmmTGJCOUoR/gxl9x40IRt36AO//GTDsLbT0QOJxzLjf3BDGjStv2t7W0vLK6tl7YKG5ube/slvb22ypKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkEo+vM7zwQqWgk7vQ4Jh5HA0FDipE2kl8qc79RcWMKwxNXUU7uoRFODR1w5KeZ0ZiYlF21p4CLxMlJGeRo+qUvtx/hhBOhMUNK9Rw71l6KpKaYkUnRTRSJER6hAekZKhAnykunx0zgsVH6MIykeULDqfp7IkVcqTEPTJIjPVTzXib+5/USHV56KRVxoonAs0VhwqCOYNYM7FNJsGZjQxCW1PwV4iGSCGvTX9GU4MyfvEjaZ1XnvFq7rZXrV3kdBXAIjkAFOOAC1MENaIIWwOARPINX8GY9WS/Wu/Uxiy5Z+cwB+APr8wc/tZqB</latexit>

mN (⇡f) ' mN � �⇡N

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="AFNapfj/Lex8LsNunSGXj7YUa7c="></latexit>

mN (�) ⌘ mN


1 +

�⇡N

2mN

✓
cos

�

f
� 1

◆�
1) Nucleon mass is reduced once the axion is at 

<latexit sha1_base64="yYnjnW8Cfs2+WWlPcaeKgPsmDjk=">AAACDHicbVC7SgNBFJ31bXxFLW0Gg2AVdkXURhRtLBVMFLIhzE7u7g6ZnV1m7goh5ANs7PUnbCwUsfUD7PwbZ5MUmnhg4HDOudy5J8ikMOi6387U9Mzs3PzCYmlpeWV1rby+UTdprjnUeCpTfRswA1IoqKFACbeZBpYEEm6Cznnh39yBNiJV19jNoJmwSIlQcIZWapUrvoQQfclUJMHPYuFrEcXo64Fw7GeChjblVt0B6CTxRqRy8vZY4OmyVf7y2ynPE1DIJTOm4bkZNntMo+AS+iU/N5Ax3mERNCxVLAHT7A2O6dMdq7RpmGr7FNKB+nuixxJjuklgkwnD2Ix7hfif18gxPGr2hMpyBMWHi8JcUkxp0QxtCw0cZdcSxrWwf6U8ZppxtP2VbAne+MmTpL5X9Q6q+1f7ldMzMsQC2SLbZJd45JCckgtySWqEk3vyTF7Jm/PgvDjvzscwOuWMZjbJHzifP3iKoFs=</latexit>

h�i = ⇡f

2) Energy density of the potential acts as energy density (similar to a CC) 

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)
see Bellazzini et. al. ’15 and Csaki et. al. ’18

<latexit sha1_base64="9fB4O8j9zW4h2XNCngiQwdwE4lM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpevFYwbSFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1PBtXHdb6ewtr6xuVXcLu3s7u0flA+PmjrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApHdzO/9YRK80Q+mnGKQUwHkkecUWMlX97IHuuVK27VnYOsEi8nFcjR6JW/uv2EZTFKwwTVuuO5qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3ZKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsc9LnCpkRY0soU9zeStiQKsqMzadkQ/CWX14lzYuqd1mtPdQq9ds8jiKcwCmcgwdXUId7aIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fnC2OkQ==</latexit>

n > nc

<latexit sha1_base64="NTb50fkDGJS3GC17/2PzZX7r1uc=">AAAB7nicbZDLSgMxFIbPeK31VnXpJliEuikzUtSdRTcuK9gLtEPJpJk2NJMJSUYoQx/CjWBF3PoKvoY738ZM24W2/hD4+P9zyDknkJxp47rfzsrq2vrGZm4rv72zu7dfODhs6DhRhNZJzGPVCrCmnAlaN8xw2pKK4ijgtBkMb7O8+UiVZrF4MCNJ/Qj3BQsZwcZazUapIwfsrFsoumV3KrQM3hyK158vmSa1buGr04tJElFhCMdatz1XGj/FyjDC6TjfSTSVmAxxn7YtChxR7afTccfo1Do9FMbKPmHQ1P3dkeJI61EU2MoIm4FezDLzv6ydmPDKT5mQiaGCzD4KE45MjLLdUY8pSgwfWcBEMTsrIgOsMDH2Qnl7BG9x5WVonJe9i3LlvlKs3sBMOTiGEyiBB5dQhTuoQR0IDOEJJvDqSOfZeXPeZ6UrzrznCP7I+fgBqKmTnA==</latexit>

V (�)

<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Light QCD Axion: at Finite Density

<latexit sha1_base64="YpDiHVQL0X49A2LfN8hWicB0TyY="></latexit>

V (⇡f) ' ✏m2
⇡f

2
⇡/2

Reduction of <latexit sha1_base64="bfmvbvJ2HTwzIbO2R6u1R9y6h8o=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4kLArvm4GvXhRIpgoZEOYnXR0cGZ3mekVw5KTF39B/8CLB0XEm9/gzb9x8jhoYkFDUdVNd1cQS2HQdb+dkdGx8YnJzFR2emZ2bj63sFgxUaI5lHkkI30RMANShFBGgRIuYg1MBRLOg+vDjn9+A9qIKDzDVgw1xS5D0RScoZXquRW/ARIZVfUT3whFt11/w0e4xfQYKu16Lu8W3C7oMPH6JL//8dDBY6me+/IbEU8UhMglM6bquTHWUqZRcAntrJ8YiBm/ZpdQtTRkCkwt7b7RpmtWadBmpG2FSLvq74mUKWNaKrCdiuGVGfQ64n9eNcHmXi0VYZwghLy3qJlIihHtZEIbQgNH2bKEcS3srZRfMc042uSyNgRv8OVhUtkseDuF7dOtfPGA9JAhy2SVrBOP7JIiOSIlUiac3JEn8kJenXvn2Xlz3nutI05/Zon8gfP5A0I/nNk=</latexit>

�mN ⇠ 50MeV



•Axions and their properties at finite density

Plan

•Equation of state of free fermi gas with axion

•White dwarfs and the axion

•White dwarfs simplified

•Conclusions



Minimizing the action

Free Fermi Gas of Neutrons with Axion
<latexit sha1_base64="IDq+4aCifzXBB/C2HGEKb/uJXno="></latexit>

L � =
p
�g


 ̄ (ieµa�

aDµ �m⇤(�)) +
1

2
gµ⌫(@µ�)(@⌫�)� V (�)

�
,



Minimizing the action

coupled system

Free Fermi Gas of Neutrons with Axion

Einstein equations and axion EOM

<latexit sha1_base64="IDq+4aCifzXBB/C2HGEKb/uJXno="></latexit>

L � =
p
�g


 ̄ (ieµa�

aDµ �m⇤(�)) +
1

2
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�
,



Free Fermi Gas of Neutrons with Axion

Minimizing the action

can be solved numerically, very technical

Einstein equations and axion EOM
coupled system

<latexit sha1_base64="IDq+4aCifzXBB/C2HGEKb/uJXno="></latexit>

L � =
p
�g


 ̄ (ieµa�

aDµ �m⇤(�)) +
1

2
gµ⌫(@µ�)(@⌫�)� V (�)

�
,



coupled system

Luckily, there is a simplifying limit!

Minimizing the action

Free Fermi Gas of Neutrons with Axion

can be solved numerically, very technical

Einstein equations and axion EOM

<latexit sha1_base64="IDq+4aCifzXBB/C2HGEKb/uJXno="></latexit>

L � =
p
�g


 ̄ (ieµa�

aDµ �m⇤(�)) +
1

2
gµ⌫(@µ�)(@⌫�)� V (�)

�
,



Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡



Gradient energy becomes negligible:
<latexit sha1_base64="0l2ScNTSgdw5CyBCexPf4RQsfSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXsquFPUiFL14rGA/sF1KNs22odlsSLJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYTVZrF4sGMJfUjPBAsZAQbKz125ZCdltXZtdsrltyKOwNaJl5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0UuommEpMRHtCOpQJHVPvp7OIJOrFKH4WxsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMmZGKoIPNFYcKRidH0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmucV76JSva+WajdZHHk4gmMogweXUIM7qEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/CQ+P2w==</latexit>

�0(r) = 0

Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

Limit of a thin wall bubble

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡



The system effectively decouples: Solve for EOS 

Scale hierarchy

Scale of the system Scale of 
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Zero Gradient Limit

Solve pressure gravity equations

Limit of a thin wall bubble

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="4D+XascxJjOXYZ0rAgeFvKD/S1U=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQy+K+uWKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuqt5ltXZfq9Rv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AFB9o3L</latexit>�

<latexit sha1_base64="vB/7rzhrDJTEOK1TE+xaqkbYwz4="></latexit>

�� = m�1
� ⇠ fp

�⇡Nn� ✏m2
⇡f

2
⇡

Gradient energy becomes negligible:
<latexit sha1_base64="0l2ScNTSgdw5CyBCexPf4RQsfSw=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxXsquFPUiFL14rGA/sF1KNs22odlsSLJCWfovvHhQxKv/xpv/xrTdg7Y+GHi8N8PMvEBypo3rfju5ldW19Y38ZmFre2d3r7h/0NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYTVZrF4sGMJfUjPBAsZAQbKz125ZCdltXZtdsrltyKOwNaJl5GSpCh3it+dfsxSSIqDOFY647nSuOnWBlGOJ0UuommEpMRHtCOpQJHVPvp7OIJOrFKH4WxsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa88lMmZGKoIPNFYcKRidH0fdRnihLDx5Zgopi9FZEhVpgYG1LBhuAtvrxMmucV76JSva+WajdZHHk4gmMogweXUIM7qEMDCAh4hld4c7Tz4rw7H/PWnJPNHMIfOJ8/CQ+P2w==</latexit>

�0(r) = 0



minimising the potential energy 
∂ε

∂φ
= 0 <latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy 
∂ε

∂φ
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

Equation of state



minimising the potential energy 

equation of state

∂ε

∂φ
= 0

<latexit sha1_base64="znIV5CvbMGEkdvgBWLVZGoZf7Po=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJmRoi6LblxWsA9oh5JJM21oJglJpjAM9VfcuFDErR/izr8xbWehrQfu5XDOveTmhJJRbTzv21lb39jc2i7sFHf39g8O3aPjlhaJwqSJBROqEyJNGOWkaahhpCMVQXHISDsc38389oQoTQV/NKkkQYyGnEYUI2OlvlvqTZAiUlMmeIWfX0jb+m7Zq3pzwFXi56QMcjT67ldvIHASE24wQ1p3fU+aIEPKUMzItNhLNJEIj9GQdC3lKCY6yObHT+GZVQYwEsoWN3Cu/t7IUKx1God2MkZmpJe9mfif101MdBNklMvEEI4XD0UJg0bAWRJwQBXBhqWWIKyovRXiEVIIG5tX0YbgL395lbQuq/5VtfZQK9dv8zgK4AScggrwwTWog3vQAE2AQQqewSt4c56cF+fd+ViMrjn5Tgn8gfP5A7jIlCs=</latexit>

"(n), p(n)

<latexit sha1_base64="bVk1x+DPDAL8jxaA/sUMXRh1ylg=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpYZKepGKLpxJRXsA9phyKSpDc1kQpIRytClG3/FjQtF3PoJ7vwb0+kI2nog5OSce7m5JxCMKu04X1Zubn5hcSm/XFhZXVvfsDe3GiqKJSZ1HLFItgKkCKOc1DXVjLSEJCgMGGkGg8ux37wnUtGI3+qhIF6I7jjtUYy0kXx7V5T4YUf06cG58JPr0c/rqFFKb98uOmUnBZwlbkaKIEPNtz873QjHIeEaM6RU23WE9hIkNcWMjAqdWBGB8ADdkbahHIVEeUm6yAjuG6ULe5E0h2uYqr87EhQqNQwDUxki3VfT3lj8z2vHunfmJZSLWBOOJ4N6MYM6guNUYJdKgjUbGoKwpOavEPeRRFib7AomBHd65VnSOC67J+XKTaVYvcjiyIMdsAdKwAWnoAquQA3UAQYP4Am8gFfr0Xq23qz3SWnOynq2wR9YH98uVZgt</latexit>

p(n,�) = pN (n,�)� V (�)

<latexit sha1_base64="ExF22Y6M6FyC8x3Xosl5as09RXY=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+IQJspodagXYejFk0xwL7CWkmbZFpamIUkHo+yDePGrePGgiBcPgt/GrKswpw+E/Pn9n4fk+QecEqls+8vILSwuLa/kVwtr6xubW+b2TkNGsUC4jiIaiVYAJaaE4boiiuIWFxiGAcXNYHA98ZtDLCSJ2L0aceyFsMdIlyCoNPLNU3cIBeaS0IiV2LHL++Twcob5ye34hx81Suntm0W7bKdl/RVOJoogq5pvfridCMUhZgpRKGXbsbnyEigUQRSPC24sMYdoAHu4rSWDIZZeki43tg406VjdSOjDlJXS2YkEhlKOwkB3hlD15bw3gf957Vh1L7yEMB4rzND0oW5MLRVZk6SsDhEYKTrSAiJB9F8t1IcCIqXzLOgQnPmV/4rGSdk5K1fuKsXqVRZHHuyBfVACDjgHVXADaqAOEHgAT+AFvBqPxrPxZrxPW3NGNrMLfpXx+Q0NtKFR</latexit>

"(n,�) = "N (n,�) + V (�)

<latexit sha1_base64="b2RIJENKj4rC3kktsbZxsazFum0=">AAACNXicbVBLSwMxGMzWV62vqkcvwSJUhLIrRb0IRS8eRCrYB3TLkk2zbWiSXZKsUJb+KS/+D0968KCIV/+C2XZBbR0IDDPzJfnGjxhV2rZfrNzC4tLySn61sLa+sblV3N5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOUPL1O/dU+koqG406OIdDnqCxpQjLSRvOK1G0iEEzdCUlPEYHP8w91oQMdHYibBvZty6hzOJs9tr1iyK/YEcJ44GSmBDHWv+OT2QhxzIjRmSKmOY0e6m6S3YkbGBTdWJEJ4iPqkY6hAnKhuMtl6DA+M0oNBKM0RGk7U3xMJ4kqNuG+SHOmBmvVS8T+vE+vgrJtQEcWaCDx9KIgZ1CFMK4Q9KgnWbGQIwpKav0I8QKYkbYoumBKc2ZXnSfO44pxUqrfVUu0iqyMP9sA+KAMHnIIauAJ10AAYPIBn8AberUfr1fqwPqfRnJXN7II/sL6+AQDNrL4=</latexit>

@V

@�
+ n

@mN (�)

@�
= 0

<latexit sha1_base64="YtMmjykQlK5U7tDjXs8er2CNUn4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh6LXjxWsB/QLiWbZtvQbBKSrFCW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vf3tr6xubWdmGnuLu3f3BYOjpuGZlqQptEcqk7ETaUM0GblllOO0pTnESctqPx3cxvP1FtmBSPdqJomOChYDEj2Dqp3VMjVhEX/VLZr/pzoFUS5KQMORr90ldvIEmaUGEJx8Z0A1/ZMMPaMsLptNhLDVWYjPGQdh0VOKEmzObnTtG5UwYoltqVsGiu/p7IcGLMJIlcZ4LtyCx7M/E/r5va+CbMmFCppYIsFsUpR1ai2e9owDQllk8cwUQzdysiI6wxsS6hogshWH55lbQuq8FVtfZQK9dv8zgKcApnUIEArqEO99CAJhAYwzO8wpunvBfv3ftYtK55+cwJ/IH3+QOsWo8l</latexit>

�(n)

Equation of state



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="m6YbP9ITUK6YYNKiQBVR+VAnhg8=">AAACJ3icbVDLSgMxFM34rOOr6tLNYBEqSpkRXxu16MaVVLAPaIchk2ba0EwyJJlCGfohunbjJ/gLbgQV0aV/YqbtQlsPBA7nnMvNPX5EiVS2/WVMTc/Mzs1nFszFpeWV1ezaekXyWCBcRpxyUfOhxJQwXFZEUVyLBIahT3HV71ymfrWLhSSc3apehN0QthgJCIJKS172rBEIiJJGFwocSUI5y7M9e6efsP7phOVdD8zdSn6YME0vm7ML9gDWJHFGJHf+dJfivuRlXxtNjuIQM4UolLLu2JFyEygUQRT3zUYscQRRB7ZwXVMGQyzdZHBn39rWStMKuNCPKWug/p5IYChlL/R1MoSqLce9VPzPq8cqOHETwqJYYYaGi4KYWopbaWlWkwiMFO1pApEg+q8WakPdjtLVpiU44ydPksp+wTkqHN4c5IoXYIgM2ARbIA8ccAyK4AqUQBkg8ACewRt4Nx6NF+PD+BxGp4zRzAb4A+P7BwmxqdA=</latexit>

"(n, 0)

n
=

"N (n, 0) + V (0)

n



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n
<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (� = ⇡f)



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n
<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (� = ⇡f)

<latexit sha1_base64="YpDiHVQL0X49A2LfN8hWicB0TyY="></latexit>

V (⇡f) ' ✏m2
⇡f

2
⇡/2



Energy per particle

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

Energy per particle is related to pressure
<latexit sha1_base64="7pCAP456CeqRbblJ+qgPNN0m4HA="></latexit>

p = n2 @("/n)

@n
= pN � V

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit> n
<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

Negative pressure for
<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n⇤

<latexit sha1_base64="abNFCrM5vhYFyQ16Wjsps9uzyGA=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm2ARqmBJpKibYtGNK6lgL9DGMJlO2qGTSZiZCCHU99CNGxeKuBV8DXe+jZO0C63+MPDxn3M4Z343pERI0/zScnPzC4tL+eXCyura+oa+udUSQcQRbqKABrzjQoEpYbgpiaS4E3IMfZfitjs6T+vtW8wFCdi1jENs+3DAiEcQlMpy9GJYZjf7e7XQuczgoFUzHb1kVsxMxl+wplA6/bhP9dBw9M9eP0CRj5lEFArRtcxQ2gnkkiCKx4VeJHAI0QgOcFchgz4WdpIdPzZ2ldM3vICrx6SRuT8nEugLEfuu6vShHIrZWmr+V+tG0juxE8LCSGKGJou8iBoyMNIkjD7hGEkaK4CIE3WrgYaQQyRVXgUVgjX75b/QOqxYR5XqVbVUPwMT5cE22AFlYIFjUAcXoAGaAIEYPIJn8KLdaU/aq/Y2ac1p05ki+CXt/RubGZdJ</latexit>

p(n⇤) = pN (n⇤)� V = 0

Defines 
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤ as

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>

free fermi gas

<latexit sha1_base64="PNZeCS+KrSYT9+jcwqJe+3BtCwc="></latexit>

"(n,�)

n
=

"N (n,�) + V (�)

n
<latexit sha1_base64="XBtGGU56TOfPEr3cPmvPFnKTHNE="></latexit>

New ground state (� = ⇡f)

<latexit sha1_base64="YpDiHVQL0X49A2LfN8hWicB0TyY="></latexit>

V (⇡f) ' ✏m2
⇡f

2
⇡/2



Energy per particle and pressure

<latexit sha1_base64="kVNFN0zuySqvaSGhXSIVQBGtSKE=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIurOohtXUtFeoB1KJs20oUlmSDJCGfoIblwo1a0v4Wu4823MtF1o6w+Bj/8/h5xzgpgzbVz328ktLa+sruXXCxubW9s7xd29uo4SRWiNRDxSzQBrypmkNcMMp81YUSwCThvB4DrLG49UaRbJBzOMqS9wT7KQEWysdS86t51iyS27E6FF8GZQuvwcZ3qrdopf7W5EEkGlIRxr3fLc2PgpVoYRTkeFdqJpjMkA92jLosSCaj+djDpCR9bpojBS9kmDJu7vjhQLrYcisJUCm76ezzLzv6yVmPDCT5mME0MlmX4UJhyZCGV7oy5TlBg+tICJYnZWRPpYYWLsdQr2CN78yotQPyl7Z+XTu9NS5QqmysMBHMIxeHAOFbiBKtSAQA+e4AVeHe48O2PnfVqac2Y9+/BHzscPS6uSSg==</latexit>mN

<latexit sha1_base64="xK20WyYT0stWFKM9C2mMWl3q1XE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgxpJIUXcW3bgqFewDmhAm00k7dCYJMxOxhHyILty4UMStC3/DnX/jpO1CWw9cOJxzL/fe48eMSmVZ30ZhaXllda24XtrY3NreMXfLbRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o6vc79wRIWkU3qpxTFyOBiENKEZKS55Z5l7j2JF0wJGXOjGFjcwzK1bVmgAuEntGKhefDzkem5755fQjnHASKsyQlD3bipWbIqEoZiQrOYkkMcIjNCA9TUPEiXTTye0ZPNRKHwaR0BUqOFF/T6SISznmvu7kSA3lvJeL/3m9RAXnbkrDOFEkxNNFQcKgimAeBOxTQbBiY00QFlTfCvEQCYSVjqukQ7DnX14k7ZOqfVqt3dQq9UswRRHsgwNwBGxwBurgGjRBC2BwD57AC3g1MuPZeDPep60FYzazB/7A+PgBml6YpQ==</latexit>mN � �⇡N

<latexit sha1_base64="6bv2MCXUj94yr/yBftsGlUIAwHM=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbBjWVGirpQLLpxJRXsBaZDyaSZNjSThCQjlKGP4cIuFHHrC/ga7nwbM20X2vpD4OP/zyHnnFAyqo3rfjsLi0vLK6u5tfz6xubWdmFnt65FojCpYcGEaoZIE0Y5qRlqGGlKRVAcMtII+zdZ3ngkSlPBH8xAkiBGXU4jipGxli8vZTu9Gx7XL9x2oeiW3LHgPHhTKF59PmcaVduFr1ZH4CQm3GCGtPY9V5ogRcpQzMgw30o0kQj3UZf4FjmKiQ7S8chDeGidDoyEso8bOHZ/d6Qo1noQh7YyRqanZ7PM/C/zExOdBynlMjGE48lHUcKgETDbH3aoItiwgQWEFbWzQtxDCmFjr5S3R/BmV56H+knJOy2V78vFyjWYKAf2wQE4Ah44AxVwC6qgBjAQ4Am8gFfHOCPnzXmflC4405498EfOxw9zepUx</latexit>

p = pN � V < 0

<latexit sha1_base64="Mh/fD+7jTQDk1mDLXeBEQocTHKc=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smugWS07ZmcpeBncOpevPSab3arf41elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsnxinZweRNE9oe+r+7khJqNQo9E1lSPRALWaZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHcxZWXoXFWdi/K57XzUuUGZsrDERzDKbhwCRW4gyrUgQLCE7zAq/VgPVtv1mRWmrPmPYfwR9bHD/vakYo=</latexit>n

<latexit sha1_base64="WSALqyhW483z9TgxKTqLP7Gp82s=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqe5KUW8WvXisYD+gXUo2nbah2WRNsoWy9HeI4kERr979G978N2bbHrT1wcDjvRlm5gURZ9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY0WhSiWXqhEQDZwJqBpmODQiBSQMONSDwXXq14egNJPizowi8EPSE6zLKDFW8ltDoiDSjEtxItr5glt0J8CLxJuRwuXnY4qnSjv/1epIGocgDOVE66bnRsZPiDKMchjnWrGGiNAB6UHTUkFC0H4yOXqMj6zSwV2pbAmDJ+rviYSEWo/CwHaGxPT1vJeK/3nN2HQv/ISJKDYg6HRRN+bYSJwmgDtMATV8ZAmhitlbMe0TRaixOeVsCN78y4ukdlr0zoql21KhfIWmyKIDdIiOkYfOURndoAqqIoru0QN6Qa/O0Hl23pz3aWvGmc3soz9wPn4AIAmW0A==</latexit> "/
n

<latexit sha1_base64="F3SS52CE4oLDilzGtWDev6xd8eY=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOte9El3WLJLbtToWXw5lC6+pxkeqt1i1+dniRJRIUhHGvd9tzY+ClWhhFOx4VOommMyRD3aduiwBHVfjoddYxOrNNDoVT2CYOm7u+OFEdaj6LAVkbYDPRilpn/Ze3EhJd+ykScGCrI7KMw4chIlO2NekxRYvjIAiaK2VkRGWCFibHXKdgjeIsrL0PjrOydlyt3lVL1GmbKwxEcwyl4cAFVuIUa1IFAH57gBV4d7jw7E+d9Vppz5j2H8EfOxw9tBZJg</latexit>nc
<latexit sha1_base64="nsYs3XFFrEMpdB8SY/o8AfPRyqc=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EiiIuSSFF3Ft24rGgv0MYymU7aoZNJmJkIJfQR3LhQqltfwtdw59s4abvQ1h8GPv7/HOac48ecKe0431ZuaXlldS2/XtjY3NresXf36ipKJKE1EvFINn2sKGeC1jTTnDZjSXHoc9rwB9dZ3nikUrFI3OthTL0Q9wQLGMHaWHfi4aRjF52SMxFaBHcGxcvPcaa3asf+ancjkoRUaMKxUi3XibWXYqkZ4XRUaCeKxpgMcI+2DAocUuWlk1FH6Mg4XRRE0jyh0cT93ZHiUKlh6JvKEOu+ms8y87+slejgwkuZiBNNBZl+FCQc6Qhle6Muk5RoPjSAiWRmVkT6WGKizXUK5gju/MqLUD8tuWel8m25WLmCqfJwAIdwDC6cQwVuoAo1INCDJ3iBV4tbz9bYep+W5qxZzz78kfXxAxUckiY=</latexit>

n⇤

<latexit sha1_base64="msN2yyLlD1Vg4C9OQyJ9PIv+UQw=">AAAB/nicbVDLSgNBEJyNrxhfUfHkZTAInsKuBPVm0IvHCOYBSQizk95kyOyDmV4xLAF/Q29ePCjiVX/Dm3/jbJKDJhY0FFXddHe5kRQabfvbyiwsLi2vZFdza+sbm1v57Z2aDmPFocpDGaqGyzRIEUAVBUpoRAqY70qou4PL1K/fgtIiDG5wGEHbZ71AeIIzNFInv9dCuMPEUwDUA+UL2mN61MkX7KI9Bp0nzpQUzj8fUjxWOvmvVjfksQ8Bcsm0bjp2hO2EKRRcwijXijVEjA9YD5qGBswH3U7G54/ooVG61AuVqQDpWP09kTBf66Hvmk6fYV/Peqn4n9eM0TtrJyKIYoSATxZ5saQY0jQL2hUKOMqhIYwrYW6lvM8U42gSy5kQnNmX50ntuOicFEvXpUL5gkyQJfvkgBwRh5ySMrkiFVIlnCTkibyQV+veerberPdJa8aazuySP7A+fgCU1ppe</latexit>
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•Axions and their properties at finite density

•Equation of state of free fermi gas with axion

•White dwarfs and the axion
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•Conclusions



White Dwarfs with light QCD axion

• EOS analogous to free Fermi gas picture
<latexit sha1_base64="mjQ9Ca9IGpCJUbV+ngf0DelwqIY=">AAACGnicbVDLSgNBEJyNrxhfqx69LAYhIRB3JagXIerFk0QwD0ziMjvpJENmZ5eZ2UBY8h1e/BUvHhTxJl78GyePQ0wsaCiquunu8kJGpbLtHyOxtLyyupZcT21sbm3vmLt7FRlEgkCZBCwQNQ9LYJRDWVHFoBYKwL7HoOr1rkd+tQ9C0oDfq0EITR93OG1TgpWWXNNp9LGAUFIW8IvM5fFD1nfj2+Fj3MBSDXluxnYhw7O5imum7bw9hrVInClJoylKrvnVaAUk8oErwrCUdccOVTPGQlHCYJhqRBJCTHq4A3VNOfZBNuPxa0PrSCstqx0IXVxZY3V2Isa+lAPf050+Vl05743E/7x6pNrnzZjyMFLAyWRRO2KWCqxRTlaLCiCKDTTBRFB9q0W6WGCidJopHYIz//IiqZzkndN84a6QLl5N40iiA3SIMshBZ6iIblAJlRFBT+gFvaF349l4NT6Mz0lrwpjO7KM/ML5/AQnloN0=</latexit>

" = (A/Z)m⇤
Nn+ "e(n) + V

<latexit sha1_base64="oGKEzkxq9ildqIUdQ7TPfI9vcdo=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoQqWRIq6KRbduKxgL9DGMJlO7NDJJMxMhBIKvobu3LhQxK2+hjvfxklbQVt/GPj4zzmcM78XMSqVZX0ZmZnZufmF7GJuaXlldc1c36jLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIw+udp/XGLRGShvxK9SPiBOiGU59ipLTlmluRSwr8en+v/AMH9bLlmnmraA0Fp8EeQ/704z7VQ9U1P9udEMcB4QozJGXLtiLlJEgoihkZ5NqxJBHCPXRDWho5Coh0kuH5A7irnQ70Q6EfV3Do/p5IUCBlP/B0Z4BUV07WUvO/WitW/omTUB7FinA8WuTHDKoQplnADhUEK9bXgLCg+laIu0ggrHRiOR2CPfnlaagfFu2jYumylK+cgZGyYBvsgAKwwTGogAtQBTWAQQIewTN4Me6MJ+PVeBu1ZozxzCb4I+P9G0FJmDg=</latexit>

pe(n
⇤) = pe(n

⇤)� V = 0• New ground state density set by electron pressure

<latexit sha1_base64="gefbPvUG323SRR82Ux9aK6cW7KQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKe4GXzejXjxGMA/MLmF20kmGzM6uM7NCWPIbgnpQxKsf4G9482+cTXLQxIKGoqqb7i4/4kxp2/62MnPzC4tL2eXcyura+kZ+c6umwlhSqNKQh7LhEwWcCahqpjk0Igkk8DnU/f5l6tfvQSoWihs9iMALSFewDqNEG8k9P7h1FQvgDpdyrXzBLtoj4FniTEjh7PMxxVOllf9y2yGNAxCacqJU07Ej7SVEakY5DHNurCAitE+60DRUkACUl4xuHuI9o7RxJ5SmhMYj9fdEQgKlBoFvOgOie2raS8X/vGasO6dewkQUaxB0vKgTc6xDnAaA20wC1XxgCKGSmVsx7RFJqDYxpSE40y/Pklqp6BwXj64PC+ULNEYW7aBdtI8cdILK6ApVUBVRFKEH9IJerdh6tt6s93FrxprMbKM/sD5+AIHblSw=</latexit>

A/Z ' 2



There exists a range of densities with 

and no stable configuration:

<latexit sha1_base64="Hixo8HSyHyFdnDxjE5iKL5SELL0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMV+wFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4M/Vbj0wbruQDjlIWJqQvecwpQSsFnXveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6l9Uz+/OK7XrPI4iHMExnIIPl1CDW6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5QJkXY=</latexit>) Translates to gap in the MR Curve

• EOS analogous to free Fermi gas picture
<latexit sha1_base64="mjQ9Ca9IGpCJUbV+ngf0DelwqIY=">AAACGnicbVDLSgNBEJyNrxhfqx69LAYhIRB3JagXIerFk0QwD0ziMjvpJENmZ5eZ2UBY8h1e/BUvHhTxJl78GyePQ0wsaCiquunu8kJGpbLtHyOxtLyyupZcT21sbm3vmLt7FRlEgkCZBCwQNQ9LYJRDWVHFoBYKwL7HoOr1rkd+tQ9C0oDfq0EITR93OG1TgpWWXNNp9LGAUFIW8IvM5fFD1nfj2+Fj3MBSDXluxnYhw7O5imum7bw9hrVInClJoylKrvnVaAUk8oErwrCUdccOVTPGQlHCYJhqRBJCTHq4A3VNOfZBNuPxa0PrSCstqx0IXVxZY3V2Isa+lAPf050+Vl05743E/7x6pNrnzZjyMFLAyWRRO2KWCqxRTlaLCiCKDTTBRFB9q0W6WGCidJopHYIz//IiqZzkndN84a6QLl5N40iiA3SIMshBZ6iIblAJlRFBT+gFvaF349l4NT6Mz0lrwpjO7KM/ML5/AQnloN0=</latexit>

" = (A/Z)m⇤
Nn+ "e(n) + V

<latexit sha1_base64="jSg0R1FoZBOck40P20mRoBuw+20=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiiIsyI0VdFCy6cVnBXqQdSybNtKGZzJBkhDL0KdyoKOLWN/A13Pk2ZtoutPWHwMf/n0POOV7EmdK2/W1lFhaXlleyq7m19Y3Nrfz2Tl2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uAyzRv3VCoWihs9jKgb4J5gPiNYG+tWdEhZlMXdUSdfsIv2WGgenCkUzj+fUj1XO/mvdjckcUCFJhwr1XLsSLsJlpoRTke5dqxohMkA92jLoMABVW4yHniEDozTRX4ozRMajd3fHQkOlBoGnqkMsO6r2Sw1/8tasfbP3ISJKNZUkMlHfsyRDlG6PeoySYnmQwOYSGZmRaSPJSba3ChnjuDMrjwP9eOic1IsXZcKlQuYKAt7sA+H4MApVOAKqlADAgE8wAu8WtJ6tN6s90lpxpr27MIfWR8/KDGUeA==</latexit>

nc < n < n⇤

<latexit sha1_base64="oGKEzkxq9ildqIUdQ7TPfI9vcdo=">AAAB/nicbZDLSsNAFIYn9VbrLSqu3AwWoQqWRIq6KRbduKxgL9DGMJlO7NDJJMxMhBIKvobu3LhQxK2+hjvfxklbQVt/GPj4zzmcM78XMSqVZX0ZmZnZufmF7GJuaXlldc1c36jLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIw+udp/XGLRGShvxK9SPiBOiGU59ipLTlmluRSwr8en+v/AMH9bLlmnmraA0Fp8EeQ/704z7VQ9U1P9udEMcB4QozJGXLtiLlJEgoihkZ5NqxJBHCPXRDWho5Coh0kuH5A7irnQ70Q6EfV3Do/p5IUCBlP/B0Z4BUV07WUvO/WitW/omTUB7FinA8WuTHDKoQplnADhUEK9bXgLCg+laIu0ggrHRiOR2CPfnlaagfFu2jYumylK+cgZGyYBvsgAKwwTGogAtQBTWAQQIewTN4Me6MJ+PVeBu1ZozxzCb4I+P9G0FJmDg=</latexit>

pe(n
⇤) = pe(n

⇤)� V = 0

<latexit sha1_base64="sJNRlltcwBkQAsM28O5cwQIip14=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozIupCsOjGZUV7gXYomTTThiaZIckIZegjuHGhVLe+hK/hzrcx03ahrT8EPv7/HHLOCWLOtHHdbye3tLyyupZfL2xsbm3vFHf36jpKFKE1EvFINQOsKWeS1gwznDZjRbEIOG0Eg5ssbzxSpVkkH8wwpr7APclCRrCx1n186XaKJbfsToQWwZtB6epznOmt2il+tbsRSQSVhnCsdctzY+OnWBlGOB0V2ommMSYD3KMtixILqv10MuoIHVmni8JI2ScNmri/O1IstB6KwFYKbPp6PsvM/7JWYsILP2UyTgyVZPpRmHBkIpTtjbpMUWL40AImitlZEeljhYmx1ynYI3jzKy9C/aTsnZVP705LlWuYKg8HcAjH4ME5VOAWqlADAj14ghd4dbjz7Iyd92lpzpn17MMfOR8/7YeSDA==</latexit>

p < 0

• New ground state density set by electron pressure

White Dwarfs with light QCD axion
<latexit sha1_base64="gefbPvUG323SRR82Ux9aK6cW7KQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKe4GXzejXjxGMA/MLmF20kmGzM6uM7NCWPIbgnpQxKsf4G9482+cTXLQxIKGoqqb7i4/4kxp2/62MnPzC4tL2eXcyura+kZ+c6umwlhSqNKQh7LhEwWcCahqpjk0Igkk8DnU/f5l6tfvQSoWihs9iMALSFewDqNEG8k9P7h1FQvgDpdyrXzBLtoj4FniTEjh7PMxxVOllf9y2yGNAxCacqJU07Ej7SVEakY5DHNurCAitE+60DRUkACUl4xuHuI9o7RxJ5SmhMYj9fdEQgKlBoFvOgOie2raS8X/vGasO6dewkQUaxB0vKgTc6xDnAaA20wC1XxgCKGSmVsx7RFJqDYxpSE40y/Pklqp6BwXj64PC+ULNEYW7aBdtI8cdILK6ApVUBVRFKEH9IJerdh6tt6s93FrxprMbKM/sD5+AIHblSw=</latexit>

A/Z ' 2



<latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

White Dwarfs with light QCD axion
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<latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

White Dwarfs with light QCD axion

meta-stable phase
<latexit sha1_base64="7WTnFSfUNauQTemHzG8ZGf9ueos=">AAAB8HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEvC0Ei25cVrAXaUOYTCft0JlJmJkIJfQp3Kgo4tY38DXc+TZO2i60+sPAx/+fw5xzwoRRpV33yyrMzS8sLhWX7ZXVtfWN0uZWQ8WpxKSOYxbLVogUYVSQuqaakVYiCeIhI81wcJnnzTsiFY3FjR4mxOeoJ2hEMdLGuhWBeyYCbNtBqexW3LGcv+BNoXz+8ZjrqRaUPjvdGKecCI0ZUqrtuYn2MyQ1xYyM7E6qSILwAPVI26BAnCg/Gw88cvaM03WiWJontDN2f3ZkiCs15KGp5Ej31WyWm/9l7VRHp35GRZJqIvDkoyhljo6dfHunSyXBmg0NICypmdXBfSQR1uZG+RG82ZX/QuOg4h1Xjq4Py9ULmKgIO7AL++DBCVThCmpQBwwc7uEZXixpPViv1tuktGBNe7bhl6z3b06Fk+o=</latexit>

n0 < nc
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<latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

White Dwarfs with light QCD axion
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meta-stable phase

stable phase

<latexit sha1_base64="7WTnFSfUNauQTemHzG8ZGf9ueos=">AAAB8HicbZDLSsNAFIZP6q3GW9Wlm2ARXJVEvC0Ei25cVrAXaUOYTCft0JlJmJkIJfQp3Kgo4tY38DXc+TZO2i60+sPAx/+fw5xzwoRRpV33yyrMzS8sLhWX7ZXVtfWN0uZWQ8WpxKSOYxbLVogUYVSQuqaakVYiCeIhI81wcJnnzTsiFY3FjR4mxOeoJ2hEMdLGuhWBeyYCbNtBqexW3LGcv+BNoXz+8ZjrqRaUPjvdGKecCI0ZUqrtuYn2MyQ1xYyM7E6qSILwAPVI26BAnCg/Gw88cvaM03WiWJontDN2f3ZkiCs15KGp5Ej31WyWm/9l7VRHp35GRZJqIvDkoyhljo6dfHunSyXBmg0NICypmdXBfSQR1uZG+RG82ZX/QuOg4h1Xjq4Py9ULmKgIO7AL++DBCVThCmpQBwwc7uEZXixpPViv1tuktGBNe7bhl6z3b06Fk+o=</latexit>

n0 < nc

<latexit sha1_base64="jWww5Rv6Qntm6grcCdwoA7ofjaI=">AAAB83icbVDLSsNAFJ34rPFVdelmsAiuSiK+Vlp047KCfUATy2Q6aYdOJmHmRiihvyGoC0Xc+gH+hjv/xknbhbYeuHA4517uvSdIBNfgON/W3PzC4tJyYcVeXVvf2Cxubdd1nCrKajQWsWoGRDPBJasBB8GaiWIkCgRrBP2r3G/cM6V5LG9hkDA/Il3JQ04JGMmTbedc3nlEg223iyWn7IyAZ4k7IaWLz8ccT9V28cvrxDSNmAQqiNYt10nAz4gCTgUb2l6qWUJon3RZy1BJIqb9bHTzEO8bpYPDWJmSgEfq74mMRFoPosB0RgR6etrLxf+8VgrhmZ9xmaTAJB0vClOBIcZ5ALjDFaMgBoYQqri5FdMeUYSCiSkPwZ1+eZbUD8vuSfn45qhUuURjFNAu2kMHyEWnqIKuURXVEEUJekAv6NVKrWfrzXoft85Zk5kd9AfWxw+wdJVK</latexit>

n0 > n⇤



<latexit sha1_base64="GI3wy1iKVT7HpfBJ2Pgn0aKcXNQ=">AAACBXicbVDLSsNAFJ34rPUVdamLYBHcWBIp6kYounFZwT6giWUyuWmHTiZhZiKUkI0bf8WNC0Xc+g/u/BunaRfaeuDC4Zx7Z+49fsKoVLb9bSwsLi2vrJbWyusbm1vb5s5uS8apINAkMYtFx8cSGOXQVFQx6CQCcOQzaPvD67HffgAhaczv1CgBL8J9TkNKsNJSzzxwizcyAUHuQiIpi/mlY99nJ46d98yKXbULWPPEmZIKmqLRM7/cICZpBFwRhqXsOnaivAwLRQmDvOymEhJMhrgPXU05jkB6WbFBbh1pJbDCWOjiyirU3xMZjqQcRb7ujLAayFlvLP7ndVMVXngZ5UmqgJPJR2HKLBVb40isgAogio00wURQvatFBlhgonRwZR2CM3vyPGmdVp2zau22VqlfTeMooX10iI6Rg85RHd2gBmoigh7RM3pFb8aT8WK8Gx+T1gVjOrOH/sD4/AEgnZhS</latexit>

✏ = 10�10

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

White Dwarfs with light QCD axion

GAP!
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<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>

nc =
✏m2

⇡f
2
⇡

4�⇡N

<latexit sha1_base64="lcCmSZirzblhbgGbgjeHgBdh1+U="></latexit>

✏ = 10�7
<latexit sha1_base64="0ChDjEs/X0jguWrSWQx5o1PL1PY="></latexit>

✏ = 10�6

White Dwarfs with light QCD axion

Negligible Gradient 



<latexit sha1_base64="ImdaGu3JV8nr0W8uV6+M/07m0sQ="></latexit>

✏⇤ = 10�13

<latexit sha1_base64="5bsOky4yBnX9AMTIyvnECgKtf/U="></latexit>

✏⇤ = 10�15

<latexit sha1_base64="7pGg00z7l+st95JAtwOjASK034I="></latexit>

✏⇤ = 10�18

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>
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White Dwarfs with light QCD axion

Negligible Gradient 



But, for large decay constants 
<latexit sha1_base64="Glc252RgDKH6Q+DQaSxMC4LxnB4=">AAAB/HicbVDJSgNBEO2JW4zbaI5eBoPgKcxoUE8S9KDHCGaBZAw9nZqkSc9Cd40YhvFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebHgCm3728gtLa+sruXXCxubW9s75u5eQ0WJZFBnkYhky6MKBA+hjhwFtGIJNPAENL3h1dhvPoBUPArvcBSDG9B+yH3OKGqpaxb9C8e+T52TrIPwiOk1NLKuWbLL9gTWInFmpERmqHXNr04vYkkAITJBlWo7doxuSiVyJiArdBIFMWVD2oe2piENQLnp5PjMOtRKz/IjqStEa6L+nkhpoNQo8HRnQHGg5r2x+J/XTtA/d1MexglCyKaL/ERYGFnjJKwel8BQjDShTHJ9q8UGVFKGOq+CDsGZf3mRNI7Lzmm5clspVS9nceTJPjkgR8QhZ6RKbkiN1AkjI/JMXsmb8WS8GO/Gx7Q1Z8xmiuQPjM8f4F2UTA==</latexit>

f > 1013GeV gradient effects become important

Gradient effects

<latexit sha1_base64="eVu4DKYIVWK/WXU4NQvo0upTLCw=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgY9iVoHYGbSyjmAdk12V2MkmGzMwuM7NCWBYbf0J7GwtFrAS/ws6/cfIoNPHAhcM593LvPWHMqNKO823NzM7NLyzmlvLLK6tr6/bGZk1FicSkiiMWyUaIFGFUkKqmmpFGLAniISP1sHc+8Ou3RCoaiWvdj4nPUUfQNsVIGymwt6+ClFOReYpyyIPUi7s0u0kP3CywC07RGQJOE3dMCqcfDwM8VgL7y2tFOOFEaMyQUk3XibWfIqkpZiTLe4kiMcI91CFNQwXiRPnp8IUM7hmlBduRNCU0HKq/J1LElerz0HRypLtq0huI/3nNRLdP/JSKONFE4NGidsKgjuAgD9iikmDN+oYgLKm5FeIukghrk1rehOBOvjxNaodF96hYuiwVymdghBzYAbtgH7jgGJTBBaiAKsDgDjyBF/Bq3VvP1pv1PmqdscYzW+APrM8fkCmcBA==</latexit>
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�

<latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>
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1)   On meta-stable branch: minimum radius is fixed by



But, for large decay constants 
<latexit sha1_base64="Glc252RgDKH6Q+DQaSxMC4LxnB4=">AAAB/HicbVDJSgNBEO2JW4zbaI5eBoPgKcxoUE8S9KDHCGaBZAw9nZqkSc9Cd40YhvFXvHhQxKsf4s2/sbMcNPFBweO9KqrqebHgCm3728gtLa+sruXXCxubW9s75u5eQ0WJZFBnkYhky6MKBA+hjhwFtGIJNPAENL3h1dhvPoBUPArvcBSDG9B+yH3OKGqpaxb9C8e+T52TrIPwiOk1NLKuWbLL9gTWInFmpERmqHXNr04vYkkAITJBlWo7doxuSiVyJiArdBIFMWVD2oe2piENQLnp5PjMOtRKz/IjqStEa6L+nkhpoNQo8HRnQHGg5r2x+J/XTtA/d1MexglCyKaL/ERYGFnjJKwel8BQjDShTHJ9q8UGVFKGOq+CDsGZf3mRNI7Lzmm5clspVS9nceTJPjkgR8QhZ6RKbkiN1AkjI/JMXsmb8WS8GO/Gx7Q1Z8xmiuQPjM8f4F2UTA==</latexit>

f > 1013GeV gradient effects become important

2)  On stable branch: gradient pressure fixes maximal radius
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<latexit sha1_base64="oieoI2fFjFj+yQ8P1lVbGNusjD4=">AAAB/HicbVBNS8NAEN3Ur1q/oj16CRbBU0mkqBeh6EGPFewHtLFstpN2cfPB7kQsIf4VLx4U8eoP8ea/cdvmoK0PBh7vzTAzz4sFV2jb30ZhaXllda24XtrY3NreMXf3WipKJIMmi0QkOx5VIHgITeQooBNLoIEnoO3dX0789gNIxaPwFscxuAEdhtznjKKW+mbZP3fsu9SpZT2ER0yvoJX1zYpdtaewFomTkwrJ0eibX71BxJIAQmSCKtV17BjdlErkTEBW6iUKYsru6RC6moY0AOWm0+Mz61ArA8uPpK4Qran6eyKlgVLjwNOdAcWRmvcm4n9eN0H/zE15GCcIIZst8hNhYWRNkrAGXAJDMdaEMsn1rRYbUUkZ6rxKOgRn/uVF0jquOifV2k2tUr/I4yiSfXJAjohDTkmdXJMGaRJGxuSZvJI348l4Md6Nj1lrwchnyuQPjM8f4FeUTA==</latexit>

f = 1014GeV

1)   On meta-stable branch: minimum radius is fixed by
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Gradient effects



Axion Parameter Space



Not dense enough

Axion Parameter Space



Not dense enough

Axion Parameter Space

Not large enough



Not dense enough

New ground state

Axion Parameter Space

looks like WD 

Not large enough



•Axions and their properties at finite density

Plan

•Toy Model: Equation of state of free fermi gas with axion

•White dwarfs and the axion

•White dwarfs simplified

•Conclusions



White dwarfs as a probe of light QCD axions

• Light QCD axions can lead to a new ground state

• Allows to exclude large chunk of parameter space

• This does not rely on the axion being DM

Conclusion and Outlook

•Instability in the equation of state gap in the M-R curve



White dwarfs as a probe of light QCD axions

• Light QCD axions can lead to a new ground state

• Allows to exclude large chunk of parameter space

• This does not rely on the axion being DM

Conclusion and Outlook

•Instability in the equation of state gap in the M-R curve

Thank you!



Backup



ChPT EOS with the axion
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White dwarf statistics

P-value as fn of epsilon Chi/d.o.f.



ALP-FERMION-GRAVITY SYSTEM
Consider one Fermion , gravity and the ALP

ALP neutron interaction ALP self-interaction

Outside the dense object 
<latexit sha1_base64="CCe4xXbEhydZR/fhL+zMlFdbfyw="></latexit>

@V (�)

@�

����
�0

= 0
<latexit sha1_base64="h5zS/+LYCQcLCgnKTcSC/dZaa3g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSxC3ZREiroRim5cSQX7gCaGyXTSDp2ZhJmJUGIX/oobF4q49Tfc+TdO2yy09cCFwzn3cu89YcKo0o7zbS0sLi2vrBbWiusbm1vb9s5uU8WpxKSBYxbLdogUYVSQhqaakXYiCeIhI61wcDX2Ww9EKhqLOz1MiM9RT9CIYqSNFNj7PLi5zzyk9KjsJX0aOMcXRgrsklNxJoDzxM1JCeSoB/aX141xyonQmCGlOq6TaD9DUlPMyKjopYokCA9Qj3QMFYgT5WeT+0fwyChdGMXSlNBwov6eyBBXashD08mR7qtZbyz+53VSHZ37GRVJqonA00VRyqCO4TgM2KWSYM2GhiAsqbkV4j6SCGsTWdGE4M6+PE+aJxX3tFK9rZZql3kcBXAADkEZuOAM1MA1qIMGwOARPINX8GY9WS/Wu/UxbV2w8pk98AfW5w8IQZV4</latexit>

m⇤
N (�0) = mN

<latexit sha1_base64="MjA68XClUyy8Bp8lr/dLkH2d1y0=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/YLuUbJptQ7PJkmSFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWHCmTau++0U1tY3NreK26Wd3b39g/LhUVvLVBHaIpJL1Q2xppwJ2jLMcNpNFMVxyGknHN/N/M4TVZpJ8WgmCQ1iPBQsYgQbK/ntai8Zsb57fuP2yxW35s6BVomXkwrkaPbLX72BJGlMhSEca+17bmKCDCvDCKfTUi/VNMFkjIfUt1TgmOogm588RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP88PzXRdZAxkaSGCrJYFKUcGYlm/6MBU5QYPrEEE8XsrYiMsMLE2JRKNgRv+eVV0r6oeZe1+kO90rjN4yjCCZxCFTy4ggbcQxNaQEDCM7zCm2OcF+fd+Vi0Fpx85hj+wPn8AaOvkDE=</latexit>

V (�0) = 0

Effectively decoupled

LNφ =
√
−g

[
N̄ (igµνγµDν −m∗

N (φ))N +
1

2
gµν(∂µφ)(∂νφ)− V (φ)

]
,

N



COUPLED EOMS

The full coupled system



ZERO GRADIENT LIMIT

This is very nice because now the system is effectively decoupled!

Pressure - Gravity balance equations

Can forget about the scalar gradient

Corresponds to systems much larger than the typical scale of  
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

Equation of state+ Neutron Fermi gas
∂ε

∂φ
= 0

(Also known as TOV equations)

E(R) ! R2∆R

(
f

∆R

)2

+R3εpot ! R3εpot



Axion Profile: in a neutron star

Long-range forceA
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Axion core
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see Hook, Huang ’17 and Balkin, Serra, KS, Weiler ‘20

Long range forces, axion conversion in magnetosphere of NSs

φ = θf

<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>

0

axion core

long-range force



Long-range forceA
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φ = θf

<latexit sha1_base64="2ZkgyUDgDLl/3fDFdcSX9vUcquI=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozUtSdRTcuK9oLtEPJpJk2NJMMSUYoQx/BjQuluvUlfA13vo2Ztgtt/SHw8f/nkHNOEHOmjet+O7mV1bX1jfxmYWt7Z3evuH/Q0DJRhNaJ5FK1AqwpZ4LWDTOctmJFcRRw2gyGN1nefKRKMykezCimfoT7goWMYGOt+07MusWSW3anQsvgzaF09TnJ9FbrFr86PUmSiApDONa67bmx8VOsDCOcjgudRNMYkyHu07ZFgSOq/XQ66hidWKeHQqnsEwZN3d8dKY60HkWBrYywGejFLDP/y9qJCS/9lIk4MVSQ2UdhwpGRKNsb9ZiixPCRBUwUs7MiMsAKE2OvU7BH8BZXXobGWdk7L1fuKqXqNcyUhyM4hlPw4AKqcAs1qAOBPjzBC7w63Hl2Js77rDTnzHsO4Y+cjx90hpJl</latexit>⇡

<latexit sha1_base64="CoVMv4UyazlmnacXbkpsydY31aY=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJVERN1ZdOOyBXuBNpTJ9KQdO5mEmYlQQp/AjQtF6tK38DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b3ivsHDRUlkmKdRjySLZ8o5ExgXTPNsRVLJKHPsekPb7O8+YhSsUjc61GMXkj6ggWMEm2smtMtlpyyM5W9DO4cStefk0zv1W7xq9OLaBKi0JQTpdquE2svJVIzynFc6CQKY0KHpI9tg4KEqLx0OujYPjFOzw4iaZ7Q9tT93ZGSUKlR6JvKkOiBWswy87+snejgykuZiBONgs4+ChJu68jOtrZ7TCLVfGSAUMnMrDYdEEmoNrcpmCO4iysvQ+Os7F6Uz2vnpcoNzJSHIziGU3DhEipwB1WoAwWEJ3iBV+vBerberMmsNGfNew7hj6yPH53ikUw=</latexit>

0

On the other hand: There is a back reaction on the system!

axion core

long-range force

Axion Profile: in a neutron star



Gap as a function of <latexit sha1_base64="gFgJp1LjPPLKJ/YxWJjlsAZYdAU=">AAACIHicbZDLSgMxFIYzXmu9VV26CRbBVZkpxboRim5cSQV7gc44ZNJMG5pkhiQjlGEexY2v4saFIrrTpzFtR9DWHwIf/zmHk/MHMaNK2/antbS8srq2Xtgobm5t7+yW9vbbKkokJi0csUh2A6QIo4K0NNWMdGNJEA8Y6QSjy0m9c0+kopG41eOYeBwNBA0pRtpYfqkufHzuhhLh1CWxoiwSkPupG9Psrhr+QJbWXEUHHE0NeJ1lfqlsV+yp4CI4OZRBrqZf+nD7EU44ERozpFTPsWPtpUhqihnJim6iSIzwCA1Iz6BAnCgvnR6YwWPj9GEYSfOEhlP390SKuFJjHphOjvRQzdcm5n+1XqLDMy+lIk40EXi2KEwY1BGcpAX7VBKs2dgAwpKav0I8RCYtbTItmhCc+ZMXoV2tOKeV2k2t3LjI4yiAQ3AEToAD6qABrkATtAAGD+AJvIBX69F6tt6s91nrkpXPHIA/sr6+AUiCpEs=</latexit>
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<latexit sha1_base64="qv+5oMDuugKUvgxiNZbOm7wI85w=">AAACKXicbVDLTgIxFO3gC8EH6NLNRGLiwpAZg4+NkejGJSbySGBCOuUCDW1n0naMZMJPuPPxB36Bn+FO3fojFoaFgCdpcnLuo/ccP2RUacf5slJLyyura+n1THZjc2s7l9+pqSCSBKokYIFs+FgBowKqmmoGjVAC5j6Duj+4Htfr9yAVDcSdHobgcdwTtEsJ1kZqtCBUlAWinSs4RWcCe5G4U1K4fH8a47nSzlvZVicgEQehCcNKNV0n1F6MpaaEwSjTihSEmAxwD5qGCsxBefHk4JF9YJSO3Q2keULbE/XvRIy5UkPum06OdV/N18bif7VmpLvnXkxFGGkQJPmoGzFbB/bYvd2hEohmQ0MwkdTcapM+lphok9HMpmloFyUv5n3SBz5jKTFy9JD4yZj43PmwFkntuOieFk9uS4XyFUqQRntoHx0iF52hMrpBFVRFBDH0iF7Qq/VmfVif1nfSmrKmM7toBtbPL3ssq4c=</latexit>✏

Negligible Gradient 



The QCD Axion: Plethora of experimental searches
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See e.g. G. Raffelt ’06 and Di Luzio Giannotti, Nardi, Visinelli ’20  



We gain energy by being in the true vacuum inside dense object.
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Why does this not affect large nuclei?



We gain energy by being in the true vacuum inside dense object.

Field theory potential energy contains gradient term!
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Why does this not affect large nuclei?



We gain energy by being in the true vacuum inside dense object.

Field theory potential energy contains gradient term!

Resists change in profile  

    (“string does not want to be bend”)
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Why does this not affect large nuclei?



Condition for non-trivial profile:

Potential gain…  

Why does this not affect large nuclei?



Condition for non-trivial profile:
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… outweighs gradient energy price
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Why does this not affect large nuclei?



Condition for non-trivial profile:
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Objects must be large enough. No effects in particle physics experiments.
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Why does this not affect large nuclei?


